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Résumé. Soit 2 un domaine polygonal dans RY, 5;'1 une triangularisation de Q
et u la "solution éléments finis" d'un probléme elliptique du deuxiéme
ordre sur (Q, .7') Soit M={M :1<i<p+q} 1'ensemble des noeuds qui définis-
sent les sommets de la trlangularlsatlon .7 pour chaqué i,

-(x ,...,x ') (que 1'on note M, (xg') 1,52 < n).

L'objectif de cet article est de fournir un outil de calcul.
pour approcher de l'ensemble des meilleures posnlons M des noeuds et essayer
d'obtenir la meilleure triangularisation .7' qui minimize 1'erreur entre
la solution approchée u, et la vraie solutlon u dans la norme naturelle

[y

associée i ce probléme.
L'essentiel de cet article consiste en deux théorémes qui donnent

des expressions explicites pour les dérivées partielles des fonctionnelles

d'énergie par rapport aux coordonnées kg’_ de chaque noeud variable Mi » 1Sisp.

H! !D PAPIER RECUPERE ET RECYCLE ' "



ABSTRACT

Let ® be a polygonal doﬁain in Rn, Th an aésociated triangulation
and u the finite element solution of a well+posed second order elliptic
problem on (SZ,'rh). Let M = {Mi }f:cll be the set of nodes which defiﬁes the WM °f
the triangulation Th: for each i, Mi = (lel‘s 2 <n} in R, The
object of this péper is to provide a computational tool to ;pproiimate
the best set of positions ﬁ of the nodes and hence the best triangulation
Qh which minimizes the solution error in the natural norm associated
with the problem.
The main result of this paper are theorems which provide explicit -
expressions for the partial derivatives of the associated energy functional

‘o . 2 .
with respect to the coordinates X, 1 =2 =n of each of the variable

" node M., i=1,...,p.



1.  INTRODUCTION

The object of this paper is the optimal triangular meshing for a
large class of linear second order ellipfic problems. Its mathematical
formulation is equivalent to the minimization of the solution error

lﬁith respect to the positions of the modes. The boundary nodes at the
vertices of the polygonal domain are assumed to be fixed in position
ah& number; the other nodes are free but their total number is fixed,
A complete mathematical analysis is presented which does not involve
'“,éd hoc considerations (numerical or physical).

Explicit expressions for the directional gradient of the solution

error with respect to the position of the variable nodes are given.

They turn out to be independent of the exact solution of the linear elliptic

boundary value problem. Moreover gradient computations are easily
implementable within a finite element code.' In fact gradient computa-
tions can be done in parallel with the computation of the solution.

The finite element triangular meshing optimization has been recently
'addressed by a number of authors (cf. Liniecki and Yun [1], W.C. Tacker
[1], Shephard and Gallagher [1], McNeice and Marcal [1], Melosh and
Marcal [i], Shephard, Géllagher and Abel [1], Seguchi, Tomita and Hashimoto
[1], Bardield [1]). -The reader is referred to the first paper for a
discussion of the literature. For instance, our analysis applies to the
torsion problem_considered by Liniecki and Yun [1].A However our choice
of optimization criterion is differenf and, in our mind, mathematically

and computationally simpler.



The optimization of the triangulation is an important problem in
itself. But it is of paramount importance in the shape optimization

problem when the nodes are chosen as désign parameters.

Since, in general, the number of nodes is large, it is customary

to introduce a reduced number of control parameters which will effectively

control the positions of the nodes. An optimal triangulation can also
be obtained within this class of controlled triangulations by using our

analysis combined with a straightforward application of the chain rule.

The ideas and techniques used in this paper are based on an adaptation

of the "speed method" to finite element approximations (cf. J.P. Zolésio [1,2]).

Notation.

R is the field of all real numbers and R" the Euclidean n-dimensional
space. Given a domain & in Dﬂ‘, Q denotes the closure of 2 and Hm(Q),‘
m = 1 an integer, the Sobolev space of square integrable function from
® to R with square integrable partial derivatives up to order m (in the
distribution sense). Let T be the boundary of the domain . Hé(sz) will
be the subspace of functions of HI(Q) whicﬁ are zero on the boundary F..
By interpolation theory it is possible to define Sobolev spaces with
fractional power such as Hi(r). In particular the trace of a function
v in HI(Q) on the boundary I' belongs to Hi(r). The topological.dual of
Hi(r) will be denoted H'i(r). For more details the reader is referred
to Ph. Ciarlet [1], | We shall often use the
notation f o T " for the composition of a function fR" =R

with a transformation T:Rn -»an

VX R (fo T)=£(T(x)).



