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ABSTRACT. In this paper we announce new results on the Shape Hcssian of a shape 
functional by the Velocity (Speed) Method. We review and extend the Velocity Method 
and clarify its connections with methods using first or second order Perturbations of the 
Ident!ty. We show that all these methods yield the same Shape gradient but a different 
and unequal Shape IIessian since each one depends on the choice of "connection". For 
autonomous velocity fields the Velocity Method yields a canonical bilinear Hessian. Ex- 
pressions obtained by other methods can be recovered by adding to this canonical term the 
Shape gradicnt acting on the acceleration of the vclocity field associated with the choice of 
perturbation of the identity. In the second part of tile paper we give an application of the 
Lagrangian Method with Function Space Embedding to compute the Shape gradient and 
Ilessian of a shnple cost function associated with the non-homogeneous Dirichlet problem. 

1. I N T R O D U C T I O N .  

In this paper we announce new results on the Shape Hessian by the Velocity (Speed) 
Method (cf. J. C~,A [1,2,3] and J.P. ZOL~SIO [1,2]) mad apply the Lagrangian Method 
with Function Space Embedding to compute the Shape gradient and Hcssian of a simple 
cost function associated with the non-homogcneous Dirichlet problcm. 

We describe a general  method  which applies to differentiable semiconvex cost func- 
tionals with applicat ions to more general problems than  the simple i l lustrat ive exanaple 
wc have chosen to consider. We also emphasize the use of the Func t ion  Space Embedd ing  
method (cf. DELFOUR-ZOLI~SlO [1,2,3,4,7]) combined with the implicit  use of Lagrange 
multiplicrs. Thereforc this paper  complements  our  previous work where we have used 
a variat ional  formulat ion for the N e u m a n n  problem (eL ZOLI~SIO-DELFOUR [8]). In  
Shape Sensit ivi ty Analysis the size of the computa t ions  can be quite large. Thcrcforc 
it is extremely impor t an t  to unde r s t and  the fundamen ta l  s t ruc ture  of the Shape gr~L- 
dicnt and  Hessian in order to simplify the computa t ions  a nd  ob ta in  mathemat ica l ly  
meaningful expressions. 

In the process we make a revision of the Velocity (Speed) Method and  show how to 
associate with Methods of Perturbation of the Identity (first and  second order) an ap- 
propriate non-au tonomous  family of velocity fields. For the Shape gradient ,  the different 
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methods yield expressions which may look different but are all equal. However this is 
no longer true for the Shape Hessian. In fact we shall show in section 2.4 that diffcrent 
perturbations of the identity can yield final expressions which are not equal. It turns out 
that we can introduce an infinity of definitions based on perturbations of the identity. 
However we shall show that they always contain a canonical bilinear term plus the 
Shape gradient of the functional acting in the direction of an acceleralion field which is 
characteristic of the chosen perturbation. The canonical bilinear term exactly coincides 
with the second order Shape derivative obtained by the Velocity (Speed) Method for 
autonomous velocity fields. Moreover each expression obtained by a method of per- 
turbation of the identity can be strictly recovered by adding to the canonical term the 
Shape gradient acting in the direction of an appropriate acceleration field. Therefore 
we propose to refer to this canonical term as the Shape Hessian. 

The above considerations clarify the fundamental concepts and reduce their complex- 
ity, but they do not eliminate all the associated computations. We need methods which 
provide both quick formal computations and appropriate mathematical justifications. 
We use Lagrangian methods combined with the use of theorems on the derivative of a 
MinMax with respect to a parameter. Such methods axe well known and extensively 
used in Mechanical Sciences, Mathematical Programming and Optimal Control The- 
ory. Their application to Shape Sensitivity Analysis is not completely straightforward 
since it leads to the "time-dependence" of the underlying function spaces appearing in 
the MinMax formulation. This phenomenon secms to be specific to that class of prob- 
lems. Two techniques are available to gct around this difficulty: the Function Space 
Parametrization and thc Function Space Embedding mcthods. The first one has bcen 
used in DELFOUR-ZoLI~SIO [8,9], the second one will be used herc. 

It is fair to say that the use of Shape Hessians for discrctized Finite Element Models 
and finitely parametrized shapes have been used in many places in the Engineering and 
Mechanics literatures. Some numerical expertise is available (cf. for instance, A. BEI~r~ 
[I], ]3ERN-CItENOT-DEMAY-ZOLI~SIO [1]) and it is suspected that the really performing 
algorithms arc not available in the open literature since thcy axe marketable industrial 
products. 

Few papers have dealt with the second variation of a Shape cost function for linear 
partial differential equations models. To our knowledge the first one by N. FuJII [1] 
used a second order perturbation of the identity along the normal to the boundary for 
second order linear elliptic problcms. An extremely interesting paper by AlttlMUGAN- 
PIItONNEAU [1,2] used the Shape second variation to solve thc "ribblet problem". Fi- 
nally J. SIMON [1] presented a computation of the second variation using a first order 
perturbation of the identity. The first general approach to the computation of Shape 
Hessians can be found in DELFOUrt-ZOL~SIO [8,9]. It uses the Velocity (Speed) Method 
mad includes a simple illustrative example for the Neumann problem. 

In. conclusion, we would like to reiterate that the Velocity method and methods using 
first and second order perturbations of the identity lead to three different second order 
Shapc derivatives which are not equal. The Velocity method with autonomous velocity 
fields provides the canonical bilinear Shape Hessian and all the other derivatives can be 
recovered by special choices of non-autonomous velocity fields. 
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2. S H A P E  D E R I V A T I V E S :  D E F I N I T I O N S  A N D  P R O P E R T I E S .  

In this section we recall and extend the definitions of a Shape gradient and a Shape 
Hessian based on the Velocity Method (cf. J .P .  ZOL~SIO [1,2], DELFOVrt-ZoL£s~o 
[1,2]) and discuss their relationship to various methods based on perturbations of the 
identity operator. 

2.1. Ve loc i ty  ( S p e e d )  m e t h o d  and  P e r t u r b a t i o n s  o f  t h e  I d e n t i t y  O p e r a t o r ,  
Let V : [0, r] x It N -~ It N be a given velocity field for some fixed r > 0. The map V 
can be viewed as a family {V(t)} of non-autonomous velocity fields on It N defined by 

Assume that 

{ w  e n N, v(., ~) e c°([0,~-1; RN) 
(V) 3 = > 0 , W ,  y e R N ,  l lV ( . , y )_v ( . , x ) l l co ( to ,~ ) ;~ )<_c l y_~ l ,  

where V(., x) is the function t ~ V(t,  .x). Associate with V the solution x(t; X )  of the 
ordinary diffcrential equation 

~ (t) = v c t ,  x ( t ) ,  

and introduce the homeomorphisms 

and the maps 

t e [o, ~-1, ~(o) = x e R N. (2) 

x ,-, T , (V) (X)%r~( t ;X) :  R N -4 R N. (3) 

( t , x )  ~ ~-(t ,x)% f T , ( V ) ( X ) :  [0,~1 x ,  n -. u N, 

( t ,x)  ~., z ~ ( t , x ) ~  t T,-~(V)(~): [0,~] × R N - ,  n N. 

