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A B S T R A C T .  The Object of this paper is to study the Shape gradient and the Shape Hessian by the Velocity 

(Speed) Method for arbitrary domains with or without constraints. It  makes the connection between methods 

using a family of transformations such as first or second order Perturbations of the Identity Operator. New 

definitions for Shape derivatives are given. They naturally extend existing theories for C k or Lipchitzian 

domains to arbitrary domains without any smoothness conditions on their geometric boundary. In this new 

framework extensions of the classical structure theorems are given for the Shape gradient and the Shape 

tlessian. 

1. I N T R O D U C T I O N .  

The object of this paper is to study the Shape gradient and the Shape Hessian by the 
Velocity (Speed) Me~hod (eL J. GIlA [1, 2] and J. P. ZOL~SlO [1, 2]) for nonsmooth 
constrained and unconstrained domains and discuss their relationship to various meth- 
ods based on perturbations of the identity operator. This extends basic results for C k 
and Lipschitzian domains to non-smooth domains. 

In section 2 we extend the Velocity (Speed) Method to nonsmooth domains ~2 which 
are constrained to lie within a fixed domain D. This is done by a double use of the 
Viability Theory and the introduction of Bouligand contingent and Clarke tangent 
cones. We obtain natural extension of Hadamard's structure theorem for both the Shape 
gradient and the Shape Hessian (cf. DELFOUR-ZOL~Sm [2, 3, 4] for a description of the 
smooth case) and recover known results in the smooth case. The canonical structures 
of the gradient and the Hessian are given for time-varying velocity fields. We show that 
Methods of Perturbation of the Identity Operator (first and second order) are special 
cases corresponding to a time varying velocity fields and indicate how to construct the 
associated velocity. 

For the Shape gradient, the different methods yield expression which may look differ- 
ent but are all equal. However this is no longer true for the Shape Hessian. In fact we 
shall show in section 4 that different perturbations of the identity yield final expressions 
which are not equal. It turns out that we can introduce an infinity of definitions based 
on perturbations of the identity. However we shall show that they always contain a 
canonical bilinear term plus the Shape gradient of the functional acting in the direction 
of an acceleration field which is characteristic of the chosen perturbation. The canonical 
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bilinear term exactly coincides with the second order Shape derivative obtained by the 
Velocity (Speed) Method for time-invariant velocity fields. Moreover each expression 
obtained by a method of perturbation of the identity can be strictly recovered by adding 
to the canonical term the Shape gradient acting in the direction of an appropriate ac- 
celeration field. In vlew of this we propose to refer to this canonical term as the Shape 
Hessian. 

A few paper have dealt with the second variation of a Shape cost function for linear 
partial differential equations models. To our knowledge the first one by N. Fu$II [1] 
used a second order perturbation of the identity along the normal to the boundary for 
second order linear elliptic problems. An extremely interesting paper by AItUMUGAN- 
PtROI~NEAU [1, 2] used the Shape second variation to solve the ribblet problem. Finally 
J. SIMON [1] presented a computation of the second variation using a first order pertur- 
bation of the identity. The first general approach to the computation of Shape Hessians 
can be found in DELFOUR-ZOL~SIO [2, 3, 4]. It uses the Velocity (Speed) Method and 
includes simple illustrative examples for the Neumann and Dirichlet problems. 

In conclusion, we would like to reiterate that the Velocity method and methods using 
first and second order perturbations of the identit.y lead to three different second order 
Shape derivatives which are not equal. The Velocity method with constant velocity 
fields provides the canonical bilinear Shape Hessian and the expressions arising from 
the other method can be recovered by special choices of time-dependent velocity fields. 

The proofs of the main theorems and lemmas are given in DELFOUR-ZOLI~SIO [5]. 

2. V E L O C I T Y  (SPEED)  M E T H O D  A N D  M E T H O D S  OF P E R T U R B A -  
TION OF T H E  I D E N T I T Y .  

In this section we review and extend the Velocity Method (ef. J .P.  ZOL~SIO [1, 2] 
and discuss its relationship to various methods based on perturbations of the identity. 
Under appropriate conditions we show how to construct a family of time-dependent 
transformations of f i r  (or the closure of a subset D of f i r )  from a family of time 
dependent velocity fields. Conversely we show how to construct the family of time- 
dependent velocity fields from a family of time-dependent transformations of f i r  (or 
the closure of a subset D of RN). 