2.  PROBLEM FORMULATION

It is well-known that large families of linear elliptic boundary-
value problems can be transformed into variational probleﬁs of the
following form.(cf. Ph.G. Ciaflet [1 ]j.> Let V be a Hilbert space
., (e.g. a-closed subspace of the Sobolev space HI(Q)) and u be the

solution of the variational problem

(1) ue€ev, Yo €V, a(u,p) = <F,<p>v

where < , >, is the duality pairing between V' and V, F is a fixed

v

element of V' and a is a coercive continuous bilinear form on V
(2) 3a>0, VW €V, a(v,v) Zlﬂv“é

and || || is the norm in V. Under the above hypothesis Va(v,v) is a
norm which is equivalent to |lv|l on V. 1In general the bilinear form

a need not be symmetrical.

Let Vh be a finite dimensional subspace of V and let Uy be the

solution of the variational problem

(1h) uh € Vh, Vvh € Vh, a(uh,vh) = <F’Vh>v .
For instance V can be a closed subspace of the Sobolev space HI(Q)

and ® a polygonal domain in R". 1If T denotes a triangulation of

e, Vh can be chosen in the following way

(3 v, - v, € V] vl € PR, VK € T}

where'Pk(K) is the space of polynomials of order less or'equal to

k 2 1 on the triangle K.
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The standard theory (cf. J. Céa [1]) indicates that the solution

error is bounded by the interpolation error
(@) lu-uylly = Cd(u,v,)

where'd(u,Vh) is the minimum distance of the solution u to the subspace
Vh of V. measured in the V-norm and C > 0 is a constant which does not
depend on u and Vh.
From now on we specialize to the case where V is a closed subspace
of,Hl(Q), Vh is given by (3), that is, linear elliptic second order

problems. When the solution u to equation (1) iS sufficiently smooth

it can be shown (cf. Ph.G. Ciarlet [1]) that
5 k
(8 d(u,Vh) = c(u)h

where h is the "size" of the triangulation and c(ﬁ) is a constant which
depends on u but not on the choice of the triangulation Ty The final

upper bound
(8) lu-w lly, = c(uynk
. Ypily =

provided in the finite element method is established for all left-hand-sides
F in V'. 1Indeed c(u) has an upper bound cl(F,Q) which solely depends

on F and & (but not on the triangulation Th)ﬂ



3. FORMULATION OF THE OPTIMAL TRIANGULATION PROBLEM

Let R be a polygonal domain and T its triangulation. Denote by

M= {Mill <is P*q}, p21, q= 2,

(p and q integers) the set of all nodes in the triangulation of the
domain §, by

oM = {Milp+1 < i s p+q) o , !
the set of all vertices of Q on the boundary aQ and by M |

M= (M, € falMi ¢ oM} = {Mill <i < p}
the set of all nodes which are not vertices on 3% ,

Our objective is to construct a triangulation ¢ﬁ of ¢ by moving
the p variable nodes M = {Mi}§=1 in such a way that the resulting
.error Hu-uﬁ” be smaller than the initial error Hu-uhH for the triangulation
Th+ We assume that the number and the position of the nodes at the
vertices are fixed.

Thé solutions u and u to problems (1) and (lh) coincide with the
minimizing elements of the problems
(7) InflJ@)w € V}

(7,) Inf{J(wh):cvh € vh},

where

(8) J@) = %a(w.«o)-d-‘,c»

The directional derivatives of J are given by
() eV = lale,u)tate)] - <Fye
(10) ¢%3@;v,m) = ilatm,v)*aty,m]

In particular for all ¢ and Vin Vv

(11) J@) = J¥)+dI (¥30-¥)s %dzJov;w-W,w-w.



In viéw bf equation (1) for u
(12) J(v) = J(u)+ %a(v-u,v-u), Vv € V.
If u is the solution of (Ih),
(13) oy -l = a(u,-u,8 -u) = 2[3(u)-J(w)], |
where we use V;z;:;3 as the norm on V. 1If Th and Tﬁ are two triangulations
of & with respective solutions w €‘Vh and uﬁ € Vh, then

l:xﬁ"-ulli = Huh-ullf, + 2[3(5")-..1,(%)].
So to decrease the error]lﬁh-uuv associated with ?h’ it suffices to find
a new triangulation t'!, and hence new set of positions M' of the variable
nodes, such that
- (14) J(u};) < J(Bh).

In order to formalize the optimal triangulation" problem, it is
heipful to explicitly denote the dependence of the solution u, to (1h)

on the triangulation h

(15) vy = u ()

and the dependence of the triangulation T, on the set of variable nodes
M by

(16) 5 = 5,00,

In addition we introduce the notation

(17) 304 = J(u (5, (M) |

for the dependence of the optimal cost with respect to M. Recall that
(18) J() = Inf(I(g):0, €V, )

(19) dI(uie,) = 0, Vo, €V,.