(4) 

(5) 

NOTATION 2.1. In the sequel we shall drop the V in r ( t , X )  and T~(V) whenever no 
confusion is possible. 

THEOREM 2.1. (i) Under llypothesis (V)  the maps T and T -1 ]~ave the following prop- 
erties 

Jf VX 6 a N, T(-,X) e CI([0, r];R N) 
(TI )  

3c > o, v x ,  Y ~ R N, IIT(',Y) - T(',X)IIc,ct0,~I;~N) <__ ely - X l ,  
(T2) Vt 6 [0,r], X ~ T t (X)  = T ( t , X )  : R N --, R N is bijective, 

f Vx 6 a N , T - ' ( . , x )  6 C°([0,r l ;R N) 
(T3) 

3c > o, v z ,  y e ,~. IIT-I(-,Y) - T-l(',x)llc0([0,~];,, ,) __< c l u -  =l. 

(ii) I f  there exists a reM r > 0 and a map T : [t3, ~'] x R N ~ R N verifying hypotheses 
(T1), (T2)  and (T3), th~, the map 

( t ,x)  ~ V ( t , x )  = O-~T(t,T~-'(x)): [0, r ] x  }I N --~ R N, (6) 
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vcr/f/es I~ypo~hesis (V), where Ti  "1 is the inverse o[ X ~ Tt( X) .  [] 

This first theorem is an equivalence result which says that we can either start  from 
a family of velocity fields {V(t)} on R N or a family of transformations {Tt} of R n 
provided that the map V, V(t, x) = V(t)(x),  verifies (V) or the map T, T(t ,  X) = Tt(X), 
verifies (T1), (T2) and (T3). 

When we start from V, we obtain the velocity method. Given an initial domain 12, 
the family of homeomorphisms Tt(V)defines a family of transformed domains 

f~t = Tt(V)(ft)  = {Tt(V)(X)  : X 6 f2}. (7) 

In examples where we start from T, it is usually possiblc to verify hypothcses (T1),(T2) 
and (T3) and construct the corresponding velocity field V defined in (6). For instance 
perturbations of thc identity to the first or sccond ordcr fall in that category: 

T t ( X ) = X + t U ( X ) + ~ A ( X )  ( A = 0 f o r  the first o rde r ) ,  t > 0 , Z r a  N, (8) 

whcrc U and A arc sufficiently smooth transformations of a N. It turns out that for 
Lipschitz transformations U and A, hypotheses (Wl), (W2) and (T3) are verified. 

TIIEOREM 2.2. Let U and A be two uni[orm Lipschitz transformations of aN: 

Be > 0, VX, r e R ~v, IU(Y) - U(X)l < c[Y - x I ,  IA(Y) - A(X)I < ely  - X[. 

(i) Let r = min{1, 1/4c} and T bc given by (8). Then the velocity 

(t, x) ~ V(t,  x) = U(T~-* (z)) + tA(T[ "1 (x ) ) :  [0, r] x a N ~ a N, (9) 

vcriHcs hypotheses (V). [] 

[~EMARK 2.1. Observe that from (8) and (9) 

OV 
V(0) = U, l)(0)(x) = -~-( t ,  x)]t=0 = A - [DU]U. (i0) 

where DU is the Jacobian matrix of U. The term l~'(0) is an "acceleration" at t = 0 
which will always be prcscnt even when A = 0. [] 

2.2. S h a p e  g r ad i en t .  In general a shape functional will be a map 

gt ~ J(~): A c 7~(a N) -~ a. (n) 

dcfincd on a subset A of the set 79(a N) of all subsets of a N. Under the action of a velocity 
V verifying (V), the domain f / i s  transformed into a new domain f~t(V) = Tt(V)(S2). 
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DEFINITION 2.1. Given ~ velocity field V verifying (V), Y is said to have an Eulerian 
nemideriva~ivc a~ ~2 in ~he d/ree~ion V if  the following limi~ exists and is t]nite 

l im[J(~,(V))  - J(f /)]f l .  
t',,,,o 

(12) 

When it exists, it is denoted dJ(~; V). [] 

This definition is quite general and may include situations where dJ(~; V) is not only 
a funtion of V(0) but also of V(t) in a neighbourhood of t = 0. This will not occur under 
some appropriate continuity hypothesis on the map V ~-~ dJ(~, V). To be more precise 
we introduce some notation. For any integers k > 0 and m >_ 0, and any compact subset 
K ofR N 

V~ '~ = C~( [0 , r ] ;Vk(K,R~) )  n L ,  (13) 

where :Dk(K, R N) is the space of all k-time continuously differentiablc maps from R N 
to R N with compact support in K and 

Z: = {V:  [0, r] × R N --* R/v: Vverifies (V)}.  (14) 

With the above definitions we introduce the space 

...,ni~,k t } ~) def lira 
= ~ V ~  'k : VK compact in R N (15) 

K 

where lim denotes the inductive limit endowed with its natural inductive limit topology. 

For autonomous fields, the above constructions reduce to 

"l)k='--( :D°(RN'RN)ALiP(RN'RN)'i fk- '-=O } D £ ' ( ~  N, R N) if k > 1 (16) 

where Lip (RN,R N) denotes the space of transformations of R N which are uniformly 
Lipschitzian. In all cases (V) will bc verified. 

TIIEOREM 2.3. Let ~2 be a domain in R N and m >_ 0 and k > 0 be integers. Assume 

that for all V in ]) , dY(~; V) exists and that the map 

~m,k  
v ~ d S ( ~ ; V ) :  V ~ R (~7) 

is continuous. Then 

~m,k 
v v  e v , de (a ;  v )  = a J ( a ;  v(o)). [] 

In the above analysis we have chosen to follow the classical framework of the Theory 
of distributions (of. L. SCltWArtTZ [1]) and perturb the domain f~ by velocity fields V 
with compact support. 
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DEFINITION 2.2. Let f/ be a domain in R Iv. 
(i) The shape [un~ional J is said to be ~haVe differentiable at ~ i f  the Eulerian 

semiderlvative dJ(~; V)  exists/'or all V in ~)(R N, R N) and the map 

V ~-* dJ(~; V):  "D(RN,R Iv) -*  R (19) 

is linear and continuous. 
(ii) The map (19) defines a vector distribution G(~2) which will be called the shave 

gradient of J at fL 
(iii) When G(~) is continuous on :Dk(HN,R N) for some Finite k > O, we say tha~ 

G(~) is of order k. [] 

The next theorem gives additional properties of shape differentiable functionals. 