2.1. Unconstrained families of  domains.  

Let the real number r > 0 and the map V : [0, r] × It N --* ft N be given. The map V 
can be viewed as a family {V(t) : 0 < t < r} of time-dependent velocity fields on R N 
defined by 

x v ( t ) ( x )  = v ( t ,  R r a r .  (1) 

Assume that 

(Vl) W e f i r ,  V(., x) e C°([0, rl; RN), 

where V(., x) is the function t ~ V(t, z), and that 

(V2) 3c>O,Vz,yel t lv ,Vte[O,r] ,  IV(t,~)-v(t,z)l<__cly-xl. 
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Associate with V the solution x(t; V) of the ordinary differential equation 

~ ( t )  = v(t ,  =(t)) ,  t e [0, ~], ~(0)  = x e R N 

and introduce the homeomorphlsm 

X ~-~ Tt(V)(X) = x(t; V ) :  R" --~ R". 

and the maps 

( t ,x )  ~-, Tv( t ,X)  d,j T,(V)(X): [0,T] x u N ~ R ~', 

( t , x )  H T ~ ' ( t , x )  "2 T T a ( V ) ( . ) :  [0,~] × RN-+ u N. 

(2) 

(3) 

(4) 

(S) 

NOTATION 2.1. /n the sequel we shMl drop the V in Tv( t ,X) ,  Tv l ( t , x )  and Tt(V) 
whenever no confusion is possible. 

TIIEOItEM 2.1. 

(ii) 

(i) Under hypotheses (Vl) and (ve)  the maps T and T -1  have the following prop- 
erties 

[ VX 6 R N, T ( . ,X)  6 CI([0, r] ;R N) 
(T1) l 3 c >  0,VX, Y E R  N, IIT(.,Y) - T(.,X)[[cq[o,r];RN) _< c l Y - X I ,  

(T2) Vt 6 [0, r l, X H Tt(X) = T(t, X)  : R ~ -~ a N is bijective, 
[ Vx E RN~ T - l ( ' , x )  E C°([0, r];I;I/v) 

(T3) l 3e > 0,Vx, v e R N, IIT-I(. ,V) - T-%,z)llco(to,,.];=,,) _< ely - zl. 

Given a real r > 0 and a map T : [0,'r] x R N ~ R N verifying hypotheses (T1), 
(T2) and (T3), then the map 

0T 1 FIN ( t ,x)  ,--, V(t,:~) = -bT-(t, T,- (:~)): [0,r] × -4 aN,  (8) 

ve~iaes hrpo*heses (VI) and (V2), where T; -~ i~ the inverse of x H T, (X)  = 
T(t ,X) .  [] 

This first theorem is an equivalence result which says that we can either start from a 
family of velocity fields {v( t )}  on R N or a family of transformations {T,} of R N provided 
that the map V, V(t, x) = V(t)(x), verifies (Vl)  and (V2) or the map T, T ( t , X )  = Tt(X), 
verifies (T1) to (T3). When we start from V, we obtain the velocity method. Given 
an initial domain fl, the family of homeomorphisms {Tt(V)} generates a family of 
transformed domains 

n,  = T , (v )cn)  = {T,(V)CX): X ~ n}. (7) 
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We shall see in sections 3 and 4 how this family of transformations of ft can be used to 
define shape derivatives. 

2.2. P e r t u r b a t i o n  of  the  ide,~tity operator.  

In examples where we start from T, it is usually possible to verify hypotheses (T1) 
to ('1"3) and construct the corresponding velocity field V defined in (6). For instance 
perturbations of the identity to the first or second order fall in that category: 

t2 
T t ( X ) = X + t U ( X ) + - ~ A ( X )  ( A = 0 f o r  the first order) ,  t > 0 , X 6 R  iv, (8) 

where U and A are transformations of R N. It turns out that for Lipschitzian transfor- 
mations U and A, hypotheses (T1) to (T3) are verified. 

THEOREM 2.2. Let U and A be two uniform Lipschitzian transformations of RU: 

3c > O, YX, Y e It ~, IU(Y) - U(X)I <_ elY - XI, IA(Y) - A(X)] < c[Y - X I. 

For r = rain{l, 1/4c} and T given by (8), the map T verifies hypotheses (T1) to (T3) 
on [0, r]. Moreover the associated velocity V is given by 

(t, x) H V(t, x) = U(Ti-'(x)) + tA(T;-' (x)): [0, z] x a N -4 H N, (9) 

and it ve fies hy;,othes  (Vl) and (V2) on [0, rl. [] 

REMARK 2.1. Observe that from (8) and (9) 

OV 
V(O) = U, 15(0)(z) = -~-(t,x)l,=0 = A - [DU]U. (IO) 

where DU is the Jacobian matrix of U. The term 1~(0) is an acceleration at t = 0 which 
will always be present even when A = 0. [] 

2.3. Cons t ra ined  families of  domains .  

In many applications the family of admissible domains ~t is constrained to subsets of 
a fixed larger domain or hold-all D. To reflect that constraint we would like to consider 
transformations 