Formally, the "optimél triangulation" problem would be to find

the solution of the following minimisation problem:



(20) Inf{(;(M): M c RMP, M c §},
where @ is the closure of g.

A difficulty wit;)the formulation (20) is the fact that some
choices of positions might yield unacceptable triangulations T, M),
To get around thls d1ff1cu1ty, we restrict our attention to a family
ﬂ& of sets of variable nodes M which generate a friangulation with a
common topological table T: for any two triangulations "corresponding
nodes' will have "corresponding neighbouring nodes". To be more speéific;
fix the nodes at the vertices of the domain € and the number p of
variable nodes. Define the family of sets of variable nodes which
generate a triangulation with a given topological table T:
@M. = ™Mc RHP|Mc & and T, M) €T},
where T is the family of all triangulations of & with the same'topolo-
gicdl table T. In view of the above definition we can comsider the new
minimization problem:

(22) Inf {50M) (M €M},

A .
If a minimizing element M exists, it will generate the "optimal triangu-
N .
lation" ?h = Th(M) with respect to the familyYnT of sets of variable
nodes M, which generate a triangulation Th(M) with the topological

table T.



4.  GRADIENT COMPUTATIONS

The object of this section is the computation of the partial

derivatives of j

(25) &, 1=t <n, 1<is<p,
ST M
1

with respect to the coordinates of the position
(26) M, = {xﬂl < n =N}
i i
of each variable node Mi' The starting point is the cost function
o 1 : 1
(27) J(w) = - 5<F,u> JM) = - <Fu (T, (0)>,

where uh is the solution of the variational equation (1 Although

B
the partial derivatives of j can be computed by various techniques,

we shall promote the use of partial Eulerian derlvatlves u : as

X.
developed in the work of J.P.Zolésio [1,2]. 1

4.1 ’Partial Eulerian Derivatives

We briefly recall the speed method for boundafy value problems

.over smooth domains £, Given a smooth deformation field V defined in
a neighbourhood of 2, each point X in £ at time t=0 is transported
into a point x(t) at time t > 0 through the differential equation

(28) §F (1) = V(e,x(1),  x(0)=V.

This induces a smooth transformation Tt(V)X = 'x(t) which maps £ onto

g, = Tt(V)(Q). The Eulerian derivative of the cost function J at (2

for the field V is defined as (cf. J.P.Zolésio [1, 2])

(29) dJc& V) = Jcﬁ Moo -



In the discrete case, the state U, = uh(Th) (solution of equation
(lh)) depends on the variable nodes M through the triangulation ™ " Th(M).
Denote by {1,/1 = ¢ < n} the basis of R", where 1, is the n-tuple
which has a'1 in the ¢-th position and zeros everywhere else. Given
a small t >0 and a node Mi’ we perturb the set of positions M in the
£-th direction
(30) M7, = (M+t6,.1,[1 =5 = p)
where aij is the Kronecker index function. 1In each case, we construct
vector fields which will transport triangles of Ty Onto triangles of the
new T; and shape functions

(31) b = {bjll Sj=pqleyy

for T onto shape functions

(32) bt = {b§l1 =jspeqe v

for T;:

totyy _ .
(33) bj(Mi) (resp. bj(Mi)) =8, 1=1i,j < paq.

J',
J.P.Zolésio [2] has shown that an appropriate choice is

(34) Vi‘(t,x) =e(x)1l,, 1=¢=q, 1=j=p,

where the set e = {eill S i = pl are the piecewise linear (Pl) shape

functions: for all i, 1 =i < P
e, € {v ¢ chah)lle e plexy, vk e T}
(35)

= < ;3 <
ei(Mj) Gij’ 1=j=p+q.



The rémarkablé feature of ®he deformation field Vit is the fact that it
maps each triangle of T, onto a triangle of T; and each basis element
bj onto the corresponding basis element b;. Moreover, if u is a solution
of the boundary value problem in V;, then the transported solution
t =
(36) us, ut'Tt(vi&)

“belongs to Vh' Thus the partial material derivative of u with respect

.to the ¢{-th component of the position of node M, is an element of Y

defined as ¢
., dui& |
(37) ug, = —— :
, i at oo

and the partial Eulerian derivative of j as

9j .
(38) 2. = ajM;v.,)
1
where
(39) 300 = Iy, (r, MD)).

4,2 Application -to the Dirichlet problem

Choose V = Hé(&)

n
du av
(40) a(u,v) = Z [, a.. &R +fo a uvde
i,j=1 n 13 9%y %5 % 0

. € L“(Q) and for all x in ®

"where a8, €L (Q), aiJ

. go(x)ZO, aij(x)=aji(k), 1<i,j=n,

3 n . B
>0, X aij(x)ajgi > .E

2 n
E., VE={E }._
i,j=1 i=1 i i‘i=l

(L’(Q) is the space of essentially bounded functions on 8. F is of

the form

(42) <F,v> = [ fvdQ ,
1)
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for a function £ in L¥(®). The solution of problem (1) with this choice
of<V, a and F coincides with the solution of the Dirichlet boundary

value problem:
n

) ou
Au = f ingQ , Au = - 7 ar—(a.. === +au
(43) i,j=1 axi i) axj 0

u=0 on I'. (the boundary of &) .