TIIEOItEM 2.4. (Generalized Hadarnard's structure theorem). Let ~ be a domain in 
R Iv with boundary F and assume that J is shape differentiable. 
(i) The support of G(~) is contained in F. Moreover when G(~) is of finite order i~s 
support is compact. 
(ii) g G(~) is of finite order h and ~ is an open domain in R N with boundary F in 
C TM, then there exists a scMar distribution g(~) in ~Dk(F) ' such that 

dJ(~; V)  =< g(fl), V • n >v~(r) (20) 

where n is the unit outward normal to ~ on F and V • n denotes the scalar produc~ of 
V and n in R N. [] 

REMAItK 2.2. When r is compact :Dk(F) coincides with Ck(F). [] 

2.3. Shape  Hess ian .  We first study the second order Eulerian scmiderivativc 
d2J(~; V; W)  of a functional J(f /)  for two non-autonomous vector fields V az~d W. A 
first theorem shows that under some natural continuity hypotheses, d2J(~; V; W) is the 
sum of two terms: the "canonical term 2 ,, d J(fl; V(0); W(0)) plus the first order Eulerian 

semiderivative dJ(~; V(0)) at ~ in the direction V(0) of the time-partial derivative 
OLV(t, x) at t = 0. 

As for first order Eulerian semiderivatives, this first theorem reduces the study of 
second order Eulerian scmiderivatives to the autonomous case. So we shall spcciallze to 
fields V and W in :Dk(R N, R N) and give the equivalent of Hadamard's structure theorem 
for the "canonical term". 

2.3.1. N o n - a u t o n o m o u s  case. The basic framework introduced in sections 2.1 
and 2.2 has reduced the computation of the Eulerian semidcrivative of J (~)  to the 
computation of the derivative 

j'(O) = dJ(~; Y(0)) (21) 

of the function 

For t ~ 0, we naturally obtain 

j ( t )  = J (~ t (V) ) .  (22) 

j ' ( t )  = dJ(~2t(V); V(t)).  (23) 

This suggests the following definition. 
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DEFINITION 2.3. Let V and W belong to £ and assume that /or  all t • [0, r], 
dJ(fh(W);  V(t)) exists for F~,(W) = TdW)( f l ) .  The functional J is said to have a 
~ccond order Eulerian scmidcrivative at ~ in the directions (V, W) i f  the following limit 
exists 

lim [dJ(f~,(W); V(t)) - dJ(ft; V(O))]/t. (24) 
t \ o  

When it exists, it is denoted d'ZJ(f~; V; W). [] 

REMArtI( 2.3. This last definition is compatible with the second order expansion of j ( t )  
with respect to t around t = 0: 

t2 - t t  J" ~ , ,  
j ( t )  ~ j(O) + tj'(O) + -~2 (o), (25) 

where 
j"(O) = dZJ(fl; V; V). [] (26) 

~EMARK 2.4. It is easy to construct simple examples with time-invariant fields V and 
W showing that ffzj(f/; V; W) ~ d2J(f/; W; V) (cf. DELFOUlt-ZoLI~SlO [8]). [] 

The next theorem is the analogue of Thcorem 2.3 and provides the canonical structure 
of thc sccond order Eulerian semiderivative. 

TIIEOItEM 2.5. Let ~2 be a domain in R N and m >_ 0 and l >_ 0 be integers. Assume 
that 

(i) VV e ~,,,+1,,, V W  • V' ,~,  d~J (~ ;V;W)  e~sts, 

(ii) VW • ~,,,l ,  Vt • [0,7-], J has a shape gradient at f i t (W) of order I, 
(iii) V U • ]fl, the map 

. . . , r o l l  

W H d 2 J ( f ~ ; U ; W ) :  • ~ R  (27) 

is continuous. Then for all V in ~m+l j  and all W in ~,.,I 

dZ J(fl; V; W) = d2J(fl; V(0); W(0)) + dJ(fl; if(0)), (28) 

where 

I~'(0)(x) = lim[V(t, x) - V(O, x)]/t.I-] 
t \ 0  

(29) 
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2.3.2. A u t o n o m o u s  case.  

DEFINITION 2.4. Let ~ be a domain in R N. 
(i) The funtional J(f~) is said to be shape differentiable at fl if  

V V, Y W in T)(RN, RN), d2J ( ~ ; V ; W )  exists 

and the map 

(30) 

(v, w )  ~ £ s ( ~ ;  v; w ) :  v ( a  N , a N) x D(~ ~, R N) - ,  a (31) 

is biJinear and continuous. We denote by h the biIInear and continuous map (31). 
(it) Denote by H(~) the continous line~ map on the tenso~ p~oduct 79(R~,R N) ® 
:D(R N, RN), associated with h: 

d~S(a; V; W) = (H(fl),  V @ W) = h(V, W), (32) 

where V ® W is the tensor product o[ V and W deigned as 

(V ® W) i i ( x , y )  = ~ (x )Wj (y ) ,  1 < i, j < N,  (33) 

and ~(~) (,'~sp. Wi(u)) is the i-th (~p .  j-th) ~omponent of the ,,~cto~ V(resp. W) (d. 
L. SClIWAItTZ [2]'s kernel theorem and GELFAND-VILENKIN [l]. H(~) will be called 
the Shape Hessian of J at ~2. 
Oil) Whcn there exists an integer g ~ 0 such that H(~)  is continuous o12 ~)t(~Y, ~N)~ 
:De(R N, R N) we say that H(~)  is of order ~. [] 

TIIEOItEM 2.6. Let fl be a domain in R N with boundary P and assume that J is twice 
shape diffcrentiable at fl. 
(i) H(~)  has support in F x F. Moreover the support of H(~)  is compact when its order 
is tinite. 
(it) I{ H(~)  is o{tinite order g, £ >_ O, fl is an open domain in R N with boundary F in 
C TM, then there exists a continuous linearmap on the tensorproduct ~)t(r, RN)®I)e(p) 
such that 

dZJ(f~); V; W) - (h(f/), (TrV) ® ((TrW) * n)) (34) 

where (TRY) ® ((TrW) • n) is defined as the tensor product 

((TRY) ® (TrW) • n))~(z, y) = (7rV0(z)((TrW) • n)(y), z ,  y e P, (35) 

P~(x) is the i-th component of V(x)  and 

(Tr(W) ° n)(y) = (TrW)(y) * n(y), y E F. [:3 (36) 

REMAItK 2.5. Finally under the hypotheses of Theorem 5 aald 6 

d2a(~; V; W) =(h(f/), (TrV(O)) ® ((TrW(O)) • n)) 

+ (~(~), (-~r ~(o)) • ,,) (37) 

for all V in V ~ + ' "  and W in --D • [] 
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2.4. Compar ison wi th  Methods  of  Pe r tu rba t ion  of the  Ident i ty .  At this 
juncture it is instructive to compare first and second order Eulerian semideriwtives 
obtained by the Velocity (Speed) Method with those obtained by first and second order 
perturbations of the identity: that is, when the transformations T, are specified a priori 
by 

_ ¢ D  

T,(X) = X + tU(X) + 2 A ( X ) ,  X e X '~, (38) 

where U and A are transformations of R N verifying the hypotheses of Theorem 2.2. 
The transformation T, in (38) is a ,eeond order perturbation when A # 0 and a fir,~ 
order perturbation when A = 0. 