T: [0, r] ×/) -* R N (II) 

with the following properties 

VX e D, T( . ,X)  z C'([0,~-];. ~) 

(T~D) 3c>0 ,VX,  r e b ,  I l T ( ' , Y ) -  T( ' ,X)l lc,  tto,~l;a.q < ~ l r -  x l ,  

(T2o) Vt 6 [0,T], X ~ Tt(X) = T ( t , X )  : D ~ D is bijective, 

Vx 6 D, T-*( . ,x)  6 C°([0, rl;H N) 

(T3D) 3c>O, Vz, y 6  D, I]T-*(.,v)-T-'(.,z)}lco(to,rl;m,,) <_c]V-z I. 
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where under hypothesis (T2D) T -1 is defined as 

(t ,x) ~ T-X(t,x) = T V I ( x ) :  [0,r] x D ~ R t~. (12) 

Those three properties are the analogue for b of the same three properties obtained 
for R N. In fact Theorem 2.1 extends from R N t o / )  by adding one hypothesis to (V1D) 
and (V2D). Specifically we shall consider for r > 0 velocities 

V :  [0, r] x / 9  --~ R/v (13) 

(Vlo) w: e D, V(.,x) ~ C°([0,r];A N) 
(V2D) 3,~>0,Vx, VeD, IIV(',u)-V(',~)Ilco(to,~I;,~)__-nlu-~l 
(vao) w ~ b, vte [0,~], ±v(t,~) e TD(z), 

where TD(Z ) is the Bouligand contingent cone t o / )  at the point x in b (cf. AUBIN- 
CELLINA [1, p. 176]). 

THEOREM 2.3. 

(i) Let ~ > 0 and V be a family of velocity fields verifying hypotheses (V1D) to 
(V 3 D ) and consider the family of transformations 

( t ,X)  ~-~ T( t ,X)  = x ( t ;X) :  [0,r] x D ~ R u (14) 

where x(., X)  is the solution of 

-~(t)dx = V(~, x(t)),  0 < t < r, x(O) = X.  (15) 

Then the family of transformations T verifies conditions (T1D) to (T3D ). 

(ii) Conversely given a family of transformations T verifying hypotheses (T1D) to 
(T3D ), the family of velocity fields 

(t ,x) ~ V(t ,x)  = aT (t, Ti_,(x)) : [0,r] x D ~ R N (16) 
-5[ 

verifies conditions (V1D) to (V3D) and the transformations constructed from 
this V coincide with T. [] 

such that 
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tL~MARK 2.2. Under (V1D) to (V3D), {Tt : 0 < t < r} is a family of homeomorphisms 

of D which map the interior b (resp. the boundary OD) of D onto/~ (resp. OD) (cf. 
J. DUGUNJI [1, p. 87-88]). [] 

REMARK 2.3. Assumption (V3D) is a double viability condition. M. NAGUMO [11% 
usual viability condition 

V(t,x) 6 TI)(Z),Vt E [0, z],Vx 6 19 (17) 

is a necessary and sufficient condition for a viable solution to (15), that is 

Vt 6 [O,r],VX 6 D,z( t ;X)  6 ,D or Tt(D) C D (18) 

(of. AUBm-Cm.Ut~A [1, p. 174 and p. 180]). Condition (V3D) 

Vt 6 [O, r],Vx 6 D,-l-V(t,x) 6 To(x) (19) 

is a s~rlct vlabili~y condition which not only says that Tt maps b into D but also that 

Vt 6 [0, T], Tt : D ~ / )  is a homeomorphism. (20) 

In particular it keeps interior points in the interior and boundary points on the boundary. 
[] 

P~C.MArtI¢ 2.4. Condition (V3o) is a generalization to arbitrary domains D of the 
following condition used by J .P .  ZOL~StO [1] in 1979: for all z in OD 

V(t, x) • n(x) = 0, if the outward normal n(x) exists 

0, otherwise. [3 

Theorem 2.2 is a generalization of Theorem 2.1 to arbitrary domains D. It shows 
that we can either start from a velocity V or a transformation T. 

2.4. Trans fo rmat ion  of  condi t ion  (V3D) into a l inear  const ra in t .  

Condition (V3D) is equivalent to 

Vt 6 [0,~-],Vx 6 D, V(t,x) 6 {-TD(x)} 13 {To(x)} (21) 

since T/)(x) = TD(x).NIf TD(Z) was convex, then the above intersection would be a closed 
linear subspace of I1 . This is true when D is convex. In that case TD(X) = CD(X), 
where Co(x) is Clarke tangent cone and 

= n (22) 
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is a closed linear subspace of R N. This means that (V3D) reduces to 

'v'te [O,r],Vx e D, V(t,x) e LD(x). (23) 

It turns out that for continuous vector fields V(t, .) the equivalence of (V3D) and (23) 
extends to arbitrary domains D. 