The solution of (1), (7) and (36) coincide. The solution of (lh) is
the finite element approximation which coincides with the solution

of the minimization problem C7h). Recall that from identity (27)
. 1

(4 300 = I(u (r, M) = - 5 Fofu ag,

For small t > 0
. R § t

(45) j(M+tv) = - 2 th ﬁ(uh)tdsz

where V stands for one of the deformation fields vi&’ ot = Tt(Q),

and (uh)t is the solution of the variational problem

n a(uh) v
t h t t t
(46) = 1 _ a.. —de = 7 fv.de™, Vv, €V

or in vectorial form

(46a) fgt (Avy, ,7v, ) ot = ‘ét fv, dot, Vv, € v;

where Vu, and Vvh denste ihe gradients in R" and A is the symmetrical matrix whose
entries are {aij}' By introducing the transported solution

(47) up = (u) 0T, (V),

identity (45) can be rewritten on Qh

(48) juerv) = - 1 I3y (£eT,)utde),
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DT
where Jt is the determinant of the Jacobiganf the transformation

T, (V). It is readily seen (cf. J.P.Zolésio [2]) that

(49) djM;V) = - %fg[ldiv(fV(O))uffﬁ]dS?

where V(0) is the function x - V(O,X) and u is the solution of the
variational equation '

[ ]
u€yv, Vyey

Jo(av0,vv)de = S o[- (T, 9v) +div(£V(0))v]dR
where ._ ‘ |
(51) Q' = divV(0)A - [DV(0)A+A(DV(0))*]
and (DV(0))* denotes the transpose of DV(0). For V = vi& the af element
of the matrix (' is" given by

n

- -
(G Ay = 3,858, ril [3,258 56,5%3433;5p,]

where amei denotes the partial derivative of ei(x) with respect to

the component X For instance for n=2 and A=I (identity in RZ)

=9,€e. -0 e.-
(528) @' = [0 21 for V=V,
‘ [ %2% 9%
[ a,e. -a3,e. ]
(s26) o = 2% 1 for V= Vi, .
| 72151 92%

‘ . v ,
Since u belongs to Vh and u is the solution of the variational equation

(53) J‘Q(Avuh,vvh)dsa = J’vahd&z, Vv, € V.,

h
the above equation is true for Vh ® U.- But the right-hand-side of (53) :
with vy = u is equal to the right-hand-side of (50) with v = u, since A

is symmetrical. Hence
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(54) fRfﬁdQ = fg[-(&'Vuh.Vuh)¢div(ﬂ'(0))uh]d§2.
The substitutwmof the last identity in expression (49) for the

gradient yields

(55) d3j4;V) = F o[ (07w, 0w, )-2di(£V(0))u ]de.

THEOREM 1 (Dirichlet problem). The partial derivative of j
with respect to the position of node Mi = flel =¢ =n} are

given by the following expression

3j 1 n
oo - bigs s e
1 L]

fga iﬂl[a elaaY+aYe1aYa]aauh3&uhd9

fQ[acfei¢fa&ei]uhd9. o
When n=2 and A=I, expression (56) feduces to

(57a) ?.T(“) ’fsz{%'al”i[(az“h)2'(*’1“11)2]‘laz"ia1"11‘52‘%‘5’1(f“'i)"‘h}‘lgz
X,
|

(57b) ;l—cm - Ioi oy (-0,m) %4007 31\@3 Uy =3, (fe,)u }e.
i

It is readily seen thaf expressioni(56) is easily implémentable since

the terms o,€; are non-zero only in a neighbourhood of the nodes Mi'

The gradient can be constructed locally.
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4.3 Application‘ to the Neumann problem

Choo‘se Vs HI(Q), 'Vh the subspace of V

- (58) v, = {v € Hl(Q)l le € ‘p"(x). VK €T}

the bilinear form a as in’ (40)' which verifies condiiion (41) and,
in | addlitiori,

(59) a, 2a »0.