According to Theorem 2.2, first and second order Eulerian semiderivatives associated 
with (38) can be cquivalently obtained by applying the Velocity (Speed) Method to the 
timc-varying velocity fields VUA given by (9) 

dJ(n; VUA) = dJ(n; VVA(O)) = dJ(n; U) 

where we have used Remark 2.1 which says that 

VuA(O) = U and VuA(O) = A - [OU]U. 

Similarly if Vwn is another velocity field corresponding to 

~2 
T,(X) = X + tW(X) + y B ( X ) ,  X e R N, 

where W and B verify the hypotheses of Theorem 2.2, then 

and 

(30) 

(40) 

(41) 

d2j(fl; VUA; VWB) = d2j(~; U; W) + dJ(~l; A - [DU]U). (43) 

Expressions (39) and (43) are to be compared with the following expressions obtained 
by the Velocity (Speed) Method for two time-invariant vector fields V and W 

dJ(D; V) and d2J(fl; V; W). (44) 

For thc Shape gradient the two expressions coincide; for the Shape Hessian we recognize 
the bilinear term in (43) and (44) but the two expressions differ by the term 

dJ(~l; A - [DU]U). (45) 

Even for a first order perturbation (A = 0), we have a quadratic tcrm in U. 
This situation is analogous to the classical problem of defining second order derivatives 

on a manifold. The term (45) would correspond to the conncxion while the billnear term 
d2J(~; V; W) would be the candidate for the canonicalsecond order shape derivative. In 
this context we shall refer to the corresponding distribution H(f/) as the canonical Shape 

d2J(a; VuA; Vw~) = d2J(a; VUA(0); Vw,(O)) + dJ(n; ~UA(0)) (42) 
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Hessian. All other second order shape derivatives will be obtained from H(~)  by adding 
the gradient term g(Q) acting as the appropriate acceleration ficld (connexion). C1 

REMARK 2.6. The method of perturbation of the idcntity can be made "morc canonical" 
by using the following family of transformations 

t 2 
T,(X) = X + tU(X) + ~ (A  + [DU]U) (46) 

which yiclds 
dJ(~l; U) for the gradient (47) 

and 
d2J(n;  U; W) + dJ( Q; A) for the Hessian, (48) 

wherc for a first order perturbation (A = 0) the second term disappears. [] 

REMARK 2.7. Whcn fl* is an appropriatcly smooth domain which minimizcs a twicc 
Shape differentiable functional J (~ )  without constraints on fl, the classical necessary 
conditions would be (at least formally) 

dJ(•'; V) = 0, VV, (49) 

d2J(~*; W; W) > 0, VW, 

or equivalently for "smooth velocity fields V and W" 

(50) 

dJ(n*; V(0)) = 0, VV (51) 

d2J(~*; W(0); W(0)) + dJ(Q*; V(0)) > 0, VW. (52) 

But in view of (51), condition (52) reduces to the following condition on the "canonical 
Shape Hessian" 

d2J(~*;W(0);W(0)) > 0, VW. [] (53) 

3. A S A D D L E  P O I N T  F O R M U L A T I O N  O F  T H E  D I R I C H L E T  P R O B -  
L E M .  

Let ~ bc a bounded opcn domain in R N with a sufficiently smooth boundary F. Lct 
f and g be two fixed functions in H½+~(H N) and H2+~(IqN), rcspcctively, for some 
arbitrary small e > 0. Consider the solution y in H2(~) to the non-homogeneous 
Dirichlet boundary value problem. 

--Ay = f in £/, y = g on r .  (1) 

We can also say that y is the solution of the weak equation 

/(Ay+ s)o + f (y -  er=0 (2) 
F 
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for all ¢ in H2(f~) and/J in HX~ (r'), since the corresponding functional 

,b, ~ , ) = / ( A ~ +  j-),~ d== + [ ( ~ -  g)~, dr. (3) L(¢, 
q ¢ ,  ~ s  

fl F 
^ ^ 

It has a unique saddle point (¢, ¢,/~) which is completely characterized by the equations 

~ + f = 0 in ~ ,  (4) 

- g = 0 in r ,  (5) 

ft~C,d~:+/¢i,~=O, V¢ e H2(~), (6) 
fl F 

where the last equation yields 

o~ /,~ = 0 in a ,  ~ = 0 on r ann ,~ = ~ on r .  (7) 

Of course, this implies that the saddle point is unique and given by 

(¢, ¢, ~) = (y,  O, 0). (8) 

The purposc of thc above computation was to find out the form of thc multiplier/~ 

= ~ on r ,  (o) 

in order to rewrite the previous functional as a function of two variables instcad of thrce: 

L(~b,¢) = f(A~b + f ) ¢  dx+ f(~-g)~ dP, (10) 
fl P 

for (~, ¢) in H2(f~) × H2(f~). It is also advantageous for shape problems to get rid of 
boundary integrals whenever it is possible. So noting that 

/(¢-g)~n dP = f dJv[(~-g)v¢] dx, (11) 
F ft 

wc finally usc the functional 

L(¢,¢) = f ( ( A ¢  + / ) ¢  + ( ¢ -  g)/ ,¢ + ~(¢ - g ) .  ~¢} dx (12) 
il 

on H2(Ft) x H2(Ft). It is readily seen that it has a unique saddle point (~, ¢) in H2(gt) × 
H2(ft) which is completely charactcrizcd by the saddle point equations: 

A¢+f=OinQ, ~b=gonF, A ¢ = O i n ~ 2 ,  ¢ = 0 o n F .  (13) 
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4. S H A P E  G R A D I E N T  F O R  T H E  D I R I C H L E T  P R O B L E M  . 

4.1. F o r n m l a t i o n  and  formal  c o m p u t a t i o n s .  Consider the cost function 

II 

associated with the solution y = y(~) of the Dirichlet problem (3.1) and the fixed 
function ya in H{+c(R N) for some arbitrary fixed e > 0. 

As in section 3~ we reformulate this problem as the saddle point of a functional by 
introducting the Lagrangian 

G ( n , ¢ , ¢ )  = 1 [l¢_vdl~d~; 
z j  

+ f { ( a ¢  + f ) ¢  + (O - 9 ) a ¢  + v ( ¢  - 9) • r e }  dx 
12 

(2) 

on H2(~) x H2(n).  It is readily sccn that G(n , . , . )  has a unique saddle point(C,4) 
which is completely characterized by the following saddlc point cquations: 

A ¢ + f = 0 i n  fl, ¢ = g o n r  

f ( ( $  - vd)¢ + + + v ~  • = 0, 4/x6 dx 
II 

But the last equation is equivalent to 

v ¢ e H~(n). 