THEOREM 2.4. Given a velocity field V verifying (VID) and (V2o), then condition 
(V3o) is equivalent to 

(V3c) w e [0,r l ,V= e z), v(t,=) e LD(=) = { - c o ( = ) }  n ca(=), 
wh~¢ Ct)(z) is the (dosed convex) Clarke tangent cone to D at x which is defined by 

C O ( x ) = {  v e R N :  y-.Dza~°lim d o ( y + h v ) / h = O }  

dD(y) is the m/n/mum distance [rom y to D, and --*D denotes the convergence in D. 
Moreover LD(X) is a closed linear subspace ofR N. [] 

The equivalence of (V3) mad (V3c) is a direct consequence of the following lemma. 

LEMMA 2.1. Given a vector £dd W E C°(D;RN), the £ollowing two conditions are 
equivalent: 

Vx E D, W(x) E To(x); (25) 

w e D, W(z) e Co(=). n (26) 

I~EMARK 2.5. Lemma 2.1 essentially says that for continuous vector fields we can relax 
the condition of M. NAGUMO [11% theorem from (V3D) involving Bouligand contingent 
cone to (V3c) involving the smaller Clarke convex tangent cone. In dimension N = 
3, LD(X) is {0} a line, a plane or the whole space, f-1 

NOTATION 2.1. In the sequel it will be convenient to introduce the following spaces 
and subspaces 

£: = {V :[0, v] x R N --4 R N : V verifies (V1) and (V2) on R N} (27) 

and for an arbitrary domain D in R N 

JCo --- {V: [0, r] x / )  --~ RN: V verifies (V1D), (V2D) and (V3c) on D}. (28) 

For any integers k > O and m _> 0 and any compact subset K of R N define the following 
subspaces of £: 

.,.,,o C" ([O, rI,V°(K, RN)) n£ ,  
l,'~ 'k C'~ ([0, v], Dk(l{, RN)), 

i f k = O  
(29) 

if k_> I, 
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where :Dr(K, N/v) is the space of k-times continuously differentiable transformations of 
I~ ~v with compact support in K. In all cases 12~. 'k C £:a'. As usual :DCO(K, R to) will de 
written :D(K, Rt¢). [] 

3. S H A P E  G R A D I E N T .  

Consider the set T'(D) of subsets 12 of a fixed domain D of R ;v (possibly all of R jr) 
which will play the role of a hold-alL Under the action of a velocity field V in/:D, the 
domain 12 in :P(D) is transformed into a new domain 

12t(V) = T,(V)(fl) = {Tt(V)(X) : X 6 fl}. (1) 

This will now provide our first notion of derivative for a shape functional, that is a map 

n H y ( n ) :  P(D)  --. R. (2) 

DEFINITION 3.1. Given a velocity tleld V in ~.D, J is said to have an Eulerian semide- 
rivative at ~2 in the dlrcction V if  the following limit exists and is Finite 

llm V(a , (v ) ) -  s(a)]p. 
. t \ 0  

(3) 

Whenever it exists, the limit will be denoted dJ(~; V). I-3 

This definition is quite general and may include situations where d J(12; V) is not 
only a function of V(0) but also of V(t) in a neighbourhood of t = 0. This will not 
occur under some appropriate continuity hypothesis on the map V ~ dJ(f~; V). This 
immediately raises the question of the choice of topology and eventually the choice of 
gradient when we specialize to time-invariant vector fields V. We choose to follow the 
classical philosophy of the Theory of Distributions (ef. L. SCHWAItTZ [ll). Assume that 
D is an open domain in R N. Domains 12 in P(D)  will be perturbed by velocity fields 

'V(t) with values in :Dk(K, R/V) for some compact subset K of D and integer k > 0. 
More precisely we shall consider velocity fields in 

....~m,k 
1')I) = li~rn {V~c'k : VK compact in D}  (4) 

1¢ 

where lim denotes the inductive limit set with respect to K endowed with its natural 

inductive limit topology. For time-invariant fields, the above construction reduce to 

[ ~°(D,  R N) I-1 Lip (R/v, RN), k = 0 } 
v )  = ]. I < k < (5) 

where Lip(R/v, R N) denotes the space of uniformily Lipschitzian transformations of N N. 
In all cases hypotheses (V1D) to (V3D) are verified since for all t C [0, r], V(t, x) = 0 
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for all x in OD. When D = H Iv we drop the index D in the above definitions and simply 
...*t/l~ ~k 

write ]) and y k  

TIIEORE/d 3.1. Let ft be a domain in the fixed open holcl-all D. Assume that there 
exist integers m > 0 and k > 0 such that 

-...rr~,k 
V V e VI) , dJ(~2; V)  exists, (6) 

and that the map 

is continuous. Then 

V ~-, dJ(f~; V): ~ , t ,  ~ R (7) 

dJ( ; V) = dJ( ; V(0)), (8) W r - - D  , 

where dJ ( ~2; V(0)) is the Eulerian semiderivative /'or the thne-independent vector field 
equal to V(O). [] 

By virtue of this theorem we can now specialize to time-invariant vector fields V to 
further study the properties and the structure of dJ(fl; V). 