Choose -
(60) <F,v> = J‘vadsz + fr.gvdl"

where f is a function in L?(Q), I' is the boundary of 2, and g a
function of H‘l/z(r‘). If u is the solution of the variational equation
(61) a(u,v) = <F,v> Wy € v,

fhen u coincides with the solution of the Neumann boundary value problem

Au=f in & (Au as defined in (43))
(62) . |

du ou ou

==g onT' . — z a.. — n.

a"A anA i,j=1 17 axj i

where n = (nl,. ..,nn) is the unit exterior normal to the surface I', ¢ _

We proceed as in section 4.2, The directional de.riv>ative of the
-. functional _ |

(63) JN) = - 7lfofude + [rgudr ]

is given by

(64 dJMGY) = - 7L [AEVIEV(O)uy+ IR - 3 [divigv(0))u sgh)T,

since the boundary I of @ is fixed. Free boundary no_des‘ move along

faces of 2. The variational equation for the material derivative is

Vv € 'Vh.

A

650 1o @, 9wy a2 Jo[-(Q'Tu, ,Tv) +div(£V(0)) ]dR4/ pdiv(gV(0))dT .
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Since u is the solution of the variational equation

(66) Jo (Avuh.vv)dsz = J'vadsz'«f’rgvdr. Vv € vh,

it is verified with v=d. Similarly (65) is verified with veu . As

a result

(67) f.gidr+/ fade = IQ['(Q'Vuh,V%)Miv(fV(o))]d$2+frdiv(gV(0))d1".
The substitution of the last identity into expression (64) yields
(68) dj (M;V5 = %’Q[(Q'V%,Vuh)-Zdiv(fV(O)uh]dSZ-frdiV(gV(O))dP.

But this is precisely expression (55) with an additional boundary

term.

THEOREM 2.  (Neumann problem). The partial derivatives of j with

respect to the position of node Mi = {xi]l = ¢ = n} are given

by the following expression

e n :
8 vy = 1
(69) axf(M) 5{9 aeei . §=1 aaaaﬁuhaauhdﬁ
i )
1 n
\ -5 /g . f=1[aaeiaay*ayeiawu]aauhaduhdg

- fga&(fei)uhdﬂh - G_ a&(gei)uhdr. o

4.4 Extension to Other Second Order Elliptic Problems

Any problem which can be abstracted m the form (1) can be handled
by the techniques in the previous sections. Oniy slight modifications
are to be brought to the final expression in Theorems 1 or 2, Certain
families of non-symmetric elliptic problems can also be handled by

appropfiate choice of space dependeht coefficients 8, and aij'
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4.5 Extension to higher even order e;liptic problems

The reader will certainly have noticed that most of our analysis

-extends to fourth or higher even order elliptié'prbblems. For a
fourth order problem, V can be chosen as a closed subspace'of the
Sobolev space HZ(Q) and Vh can again be given by expression (3)1

However this results in a different type of finite element approximation.
For second order problems

V. <V cH (g
and the eleménfs of Vh are'continuous on { (i.e. Co-approximation). For

fourth order problems

V. cV cH(®)

h
.and the elements of Vh are continuous in £ with continuous first

order partial derivatives on & (i.e. Cl-approximation). ‘In the
computation of the partial Euleriaﬁ derivatives we have constructed

a velocity vector field Vi&(t,x) which transporté triangles onto

triangles and shape functions onto shépe functiops. For Cl-approximations
shape functions are distorted and are not transported onto shape
functions; Thus higher even order proplems require a deeper analysis
which will eventuhll} yield additional terms in the gradient expres-

sions.  However this is beyond the scope of the present paper.
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S. Control parameters .
When the number of variable nodes is large, it is customary

to mtroduce a reduced set of control parameters Esﬂ,kl 1< k€ m} to
control the position of the set of nodes. This construction which
‘depends on physical and computational considerations can be written

(70) M= M(R),
"and the cost function becomes a function L of £
(71) L(2) = 3(M(2)) = J(uh(Th(H(z))).

. As a result using the chain rule, -
| ) fi -
oL 9] b
(72) CE-L TN

l vhere . .
(73) Hi={xfl1<a<nl

are the coordinates of node L

An example of such a parametrization will be given in

sectidn 6.2.
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6. Numerical Tests,

We have chosen two very simple numerical tests in order
to illustrate the applications of the previous theory : a one-dimensio-
nal and a two-dimensional example.

6.1 One-dimensional example

Consider the Dirichlet boundary value problem
2

d™u .
- —= f(x) in Q=<]0,1]
(74) dx2

u(0) = u(1) = 0.
Partition the interval [0,1] into N intervals
(75) 0=M1<M2<...'<MN< MN+1=1 , hi=ni+l'ui , 1SigN,
The approximation uhof u is obtained by minimizing the functional
. du
1 h,2 A
(76) J(uh)=]°k(a-x—) -f(uh)$dx'

over the subspace
(77) th"vhlvh €Ce(0,1), vy, linear on each [Mi’M:'H-l]’

The set of nodes ¥ is given by :

(78) i:{”n I ISDSN+1} 9 3M={M1,MN+1)

M=‘{MN |25snsN}.

Example 1. Q =[0,1].