(~) 

(4) 

r0¢$ [(4- vd) + a 4 ] ¢  & + ]~ dr = 0, v ¢  e H~(n)  (5) 

o r  

A ¢ + ( 6 - - y a ) : 0 i n ~ / ,  6 = 0 o n I ' ,  (6) 

by using the theorem on the surjectivit] of the trace. In the sequel, we shall use the 
notation (Y,P) for the saddle point (¢,¢).  As a result, we have 

J ( n )  = Min Max G(~ ,¢ ,¢ ) .  (7) 
4eBb(n) q, eg2(n) 

We shall now use the above Lagrangian formulation combined with the Velocity 
method (cf. J.C~A [1,2,3], J.P.ZOL~SlO[1,2], DELFOIJII-ZOLI~SIO [1,2,3,4,7]) to com- 
pute the Shape gradient of J(f~). Recall that the domain ~ is perturbed by a velocity 
vector field V which defines a homeomorphism (cf. section 2.1) 

T, : R N - .  u N, T,(X) : ~(t), (8) 
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and a new domain 
a, = T,(n). 

The Shape semiderivative is defined as(el, section 2.2) 

dd(I2; V) = lim[](12t) - J ( n ) ] / t  
t',~o 

whenever the limit exists. It is easy to check that 

(9) 

(10) 

J( f / , )  = Min Max G(s2,, ¢, ¢).  ( n )  
$6H~(n,) ¢6H~(fl,) 

There are two ways to get rid of the time dependence in the underlying function spaces 
(cf. DELFOUR-ZOLESIO [1,2]): 
- the Function Space Parametrization Method 
- the Function Space Embedding Method. 

In the first case, we paramctrize the functions in H2(f~t) by clcmcnts of H2(Y/) through 
the transformation 

~, ~ ¢ o Tt -1 = H2(n)  ~ g 2 ( n t ) ,  (12) 

where "o" denotes the composition of the two maps and wc introduce the Paramefrized 
Lagrangian, 

0 ( t , ¢ , ¢ )  = a ( T t ( n ) ,  ¢ o T 7 1 , ¢  o Ti-') ( lS )  

on H2(f/) x H2(fl) .  In the Function Space Embedding Method, wc introduce a large 
enough domain, D which contains all the transformations {at  : 0 < t < { } of f~ for 
some small { > 0. 

In this paper, wc shall use the Function Space Embedding Method with D = R N 

J ( fh )  = Min Max G(f/, ,  ,I,, ~). (14) 
,l, eH2(ai jr) ,I, EHa(R N) 

As can be expected the price to pay for the use of this method, is the fact that tile set 
of saddle points 

s(t) = x(t)  × Y(t) c H~(R N) x H~(R ~) (15) 

is not a singleton anymore since 

X(t)  = {¢ 6 H2(RN):  ¢ln, = Y,} (16) 

r ( t )  = {~ e H~(RN):  *1. ,  = P,} ( I t )  

where (Yt,Pt) is the unique solution in H2(flt) x H2(flt) to the previous saddle point 
equations on f2t 

A y t + f = O  in fit, Y t = g  on Pt, (18) 

A p , + ( y t - - y a ) = 0  in ~2,, p , = 0  on  Ft. (19)  

We are now ready to apply the theorem of COrtREA-SEEGErt [1] which says that under 
appropriate hypothcses (to bc checked in the next section) 

dJ(f~;V) = Min Max O,G(~t,~2, e2). (20) 
• ex(o) *eY(0) 
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Since we have already charax:terized X(0) and Y(0), we only need to compute the partial 
derlva~ive of 

= + 

fit 

If we assume that f/t is sufficiently smooth, then 

f ,  Yd ~- H~+¢(RN) and g E .H2+'~([~N) :=~ y and p E H]+ ' ( f / )  (22) 

and we can choose to consider our saddle points S( t )  in H~+'(R N) × H ] + ' ( H  N) rather 
than H2(R N) × H2(R~). If ~ and ~ belong to H-~+'(R~), then 

o,a(a , ,  ~, ~)  = f{2x-(a-y,) ~+(~+s)v+(~-~)~v+v(¢-a),vv}V,~, dr,. (23) 
Pt 

This expression is an intcgral over the boundary F which will not depcnd on q' and 
outside of ~. As a result the Min and the Max can be dropped in expression (20) 

which reduces to 

1 2 
dJ(~2; V) = {~(y - yd) + (Ay + f ) p  + (y  -- g ) A p  + V(y -- g) • V p } V  • n dF. (24) 

F 

But 

0p 0 
v(u g) ~ ( y - 9 ) ~  on r (25) p = 0  and y - g = O  ~ V p = ~ n  n ~ - = 

and finally 

v )  = + ° ( y _  °pw. g ) ~ n  l n dP. 

F 

(26) 

4.2. Ver i f ica t ion o f  the  H y p o t h e s e s .  As we have seen the computations of the 
Shape gradicnt is both quick and easy. We now turn to the step by stcp verification of 
the hypotheses of the underlying thcorem. Many of the constructions given below arc 
"canonical" and can be repeated for differcnt problems in different contexts. 

TIIEOREM 4.1. (CortrtEA AND SEEGER [1]). Le~ r > O, the sets X and Y and ~he 
Junctional L : [0, r] × X × Y ~ H be given. Denote  by 

S ( t )  = X ( t )  x Y ( t )  C X x Y (27) 

the set o[ saddle points  o[ the Junctional L(t~. , .) on X × Y .  A s s u m e  that 
(HI )  V~ e [0, r], S(t) # O. 
and that 
(H2) V(x, y) E IX(0) x 0<U<TY(t)] U [ U X ( t )  x Y(0)], O~L(t, x ,  y) exists on [0, r]. 

_ _ o _ < t _ < , -  
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Moreover, assume that there exist topologies Tx on X and Ty on Y such that 
(H3) for a11 sequences tn --~ 0 as n -~ oo, 0 <_ tn <_ r, there exists (x0.y0) e S(O) and 

a subsequence o f{ t . } ,  still denoted {tn}, such that Vn, 3 ( x . . y . )  E S ( t . )  and 
( ~ . , v . )  -4 (~o,vo) i~ 7"x x 7"v, 

(H4) for all y in Y(O) (resp. x in X(O)) 
liminf OtL(t, xn, y) > cOlL(O, xo,y) (resp. l imsup OtL(t,x, yn) <_ OtL(O,x, yo)). 

t~,o tx~o 
I t  - " ~ 0 0  n - ' * O 0  

Then the function 

g ( t )=min  m ax L(t ,x ,y)  
zEX #EY 

on [0.7-] has a derivative at t = 0 given by 

dg(O) = limtg(t) - g(O)]/t = Inf Sup OtL(O.x,y) 
t'x,0 xcx(0) ~eB(0) 

= Sup Inf O~L(O, z, y). [] 
veB(o) z~X(o) 