DEFINITION 3.2. Let ~ be a domain in the open hold-all D ofH N. 
(i) The functional J is said to be shape differentiable at f~, i f  the Eulerian semideriva- 

tire dJ(f~; V)  exists/'or all V in 29(D, R N) and the map 

V H dJ(~2; V)  : ~9(D, H N) --. R (9) 

is linear and continuous. 

(ii) The map (9) defines a vector distribution G(I)) which will be referred to as the 
shape gradient of J at fL 

(iii) When there exists some finite k >_ 0 such that G(ft) is continuous for the 
9k(  D, RN)-topology, we say that the shape gradient G(~) is o/order k. [] 

The next theorem gives additional properties of shape differentiable functionals. 

NOTATION 3.1. Associate with a subset A of D and an integer k >_ 0 the set 

L~t = {V e Vk(D,R " )  :Vx e A , V ( x )  e LA(x)}. D 

TIIEOREM 3.2. (GeneraJized Hadamard's structure theorem) 
Let 12 be a domain with boundary F in the open hold-all D of R N and assume that 

J has a shape gradient G(~2). 

(i) The support of the shape gradient G(~) is contained in Po de=~ F N D. 
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(ii) /.fft is open or dosed in R N and the shape gradient is of order k for some k >__ O, 

then there exists [G(ft)] in ( l ) 5 / L ~ ) '  such that for all V in T~ 5 ~t  2)k(D, RN ) 

aJ(n; v)  = <[a(a)l, (11) 

k k where qL : T)~ --* T)D/L n is the canonical quotient surjection. Moreover 

G( a ) = *( qL )[G( a )] (12) 

where *(qL ) denotes the transposed of the Hnear map qL. 17 

REMARK 3.1. When the boundary r of ft is compact and J is shape differentiable 
at f~, the distribution G(~2) is of finite order. Once this is known, the conclusions of 
Theorem 3.2(ii) apply with k equal to the order of G(~). [] 

The quotient space is very much related to a trace on the boundary r and when the 
boundary F is sufficiently smooth we can indeed make that identification. 

COROLLARY. Assume that the hypotheses of Theorem 3.2 are veriiqed for an open 
domain ft, that the order of G(fl) is k >_ O, and that the boundary F of f / i s  C k+l. 
Then for all x in F, Ln(x) is an (N - 1)-dimensional hyperplane to ~ at x and there 
exists a unique outward unit normal n(x) which be/oaKs to Ck(P; RN). As a result the 
kernel of the map 

V ---* 7 r ( V ) "  n :  V k ( D , "  N) --* v (r n D) (13) 

coincides with L~ where 7r : 9k(D,R N) --*/)k(r f3 D,R N) is the trace of V on r f]D. 
Moreover the map pL(V) 

k k ~(rnD) qL(V) pL(qL(V)) = "rr(V) • .: Z'DIL,  - .  (14) 

is a well-defined isomorphism. In particular there exists a scalar distribution g(r) in 
~Dk(P N D)' such that for all V in Dk(D,R N) 

dd(n; V) = (g(F),'}T(V) • n}vqvnD ) (15) 

and 
G(n)=*(qL)[G(fO], [G(n)]=*(pL)g(r). []  (16) 

REMARK 3.2. In 1907, J. HADAMARD [I] used velocity fields along the normal to the 
boundary F of a C °° domain to compute the derivative of the first eigenvalue of the 
plate. Theorem 3.2 and its corollary are generalizations to arbitrary shape functionals of 
that property to open or closed domains with an arbitrary boundary. The generalization 
to open domains with a C k+l boundary was done by J.P. ZOL~SlO [1] in 1979. [] 

REMARK 3.3. The space :Dk(r 17 D) is not simple to characterize. However when r is 
compact and D = R N, it coincides with Ck(r).  [] 
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For any measurable subset ~2 of a measurable hold-aU D of lq/v, consider EXAMPLE 3.1. 
the volume functional / *  

J(~2) = / n  dz. 