(79) f=-2a, a>0 a constant.
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The solution to (74) is given by :
(80) u(x)=a x(x-1)

The starting point is an unbalanced discretization concentrated on
the left

(81) M= (-ml—) , 03ns10 , Mol , Nell.

After 100 iterations the algorithm converges towards a uniform dlscretl—
zation .
(82) M= Bl 0Osns1l.

n 10 °

Figures 1 to 10 show the solutlon and the position of the dlscretlzatlon
nodes as -the number of iterations increases.
Figures 11 and 12 give the cost and norm of the gradlent as a function

of the number of iterations.

Figures 13 and 14 give the ‘positions of nodes 6 and 2 as a function
of the number of iterations.

This example shows that the optimal discretization is
regular. It would have been difficult to predict this result since
the solution is a parabola symmetrical about the point x=1 for which

a concentratlon of nodes would have been expected around x=3.

Example 2. Q =]0,1[. | /
(83) f(x)=-12a x(x-l), a>0. V

The solution is given by
(84) u(x)=a x(x3-2x2+1).

‘The starting point here is a uniform discretization

(85) M= . Osnsin, Nall.

The algorithm converges is 13 iterations to.a discretization concentra-
ted in the center at point x=1.

Figures 15 to 20 show the solution and the position of the dlscretlza-
tion nodes as the number of iterations increases. '
Figures 21 and 22 give the cost and the norm of the gradient as a
rwfuqqgionfof_thé'number of iterations. Figures 23 and 24 give -the posi-

tions of nodes 6 and 2 as a function of the number of iterations.'
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This example seems to Support the conjecture that the

_ non-uniformity of the discretization is a function of the

variation m magmbude  of the function f. Here f is a positive parabo-

la centered at x=} and the optimal discretization is concentrated
around x=%. ' '

Example 3. © =]0,1[ and f is as in example 2.

The starting point is the non-uniform discretization

n-1 _
Mn=—1m— 9 OSHSIO, Mn=l, N—ll.

After 120 iterations the algorithm converges towards discretization
concentrated at x=4 which was obtained in Example 2. Figures 25 and
26 give the cost and the norm of the gradient as a function of the
number of iterationms. Figure 27 and 28 give the positions of nodes 6

and 2 as the number of iterations increases.

In all three examples a gradient technique has been used,
At step p, denoted by
P_/uP ;
M ={M] |1SigN}
the variables nodes. The new set ‘
PP 1sisw
is given by

P+1_yp . p P_ - '
Mi —Mi t g 8;= gradient at step p,
and a t>0 must be determined in such a way that
j(Mp+l)

is minimized with respect to t. A bounded interval for t can be obtained
by writting ’

LA N I
which is equivalent to

i+1 i
_
e}, ;- €}

with 8,=8\=0. As the result

O<t< ¥ i=1,2,...,N

1864 ' vMi+l‘Mi '
(86) te ]O,tmx[ > tpay = min S
. lSiSN’giﬂ.-sg

-
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6.2 Tvo-dimensional example

~We have chosen a very simple example to illustrate the
Previous theoretical considerations. Given the domain

| (87) R =g x)] | x ex) < 1}c R?
+1
<,
— —
-.‘i &\
-1

Figgre 29 : Domain @ .

Let u be the solution of the Dirichlet problem

2 2 .
3%%+-31% +£=0 in Q
(88) o
u=0 on I' (boundary of Q ).

This is equivalent to problem (1) with V=H;(9),,

- (89) a(u,v)= ,‘Q[alu v + Bu 32v] dQ

(90) <F,V>=f fvag
(91) £(x),x,) = (¥1) (W2) (1-|x; ] -] x, OV

'-forN=6.

x T -
; f M, -=(":;;""1

ij )

n

0sSi,jsn

dw

0si+jsSn

M-

L 1

&<

o' AN

2 a x
2 4 t :

]
“ . —
Figure 30 : Initial triangulation T,, for n=4.
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Since the problem is symmetrical with respect to the x, and X, axes,
it is convenient to only triangularize the first quadrant (cf.Fig. 30).

The sets of nodes are :
.. - i j
(92) ﬁ:{nij |0Si,jS,n, 0si+jsn}, M =G s rll)

(93) M={M_ M}, M={MijeH|Mij€3M}.
Two types of experiments were run on this example. 1In

the first one all the nodes in the triangulation were left free except

boundary nodes which were required to stay on the boundary.

In the second experiment, the interior nodes were controlled by a

parameter g21.

6.2.1 Free interior nodes

Succesive triangulations are shown in Figures 31 to 41.
" The experiment was stopped at iteration 12 (Figure 41) since three
triangles collapsed. At the next iteration one or two nodes can go across
the side of a triangie. This creates artificial or overlapping triangles
which destroy the initial iopology of the triangulation.