Let yd and f 6 HI(R N) and g 6 H]([~ N) so that 

x = Y = ~ 3 ( ~ ) .  (2s) 

The saddle points S(t) = Z( t )  x Y(t) are given by 

x ( t )  = {¢  e x :  ~1 . ,  = v,} (9.9) 

Y(t) = {@ ~ Y : @In, = p,} (30) 

The sets X(t)  and Y(t)  are not empty since it is always possible to construct a 
continuous linear extension 

r im:  gm(~'~) -.-I. Hm(H N) (31) 

for each m > 1. For instance with m = 1 and a boundary F which is W 1'°°, see 
AGMON-DOUGLlS-NlrtENBEItG [1,2] and V.M.BAm6 [1] for m > 1 (scc also J.NE~AS 
[1]). Using this II'", then we define the following extension 

H ?  : gm(f~,)  --4 H " ( R  N) (32) 

II•(¢) = [nm(¢ o T~)] o T r ' .  (33) 

In the sequel m is fixed and equal to 3, so we shall drop the superscript m and define 
the cxtcnsions 

Yt = IItyt Pt = IItpt (34) 

of Yt mxd pt, rcspcctivcly. Hence, 

Yt E X(t)  and Pt E Y(t) ~ S(t) # 0 .  (35) 

So hypothesis (H1) is verified. Hypothesis (H2) follows by hypothcses on f ,  Yd and g. 
To chcck hypothcsis (H3) and (H4), we nccd two gcncral theorems which can be used 
in various contexts and problems. 
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THEOItEM 4.2. For V 6 ~DI(~N, ~N) a/ld (I) e L2(R N) 

lim ~ o T ~ = ~  and l i m ~ o T ~  - z = < I , i n  L2(RN). 
t~o t \ o  

(36) 

PROOF. (i) The space :D(R N) of continuous functions with compact support in R N is 
dense in L2(RIv). So given e > 0, there exists ~I,, i n / ) (R  N) such that 

I 1 ~ -  ¢,IIL, < ' 2 / m a x  {j?a: 0 < t < r}. 

Hence, 

ll~ o T, - ~ll ~ ll¢~ o T, - ~ , l l  + ll¢ o T~ - ~ ,  o T, ll + ll¢ - ~ J l .  (37) 

But,  Vt e [0, T] 

f o T , -  ¢,  o = f %J2JUldx <- J 
R N RN 

So the last two terms in (37) are less than 2e. It remains to evaluate the first term for 
a fixed function 'I,,. ~ ,  has a compact support K in R N. Now, choose a bounded open 
domain D which contains Tt(K) for all t in [0, r]. Since ~I'E is uniformly continuous on 
RN 

36 > o, I~ - yl < 6 ~ I~,(u) - ¢ , (x) l  < elm(D)½. 
But, T~ is also uniformly continuous and 

3 7>0, Y O < t < T l ,  V x e D ,  ]T~x-x]<6. 

By construction 

and 

Finally, 

supp ((coT,) =T, (supp ¢e) CD 

cI,~ = 0 and 0 ,  o T, = 0 outside of D. 

6.2 
. I  ~g 

R~ D 

and this implies that 

Ve > 0, 3~ > 0, V0 < t < 7, ]],I, o Tt - ,I, IIL~(~,,) < 3c. 

(ii) For the second part of (36) we make a change of variable and use the rcsul~ of park 
(i) 

RN R~ 

This completes the proof. [] 
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Under ~he hypotheses of Theorem 4.2 for m > 1, V in T)m(H N, H N) and COROLLARY. 

0 e Hm(RN), 

l i m ¢ ,  o T, = 0 and lim 0 o T,"' = ,I' in H " ( R N ) .  [] (38) 
t>0--*0 t>0--~0 

R.EMARK 4.1. In fact for m > 1 and V 6 Z)m(RN,H N) the transformation 

S ( t ) O = O o T , ,  V O e H ' ( R N ) ,  Vt, 0 < t < r ,  (39) 

defines a strongly continuous semigroup of class Co on H " ( R  N) with infinitesimal gen- 
erator 

,40 = v¢, • V, D(M) = {q) 6 H ' ( R  N) : vO • V 6 H ' ( HN) } .  [] 

TIIEOREM 4.3. Under the hypotheses of Theorem 4.2, 

yt ._~ yO in Hm(a)  - strong (resp. weak) (40) 

implies that 
Yt ~ Yo in H'~(R N) - strong (rcsp. weak). 

PROOF. The strong case is obvious. We prove the weak case for m = O. By definition, 

Yt = (IIy') o T, "x 

and for M1 • in L2(Rlv), we consider 

dx = f (IIyt)oT;-lC dz= f ny'¢oT, J, dz 
RN RN RU 

We have showll in Theorem 4.2 that 

O o T t ~ O  in L2(R N) s trong.  

In addition, J, --* 1 and by linearity and continuity of II 

IIy t ~ IIy in L2(l] N) -weak .  

Hence, 

L (aN), f Y,¢ &-* /IIv¢ /YoO &. 
RN R N RN 

This proves the weak convergence. [ ]  

To vcrify hypothesis H3, we transform (Yt,Pt) on nt  to (yt ,pt)  = (Yt o Tt,p, o T,) on 
ft. The pair (yt ,pt)  is thc transported pair of solutions from a t  to a .  It is the unique 
solution in H i ( a )  x HX(f~) of the system 

-d iv[A( t )Vy t  ] = J, f o Tt in a ,  yt = g o T, on F, (41) 
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-div[A(t)Vp t] = Jt(y t - y d o T * )  in n ,  p t =  0 on F, (42) 

whcEI~ 
A( t) = Jt( DTt)-I*( DTt) -1, .It = [detOT,[, (43) 

and DTt is the Jacobian m~trix of Tv 
For sufficiently smooth domains ~ and vector fields V, the pair {yt,pt} is bounded in 

H i ( n )  x H l ( ~ )  as t goes to zero.  Since H I ( n )  is a Hilbcrt space, we can extract weakly 
convergent subsequences to some (if,p) in H I ( ~ )  x H i ( n ) .  However, by linearity of the 
equation with rcspcct to (yt,p,) and continuity of the coefficients with respect to t, the 
limit point (if,p) will coincide with (yO,pO), since the systcm has a unique solution at 
t = 0. Then we go back to the equation for y* and y and show that the convergence is 
strong in HI (n ) .  Finally by using the regularity of the data and the classical regularity 
theorems we show that (y,,pt) -4 (y,p) in Ha (n )  x Ha(~) .  

For the verification of hypothesis H4, we go back to expression (3.25) which can be 
rewritten as a volume integral 

a,a(n,, ¢, dz (44) 
q g  - -  

~* 

for ((I), ~)  e Ha(a N) x Ha(HN). Now introduce the map 

(0,  if2) ~-* F(,I), ~)  = [½(@ - yd) 2 + (A,Y2 + f)ff2 + (0  - g )A~ + V(,I, -- g) • V@]V 

: Ha(R N) x Ha (a  N) --* (HI(aN)) N. 