For ~2 with finite volume and V in :D1(D, RN), 

dJ(f~; V) = ~ div Vdz (18) 

but for a bounded open domain ~ with a C I boundary F 

dJ(a; V) = / r  V • n dr (19) 

which is continuous on D°(D, RN). Here the smoothness of the boundary decreases 
the order of the distribution G(fl). This raises the following question: is it possible to 
characterize the family of all domains ~ of D for which the map 

V ~-, 9f n div V dz : :D°(D, R N) --, R (20) 

is continuous? The answer is yes. It is the family of finite perimeter sets with rcspcct 
to D. It contains domains ~ whosc characteristic function bclongs to BV(D), the space 
of L I functions on D with a distributional gradient in the space of (vectorial) bounded 
measures. Roughly spcaking thcy are thc sets with finite volume and perimeter. [] 

4. S H A P E  H E S S I A N .  

We first study the second order Eulerian semiderivative d2J(fl; V; W) of a functional 
J(fl)  for two time-dependent vector fields V and W. A first theorem shows that under 
some natural continuity hypotheses, d2 J(~;  V; W) is the sum of two terms: the canonical 
term d2J($l; V(O); W(0)) plus the first order Eulerian semideriwtive dJ(f,l; l~(0)) at 

in the direction V(O) of the time-partial derivative OtV(t, x) at t = 0. As in the study of 
first order Eulerian semiderivatives, this first theorem reduces the study of second order 
Eulerian semiderivatives to the time-invariant case. So we shall specialize to fields V 
and W in :Dk(D,R N) and give the equivalent of Hadamard's structure theorem for the 
canonical term. 

4.1. T i m e - d e p e n d e n t  case. 

The basic framework introduced in sections 2 mad 3 has reduced the computation of 
the Eulerian semidcrivative of J (~ )  to the computation of the derivative 

j ' (0) = v(0)) (1) 



49 

of thc function 

For t _> 0, we naturally obtain 

j ( t )  = J ( f l , (V ) ) .  (2) 

J'(O = a~(a,(v); v(o) .  (3) 

This suggests the following definition. 

DEFINITION 4.1. Le~ V and W belong ~o £D and assume that for all 
t e [O, rl, d J ( f h ( W ) ; V ( t ) )  exists for fh(W) = T,(W)(fl). The functional J is said 
to have a second order Eulerian semiderivative at fi in the directions (V, W )  if  the 
following limi~ exists 

lira [dS(n,(W); V(t)  ) - dS( n; V(O))I/t. 
t . o  

(4) 

When it exists, it is denoted daJ(ft; V; W). [] 

REMARK 4.1. This last definition is compatible with the second order expansion of j ( t )  
with respect to t around t = 0: 

~2 
j ( t )  -- j(O) + tj'(O) + .~j ' (O) ,  (5) 

whcre 
/"(o) = d*J(n; V; V). [] (6) 

REMARK 4.2. It is easy to construct simple examples (see Example 4.2) with time- 
invariant fields V and W showing that @J(ft; V; W) # d~J(ft; W; V) (cf. DELFOUR- 
ZOL~S,O [2]).[] 

The next theorem is the analogue of Theorem 3.1 and provides the canonical structure 
of the second order Euleriaa scmiderivative. 

TIIEOREM 4.1. Let £l be a domain in the fixed open hold-all D o[H N and le~ m >_ 0 
and £ _> 0 be Lu~cgcrs. Assume that 

----,m+ 1 ,f ....m,t 
(i) Vv e V D , V W  e V D , d2J(ft; V; W )  exis ts ,  

....,,t 
(ii) VW e PD , Vt E [0, r], J has a shape gradient at fit(W) of order £, 

(iii) V U e l  ; t ,  the map 

...~m,t 
w ~ d~J(~; U; W) : Vo --, R (7) 

is continuous. 
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--.m+l,t -,ra,t 
Then for all V in ~ D and all W in P o 

a2s(a; v; w) = d a(a; v(0); w(0)) + as(a; P(0)), (s) 

where 
V(O)(z) = l im[V( t , z ) -  V(O,x)]/I. [] (9) 

This important theorem gives the canonical structure of the second order Eulerian 
semiderivative: a first term which depends on V(0) and W(O) and a second term which 

is equal to dJ(£1; ~'(0)). When V is time-invariant the second term disappears and 
the semiderivative coincides with dUJ(~; V; W(0)) which can be separately studied for 
time-invariant vector fields in ))t.  

4.2. Time- invar lan t  Case. 

DEFINITION 4.2. Let ~ be a domain in the open hold-all D O[R N. 

(i) The functional J(~) is said to be twice shape differentiable at ~2 if 

V V, V W in D(D, RN), d2J (~2;V;W) exists (11) 

and the map 

(V,W) ~ d2J(fl; V; W) : D(D,R N) x D(D,R N) --~ a (12) 

is bilinear and continuous. We denote by h the map (12). 