' There are many ways to avoid or control this phenomenon.
The simplest one is to introduce control parameters which wvill always
preserve the topology of the initial triangulation. This technique
will be succeésfully used in section 6.2.3.

In this section it is fair to say that the algorithm behaved

nicely up to itératioﬁ 12,
As in the one-dimensional example of seétion 6.1 a constraint was
Placed on the scalar parameter t
(94) O<tet__,

ma x
to preserve the initial triangulation.

Given a triangle T defined by the coordinates of its
vortices

M=(xpxyp)  Mp=(xyp5%0,) M=(x31:%35)
and the corresponding gradients at each vertex

&=(gy:81,)  gy=(g,,,8,,) 8;=(g5;85))
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we determine for a number t>0 a new triangle with vertices
oyt t t -
Ml-— M ‘t gl » sz Hz-t sz » M3= Ms-t 530
We want ‘to find a t>0 such that the onented surface of triangle

H;M; be of the same sign as the oriented surface of triangle

Recall that the oriented surface of a triangle T defined
by its vertices M1M2M3 can be _defined as the exterior product
(M - -
(95) 2(M3 M) ><(M‘2 M),

This is a vector. However we are only interested in the algebraic

quantity

(96) A(M3-M1 ’-_MZ- Ml)

where A: sz ]R2—+R is defined as

(97) A v, L)) - vy vy - vy v

Given a triangle T defined by its vertices x 1%2 3, compute :

its surface
A(MB--M1 , Mz-Hl).

The parameter t> 0 defining a new trian-
gle % from 1ts vertices HIHZH must be chosen in such a way that

the surface of T be of the same sign as the surface of T

(98) sign A(M3— 1 Mz-Hl) = sign A(M3-M1 > My-M)).
"I‘his yields a quadratic inequality in the variablg t

(99) a t2b t+ ca20 , t=20

where '

a = A(g3—gl s sz-gl) sgn A(M3-M1 ) MZ—MI)

o
i

(100) -[A(M3-Ml ) Bp=By) + A(g3-gl) s _Mz-ul)]sgn A(M3-M1,M2-Ml)

- [AQH-M, , MM )| 30

(¢}
]

As a result t=0 is always an admissible (but useless) solution.
For each tr_iangle T a range 4[0’,t1] is determined. The bound t
is chosen as follows :
(101) thax= min {t.: Te I}
and the parameter t must be ‘chosen in the range
(102) €[o, tmax] .
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The computation of tT for each triangle is not difficult since the
!

coefficient ¢ is always non negative :

a<0 = b2-4ac>0 = tT' '-'-11"—5—-——- Y b -4ac

a®0 i) b*gacC0 =t =

T
i) bhdac>0m  EVDodec oo
=HZT = +o (a20, c¢c»0)
So the computations are extremely simple. There is a bound on tT only
in the case a<0 7.
b= 2: -4ac  if aco
[ + = , if ap0

Obviously this technique has its numerical limitations as seen at
iteration 12 (Figure 41 ) where errors in the computation of the coeffi-
cients a,b,c and/or the root can lead to a't which is too large. As some
triangles shrink. to zero surface this is likely to occur. When it

does, it would be advisable to fix the triangulation around delmquent

nodes and in the vicinity of collapsing triangles.

6.2.2 A gradient technique with thresholds

The fundamental difficulty in the method described in
the previous section is that the ill- behaviour of a single triangle
can reduce the size of the global ¢ max 'O Zero and essentially stop
the whole optimization process.

Intuitively it would be desirable to set the gradient
artificially to zero at nodes M belonging to ill-behaved triangles
and let the other nodes move. To do this we use the construction of
section 6.2.1 with some modifications.

Consider the variable node M, and the set .7 of all trian-
gles T having X; as a vertex.

(104) 7, ={TeJ| M, is a vertex of T}.
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For each T of '.f compute the corresponding tpe
~ Associate wlth each variable node M the parameter
(105) t; = Min{t, : Te.fi}

-First method. Associate with each.'node Mi, the modified gradieht

g » if t.30

(109) B if t.<8
, i

for some preset threshold ©>0. Once this computation has been done:

for each node Mi’ the parameter tmax is defined as
: 9 .
(107) thax = mln{maxft 6} : M, €M},
We go back to our global optimization by moving each node H to a

new position M

t _
for some t, o<t<tmax 0.