It is bilincar and continuous. Finally the map 

( , , F )  ~--* fro,,, d F =  fF d x  = /(divF)oTt j : l  dx 
Ft f i t  12 

: [o, f l  × N) ---, a 

(45) 
is continuous. Then 

(t, ~, ~ ) H O,a( n,, ~, '12) = / F( ~, ~ ) • ,~, dFt (46) 
P, 

is continuous and hypothesis (H4) is verified. This completes the verification of the 
hypotheses. 

5. S H A P E  H E S S I A N  FOR. T H E  D I I ~ C H L E T  P R O B L E M .  

5.1. F o r m u l a t i o n  and  f o r m a l  c o m p u t a t i o n s .  We procccd as in sections 3 and 4 
and provide the mathematical justification in section 5.2. For the second derivative, 
wc need two time invariant vcctor fields V and W on H N and the expression of the 
first derivative dJ(fl~(W); V) where ~ , (W)  is the perturbation of the domain n by the 
vector field W: 

aJ(n,(w);v)= f (1) 
n~ (W) 
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where (yt,p,) are the unique solutions in Ha (n , (W) )  x H3Cn,(W)) to the equations 

au,  + y = 0 in n , ( w ) ,  u, = g on r , ( w ) ,  (2) 

~p ,  + (u, - us) = 0 in a , ( w ) ,  v, = 0 on r , ( w ) .  

Then, we express (1) as a MinMax over a new Lagrangian: 

(3) 

dS(f~t(W); V) = Min Max G(f~,, ¢% ~, P, E), 
,I,,eaEltZ(n n)  P,Y, EII2(R n)  

(4) 

where G = G(f/,, ~,  q', P, E) is given by 

/{div[~(g- y~)~ + v(e- g) • v ~ i v }  G =  

+ [A¢ + y]p + (¢  - g ) A p  + V(~ -- g) • V P  

+ [A~ + ¢i, - yd]E + ~ A ~  + v 9  ° r E }  dx. (~) 

This n e w  Lagrangian is affinc in (it,, E), but is not neeessarly convex in (O, ~I,). However, 
it is semieonvcx in (,I,, ~I') and we shall see that CORREA-SEEGmt [1] will still apply to 
our special Lagrangian where the sets X( t )  x Y(t) ,  

x ( t )  c H 3 ( .  N) x H~(u N) (6) 

Y(t) C H2(lt N) x g2(lt N) (7) 

will bc given by thc usual "saddle point equations": 

/ [ A ~  -- o )AP  - g) • = O, VP, (8) + f l P  (~ I7 ( ~? + + v P  dx 

t l ,  

f [ ,a# + ~ - Vd]r, + ~ " ~  + V ~ .  V ~  dx = O, VZ, (0) 
t'2, 

/~Uv{[v(~- g) • v~lV} + zx~t ~zxt vv vt dx W, + + O, 

iqt 

(10) 

f div{[V~ • v~, ]v}  + A4P + ¢ ~ P  + v ~  • v P  + ,I~ dx = 0 , r e  

l h  

(11) 

It is obvious that (8) and (9) yield 

~[a, = yt and ~ln, =Pt-  (12) 

Similarly, cquations (10) and (11) have solutions (~3, P )  in H2(F~ N) x H2(R N) such that 

Y,' = ~ [ , , ,  P1 = P l . ,  (13) 
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are unique in H2(~2,) x H2(~2,) and solution of 

AY[ = 0 in f/ ,(W), Y[ = ---~nt(y, - g)V ° n, on Ft(W), (14) 

, Op, v r , ( w ) .  (15) zxPl = 0 in ~ , (W) ,  P; = -~-7~, ""'  on 

It can be shown that Yt' and F[ coincide with the "partial derivative" with respect to t 
of appropriate extensions of yt and pt from ~t(W) to R N. 

Finally, the partial derivative of the Lagrangian G with respect to t is given by 

t 1 
OiG + 

* 2 - -  

P, 

+ [zx¢ + l IP  + (¢  - #)~xP + v ( ¢  - g) • v P  

-l" [ A  ff2 n t- ~ --  y d ] ~  -1- ~ A ~ -{- V t ~  ° v ~  } W $ n e dFe (16) 

for ¢I, ,~,P,Z in H3(RN), yd and f in H2(R N) and g in H~(RN). The immediate 
consequence of this computation is that Yt,P,, Y,', P[ all belong to H3(~t). But, I"7, P[ 
in H3(~t) require that Yt and Pt bclong to H4(~t). This is precisely why we chose the 
apppropriate smoothness of Yd, f and g. 

Therefore, we must choose our saddle points X(I.) x Y(t) in (H4(R N) x H4(Wv)) × 
(Ha(R N) × Ha(RN)), 

x ( t )  = {(~, ~)  e H ' ( R  N) × H ' ( R ~ ) :  ~l~, = y,, ~ l . .  = p,} (17) 

Y(t) = {(P, Z) e H3(R N) x H3(RN) : PI~, = P[, s i f t ,  = Y~'}. (18) 

Finally, since OtG is a functional on ~t,  it will only use the restriction to f2t of the 
various functions in X(t) x Y(t). Thcrcforc, thc Min and thc Max can bc removed m~d 

d~ J(n; v; w )  = / {eav[l (v - vd)2 + ° (u - g ) ~ ] v }  

F 

+ [&y + f]p~, + (y - g)/Xp{/+ v ( y  - g ) ,  vP~, 

+ [Ae + y - Yd]Y~ + p A y 5  + Vp • v Y ~ } W  ° n dr. (10) 

But, 

and 

A y + f = 0 ,  y=g ,  A p + y - - y d = O  and p = 0 o n F ,  (20) 

1 ~ o Op o opt. op ay5 
d2J(fl; V; W) = { div {[-~(g--yd) +-~n(Y-g)~n]V}+~n(Y-g)-~n H On On }W.n dr, 

F 
(21) 

wherc we havc added the subscript V to pt and Y' to emphasize the fact that they both 
depcnd on V. 
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The last step consists in the elimination of P{t which will introduce YCv. To do that, 
we set ¢ = ~'vla. = P~, in equation (10) with V = W and t = 0 

div {[V(y - g) • v¢lW} + ACY~v + CAYCv + v ¢  • vY~v dx = 0 

=~ V(y - g) ° V P ~ W  • nap + A P ~ Y ~  + PvAY~¢ + • 
(22) 

and ¢ = ~wln,  = Y~v in equation (11) with t = 0 

air  { [ r e  Vp]V} + A~P~, ~AP~ Vc~ VP{z ~Y~dx 0 + + + 

VY~v • Vp V ° n dr + AY~vPv + Y~vAPv + VY~v • ' ' 

J r "/r (23) 