(ii) Denote by t t (~)  the vector distribution in (D(D,R N) ® V(D, RN)) ' associated 
with h: 

d2J(l"l; V; W) = (H(~/), V ® W) = h(V, W), (13) 

where V ® W is the tensor product of V and W defined as 

(V ® W)ij(x, Y) = Vi(x)W~'(y), 1 _< i, j _< N, (14) 

and V/(x) (resp. Wi(y)) is the i-th (resp. j-th) component of the vector V(resp. 
W) (cf. L. SClIWAaTZ [2]'s kerne/theorem and GELFAND-VILENKIN [1 D. H(~2) 
will be called the Shape Hessian of J at FL 

(iii) When there exists a t~nite integer e >__ 0 such that H(f~) is continuous for the 
T)t(D,R N) @ T}t(D,RN)-topology, we say that H(f~) is o/order e. 1-'1 
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TItEORBM 4.2. Let ~ be a domain with boundary Y/n the open hold.all D o£R N and 
assume that J is twice shape dif[erentiable. 

(i) The vector distribution H(~)  has support in 

(rnD) x (rnD). 

(ii) /£ ft is an open or closed domain in D and H(F 0 is of order £ > 0, then there 
exists a continuous bilinear form 

[h i :  ( 2 ) 5 / D ~ )  × (2)51Z'.) -~ U (15) 

such that/or all [V] in t t t t 2)o/D r and [W] in 7)o/L n 

d2 J(n; V; W) = [h](qo(V), qL(W)) (16) 

t t 2)t D ~ 2)D/Ln are the canonical quotient where qo : 2)1t9 ~ 2)D/Dr and qL : t t 
surjections and 

D~= { v  e v t ( D ,  a N ) : O ~ V = O o n r n D , V l a l < _ e } ,  m (17) 

The next and last result is the extension of Hadamard's structure theorem to second 
order Eulerian semiderivatives. We need the result established in the Corollary to 
Theorem 3.2. For a domain 12 with a boundary F which is Ct+l, l  >_ O, the map 

t t 2)t(F n D) (18) qL(W) ~ pL(qL(W)) = w ( W )  • n : V~IL~ - ~  

is a well-defined isomorphism. This will be used for the V-component. For the 
W-component we need the following lemma. 

LEMMA 4.1. Assume that the boundary r o£f~ is C t + l , ~  ~ O. Then the map 

t t qD(V) H pD(qD(V)) = ")I'(V) : Do~Dr --* 2)t(F N D,R N) (19) 

is a well-defined isomorphism where 

t t po : l)to -* 2)o/Dr (20) 

is the canonical surjection. D 

N t N t N REMARK 4.3. When D = R and r is compact, 13 (PND, R ) = 7) ( P , R )  coincides 
with the space of £-times continuously differentiables maps from r to R N. [7 
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4.3. Assume that the hypotheses of Theorem 4.200 hold and that the THEOREM 
boundary F of the open domadn fl/s C t+z/or ~ > 0. 

(i) The map 
(,, w) ~ h~xL(v, w) = [ h l t P S ' v , p ~ )  

(21) 
: Vt(rD,RN) x v t (rD)  - ,  R 

is bilinear and continuous and for all V and W in :Dt(D,R N) 

d2J(fl; V; W) = ho×L('TrV, ((3TW) * n)), (22) 

where rD = F N D. 

(ii) This induces a vector distribution h(rv ® to)  o. vt(rD, R N) ® z)t(rD) o~ o~de~ 
£ 

h(rn ® rD) : z~t(rn, n N) ® ~ ( r D )  --, a (23) 

such that [or all V and W in T)t(D, R N) 

(h(ro ® t o ) ,  (~rV) ® ((~rW) • - ) )  = d:: (a;  V; W), (24) 

where ( ~ V )  ® (('yrW) • ,*) is d e a . e d  as the te.~or product  

((~rv)®((~rw)*~))~(~,u)=(Trv~)(~)((~rw).~)(,j), ~ , y e r o  (25) 

Vi(x) is the i-th component of V(x) and 

('rr(W)* n)(y) = (TrW)(y)* n(y), Vy e FD. [] (26) 

REMAItK 4.4. Finally undcr the hypotheses of Theorem 4.1 and 4.3 

a~J(fl; V; W) = (h(ro ® FD),(~V(0)) ® (('~W(0)) • n)) 

+ ((g(rD),(TrV(o)) • n) 

~ r;m,t D for all V in +z,t and W in --D • 

EXAMPLE 4.1. Consider Example 3.1. Recall that for V in 7~'(D,R N) 

dJ(~; V) = / d i v V d x .  
* J  

Now for V in 7)2(D,R N) and W in ~1(D, RN) 

d2 J(~2; V; W) = / d i v  [(divV)W] dx 

f$ 

(27) 

(2s) 

(29) 
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and if r is C I 
d2J(fl; V; W) = / d J v V  W • n dF (30) 

o '  

r 

which is continuous for pairs (V; W) E :D 1 (D, R N) xZ)°(D, R N ) or TP (F, R Jr) xT>°(F, Riv). 
E] 

Another interesting observation is that the shape Hessian is, in general, not symmet- 
rical as can be seen from the following example in DrLFOVa-ZOLI}SIO [2]. 