Second method. Associate with each node Mi’ the modified gradient
ti g if ti>9

109) 7 0 ,if 1,<8

for some preset threshold 8 >0. Then we go back to our global optimiza-
tion and move each node M to a new position M ‘

t -
(uo) M= M-t E

for some t, O0<t<1.00
Both methods can be initiated with a large threshold 6
vhich can be further decreased as needed or when nodes are not moving

any more.
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6.2.3 Nodes controlled by a parameter

L et B T 2 R R R Rl A Ay Wpeipugtpuiieiuipnl

We introduce a control parameter ¢ = 1. The vertices of

the (quarter of the) domain are
(111) M = {(0,1), (1,0), (0,0)}

and for an even integer n 2 2

(112) M=My UM UM, UM
where
(113) My = M50 M = (DY DY, osi, g, ocitien)
(114) My= M M = (B0t Baian, i45en)
(115) M, = {Mp_& =(%.%)}

2’2
(116) My =0 M 0=2a- 5 DY, Besan, i4gen)

The object of this exercise is to determine (for'N=6 in expression (91)),
the best ¢ in R and hence the best triangulation within this family of
triangulations. Intuitively as N increases a singularity is created around
the center of the domain  which shouid result in a finer triangulation
around the point (0,0).

The derivative of the position of node Mij in Mo with respect:
to ¢ is |

sy i’fi—ii(e)? L md) , O mdy)
o0 (@ W@, )

For nodes in Ml #nd M3

: © M, . . .

(114) ‘az—"“" = ®'md a,-n , Raicn
» M 55 ia

(115) ;—f‘-”’ =@ 1w Ly, Fejen

The numerical tests are shown in Figures 42 to 45.
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Figure 1. Example 1 : Injtial discretizuio_n.
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Figure 3. anple 1 ; Third discretization.

Figure 2. Example 1 : Second discretization.

. . :
Figure 4. Example 1 : Fourth discretizat:cr.
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Figure 5. Example } : Fifth discretization, Figure 6. Exampie 1 : Tenth discretization.
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Figure 7, Example 1 ; Twentieth discretiza;;pn.

Figure 8. Example 1 : Fortjeth discretizatior
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Figure 9, Example I : Sixyieth discretiiatiouﬁ

’

Figure 10,
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Example 1

: Final discreti:zation
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Varistion of the cost as a function of the
mmber of iterations.
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Example 1: Variation 6f the norm of the gradient as a
function of the number of iterations.
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Figure 13. Example 1: Variation of the position of the sixth node
a3 8 function of the number of iterations.
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Figure 14. Example 1: Varistion of the position of the second node
as s function of the number of iterations.
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Figure 15:

Example 2.
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Initial discretization.
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Figure 17: Example'2. Third discretization.
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Figure 16: Example 2. Second discretization.
-

ﬁ-
L o
[ I i 1 I I 1 L i {
T T T 1 T & 1
i
Figure 18. Example 2¢ Fifth discretizatict.
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Figure 19. Example 2: Tenth discretization. Figure 20. Example 2. 1last discretization
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Figure 21. Example 2. Varistion of the cost as a function of the
number of jterstions.
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Figure 22. Example 2: Variation of the norm of the gradient as a

S —————

function of the number of iterations.
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Figure 23. Example 2! ‘Variation in the position of the sixth node
as & function «of the number of iterations.
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Figure 24, ‘Example 2: Vll’i.ltim in t.hq' position of the second node

as.3 function of the number of iterations.
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Figure 25. Example 3. Variation of the cost as a function of

the number of jterations.
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Figure 26. Example 3. Variation of the norm of the gradient.
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Figure 27. Example 3. Variation in the position of the sixth node
as a function of the number of iterations.
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Figure 28. Example 3! Variation in the position of the second node
as a function of the number of iterations.
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X2
+1
X4
-1 +1
-1 I
Figure 29. Domain 2.
¢
X2
1
X4
0 1

i i 4.
Figure 30. Initial trisngulation T, forn *=
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I1.C.=-0.377963 I.C.=-0.382835
Figure 31.- Initial triangulation - Figure 32. Second triangulation

(I.C. = Initial Cost)

I1.C.=-0.384482 1.C.=-0.385912

Figure 33. Third triangulation Figure 34. Fourth triangulation.
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I.C.=-0.386415 I.C.=-0.386889

N N

Figure 35. Fifth triangulation Figure 36. Sixth iteration.

I.C.=-0.387164 I.C.=-0.387684

AN

Figure 37. Eighthiteration. Figure 38. ~Ninth iteration.
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=-0.412849 I.C.=2-0.422124
KLV §\
Figu;e 39. Tenth iteration. Figure 40. Eleventh iteration.

I1.C. x-0.424597

Figure 41. Twelth iteration.
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I.C. =-0.377962 I.C.=-0.385549
G=-5.109 E-02 G = 2.89] E-04
€:1.0000 221.4000
.dL
de

NN

Figure 42. Initial triangulation

Figure 43. Second triangulation

(I.C. = Initial cost),

I.C.=-0.385550 I.C.=-0.38555]
G =-4.124 E-05 | G=-2.796 E-O7
t=1.3905 £= 1.3916

Figure 44. Third triangulation.

D

Figure 45. Fourth triangulation.
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