This yiclds thc following idcntity 

/ v ( u - g ) •  veb w • ,  dr = f r y e .  vp v • n dr + f Y~,Y¢; a= (24) 
r P r 

o r  

f o ae~ f o ~ o p  v f o'L~(Y-g)-gL'~ w ° n d r = J  On ~ •nat+ Y~,r~dx. 
F F F 

As a result 

(25) 

"OPIV W .  d ~ j ( a ; v ; w ) = f  ~div [~ (~ -Y") '+~(Y-gJN'  ) ,,,zr 
F 

+ ~n [ V . n +  On . n ]  d r +  Y~vYb dx 
F F 

(26) 

where YI~ is the unique solution of 

0 
Ay~ = 0  in f/, Y¢, = - - - ~ n ( y - g ) V .  n on P. (27) 

5.2. Ver i f ica t ion o f  the  hypo these .  In section 5.1, we have boldly applied the 
conclusion of the theorem of Correa and Seeger to a Lagrangian which contains a cost 
functional Milch is not necessarily convex. This means that the corresponding La- 
grangian functional does not necessarily have saddle points. Yet, the conclusions of the 
theorem extend to semiconvex cost functionals (section 5.2.1). The verification of the 
hypotheses will essentially be the same as for the gradient in section 4.2 (section 5.5.2). 
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5.2.1. S c m i c o n v e x  cos t  func t iona l s .  Consider a Lagrangian functional of the form 

G(t, x, y) = F(t ,  x) + b(t, x, y) (28) 

for a family of continuous bilinear forms b(t, z, y) on X x Y and continuous cost func- 
tionals F(t,  x) on X.  Formally, the saddle points equations arc given by 

x '  • X,  b(t,x*,y) = O, Vy • Y (29) 

y, • y, dF(t, xt;x)  + b(f ,z ,y ,)  = 0 ,  Vz • X. (30) 

When G(t, x, y) is convex in x and concave in y, (29)-(30) characterize the saddle points 
X(  t) x Y( t )  C X x Y of G(t, ., .). So, when F(t,  x) is not convex in x, equations (29)-(30) 
need not characterize saddle points of G(t,.,  .). 

Wc say that  the functional F(t,  x) is semiconvex in x if there exists a family of 
continuous convex functionals C(t, x) on X such that  F(t., x) + C(t, x) is convex in x. 
This means that  F(t,  .) + C(t, .) and C(t, .) both have directional derivatives and hence 
F(t, .) also has a directional derivative: the following limit exists 

dR(t., x; x')  = lira F(t,  x + 8x') - F(t, x) (31) 
e-,.o 8 

Denote by X( t )  the set of all solutions 

x' • x ,  6(t, = o, vv e Y (32) 

and assume that  
Vx' • X(t) ,  F( t , x ' )  = J(t), (33) 

that  is F(t,  z t) is only a function of t. We use J(t) as the definition of our cost function. 
Now, assume that  F(t,  .) is semiconvex and that  

Vx' • X(t) ,  C(t, x ' )  = J0(t), (34) 

that  is C(t, x*) is only a function of t. We, again, use Jo(t) as the definition of the cost 
function associated with C. Finally, let 

Jc(t) = F(t, x') + C(t, x') (35) 

which is also only a function of t. Then, it is obvious that 

S(t) = Jc(t)  - Jo(t.) (36) 

and that  (if dJc(O) and d3"0(0) exist) 

dJ(O) = dJc(O) - dJo(O). (37) 
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So, we are back to the use of CoRrtEA-SEEGErt [1] for both J c  and Jo. Construct the 
Lagrangians 

a t ( t ,  x, v) = F(t, ~) + C(t, ~) + b(t, ~, y) (38) 

ao(t, ~, v) = c(t,  ~) + b(t, x, v) (39) 

and assume that if all the hypotheses are verified both for Go and G c  

Jo(t) = rain max Go(t,x,y) 
xEX yEY 

Jc(t) = min max Gc(t, x, y) 
xEX yEY 

dJo(O) = rain max OtGo(O,x,y) (40) 
• ex(o) ycYo(O) 

dJc(O)= min max OtGc(O,x,y), (41) 
• ex(0) yerc(o) 

where the saddle point equations for J0 are given by 

z t • X ,  B ( t ,  z t, y)  = O, Yy, 

y~ • Y, dC(t, x t ;x)+b(O,x ,y~)=0,  Vx, 

and the saddle point equations for Jc(t) 

x t • X,  B(t ,x t ,y)  = O, Vy, 

yt c • Y, dC(t, xt;x) + dF(t,xt;x) + b(O,x,y~) = O, Vx. 

Assume that 

(42) 

(43) 

(44) 

(45) 

dJo(0) = o,c(o,  x °) + o,b(o, ~o, vo), w 0 • x(0) ,  vv g • Yo (0), (46) 

and that de(O, x°; x) and dF(0, x°; x) arc indcpcndent of the point x ° chosen in X(0). 
By substracting (43) from (45), construct the ncw variable yO = y~ _ yO, which is a 
solution of 

yO E Y, dF(O,x°;x)+b(O,x,y °) = O, Vx, 

Y(O) = {V~ - V~ : V~ • Yc(O), V~ • Yo(O)}. 

(47) 

and the set 

M~x O,F(O, ~) + O,C(O,~) + OJ,(O,x,V) 
ve.Yc(O) 

Max {OfF(O, x) + Orb(O, x, yO) + O,C(O, x) + cgtb(O, x, yo°)} 
v°e~o(o) 

~oeY(o) 

Now, 

dJc(O) = Min 
xEX(O) 

= Min 
zEx(o) 

But Y (x °, yo °) e X(0)  x Yo(0) 

O,C(O,.°) + O,b(O, ~o, yoo) = dJo(0), 

and finally, 

dJ(O) = dJo(O) - dJo(O) = Min Max [OFF(0, x) + Orb(O, x, y)]. (48) 
~x (o )  yO'(o) 
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where the saddle point (x °, y0) e X(O) x Y(O) are the solution of the "formal saddle 
point equations" (29)-(30) for t = O. 

In section 4.2, the cost functional is semiconvex since there exists a constant C > 0 
large enough such that 

dJ( 2t(W); V) + C[Ilu, = Ilu.(.,) + IIP, II.,(.,)] (49) 

is convex  a n d  c o n t i n u o u s  on  H4 ( f / t )  x H4( f / t ) .  T h e  f u n c t i o n a l  

c(t ,  ¢ ,¢ )  = II¢ll m.,) (5o) 

is clem'ly convex and continuous on Ha(fi t )  x H4(12t). This providcs a complete justi- 
fication to the use of the conclusions of Correa and Seeger. 

5.2.2. Ver i f i ca t ion  o f  t he  h y p o t h e s e s .  We have chosen to work in H4(R N) x 
H4(R N) ×HZ(R N) × H3(R N) and introduced appropriate hypotheses on f ,  yd and g in 
scction 5.1. From this point on the technique is the same as the one in section 4.2 for 
the gradicnt. Thercforc, we shall not repcat it hcre. 
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