EXAMPLE 4.2. We use the functional (28) and expression (30) in Example 4.1. Choose 
the following two vector fields 

V(x ,y )=(1 ,  O) and W(x,y)=(x2/2 ,0) .  

Then 
d i v V = 0 ,  and W [ r = x = c o s 8  

and 
Ven=nz=cosOonF. 

As a result d2J(f/; V; W) = 0 and 

21g 

d2J(l-l;W;V)= f d i v  W ( V ,  n)dI" = f  cos2 8d0 > 0. 
p 0 

[] 

4.3. C o m p a r i s o n  wi th  m e t h o d s  o f  p e r t u r b a t i o n  of  the  ident i ty .  

At this juncture it is instructive to compare first and second order Etfleriaa semideriva- 
tires obtained by the Velocity (Speed) Method with those obtained by first and second 
order perturbations of the identity: that is, when the transformations Tt are specified 
a priori by 

T,(X) = X + r e ( x )  + A(X), X e R ~, (31) 

where U and A are transformations of R N verifying the hypotheses of Theorem 2.2. 
The transformation T~ in (31) is a second order perturbation when A ~ 0 and a first 
order perturbation when A = 0. According to Theorem 2.2, first and second order 
Eulerian semiderivatives associated with (31) can be equivalently obtained by applying 
the Velocity (Speed) Method to the time-varying velocity fields VUA given by (2.9) and 

dJ(~; VuA) = dJ(a; evA(O)) = dJ(~,  U) (32) 

where we have used Remark 2.1 which says that 

vu~(o) = u and VuA(O) = A - [DUIU. (33) 
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Similarly if Vwa is another velocity field correeponding to 

T,(X) = X + tW(X) + B(X), X 6 R N, (34) 

where W and B verify the hypotheses of Theorem 2.2, then 

d2J(f~; VVA; Vwa) = d2J(fl; Vwt(0); Vwa(0)) + dJ(f~; VVA(O)) (35) 

and 
d2J(fl; VVA; VwB) = d2J(f~; U; W) + dJ(f~; A - [DU]U). (36) 

Expressions (32) and (35) are to be compared with the following expressions obtained 
by the Velocity (Speed) Method for two time-invariant vector fields U and W 

dJ(f~; U) and d2J(ll; U; W). (37) 

For the Shape gradient the two expressions coincide; for the Shape Hessian we recognize 
the bilinear term in (36) and (37) but the two expressions differ by the term 

dJ(~2; A - [DU]U). (38) 

Even for a first order perturbation (A = 0), we have a quadratic term in U. This 
situation is analogous to the classical problem of defining second order derivatives on 
a manifold. The term (38) would correspond to the connexion while the bilineax term 
d~J(fl; V; W) would be the candidate for the canonical second order shape derivative. 
In this context we shall refer to the corresponding distribution H(fl) as the canonicM 
Shape Hessian. All other second order shape derivatives will be obtained from H(f/) by 
adding the graxiient term G(ft) acting as the appropriate acceleration field (connexion). 
REMARK 4.5. The method of perturbation of the identity can be made more canonical 
by using the following family of transformations 

t2 
T,(X) = X + t U ( X )  + + [DU]U) 

which yields 
dJ(f~;U) for the gradient 

and 

(39) 

(40) 

(41) d2J(ft; U; W) + dJ(ft; A) for the Hessian, 

where for a first order perturbation (A = 0) the second term disappears.E] 

REMARK 4.6. When f~* is an appropriately smooth domain which minimizes a twice 
shape differentiable functional J(fi) without constraints on f~, the classical necessary 
conditions would be (at least formally) 

W, (42) 
d2J(fl*; W; W) :> 0, t/W, (43) 

or equivalently for "smooth velocity fields V and W" 

dJ (~ ' ;  V(0) )=  0, VV (44) 
@ 

d2J(ll*; W(0); W(0)) + dJ(f~'; V(0)) > 0, VW. (45) 

But in view of (44), condition (45) reduces to the following condition on the canonical 
Shape Hessian 

d2S(~*; W(0); W(0)) >__ 0, VW.n (46) 
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