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SUMMARY

This paper is concerned with the development of an incremental formulation in the time domain for the
displacement and stress analysis of quasistatic, linear, thin viscoelastic structures undergoing mechanical
deformation. By representing the viscoelastic behaviour of a material by a discrete creep spectrum and by an
incremental constitutive equations, the difficulty of retaining the stress history in computer solutions is
avoided. A complete general formulation of linear viscoelastic stress analysis is developed in terms of
increments of midsurface strains and curvatures and corresponding stress resultants.
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INTRODUCTION

Stress and strain analysis of viscoelastic phenomena which can be observed in the behaviour of
many real materials,!'2 presents many difficulties for real problems of complex geometry.
Analytic solutions to the equations of viscoelasticity are often obtained by an application of the
correspondence principle.>~¢ This approach makes use of the observation that the equations of
viscoelasticity can be converted to the equations of elasticity by means of Laplace transformation.
Thus, if an explicit solution to the associated equations of elasticity can be found, then the
solution of those of viscoelasticity can be obtained by inversion of the Laplace transform. This
method is restricted to the narrow class of problems for which it is possible to find an explicit
solution to the associated equations of elasticity. In order to obtain solutions to more complic-
ated problems it is necessary to develop numerical rather than analytic techniques.” ~!!

Several formulations have already been proposed in the literature, using either differential
models,'? 13 or integral constitutive equations, '*~ 16 or intermediate models.!! Most numerical
solutions cannot deal with complex problems, because these methods require the retaining of the
complete past history of stress and strain in the memory of a digital computer. To overcome
these difficulties, it will be shown in this paper how the finite element method of elastic analysis
can be extended to deal with complex viscoelastic problems.
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An incremental formulation for the linear analysis of thin viscoelastic structures is developed.
In contrast with several formulations proposed in the past,'*-'7 the present approach is not
restricted to isotropic response. In order to reduce computer storage requirement and reduce the
computational effort, we formulate the constitutive equations in terms of middle surface strains
and curvatures and their conjugated stress resultants. We begin with a discussion of a mechanical
constitutive equations for thin structures undergoing small deformations and subjected to
mechanical stresses. It is assumed that the viscoelastic behaviour of a material can be represented
by a discrete creep tensor (a finite series of Kelvin elements coupled with an elastic and viscous
response). Using this assumption of wide validity, the incremental constitutive equations can be
performed analytically. Thus the difficulty of computer storage requirements is avoided and the
complete past history of stresses is represented by some auxiliary tensors.

DISCRETE CREEP SPECTRUM

For the sake of simplicity, we will discuss only the case of small strains and displacements.
According to the results of Mandel,'® the creep tensor G(t) is written in terms of a discrete creep

spectrum
N

G(t)= [G‘o’ + Y (1-e"*GY + tG(°°):| Y(t) (1)
i=1
where G, G, and G, i=1,..., N, are tensors of the fourth rank defined on R* to be
determined in order to represent any particular creep function of interest, Y(¢) is the Heaviside
unit step function, and 4; are positive scalars.

Subsequently the components of the creep tensor G(r) can be represented in terms of an

exponential series,!® 1% e.g.
(0) ad Al 0] ()
Gupyo(t) = | Gagys + '21 (1 —e ") Goys + 1G 705 | Y(O) 2
i=
where AL"I}W,, i=1,...,N, are strictly positives and repeated indices do not imply summation

convention.
The constitutive equations between the components o,4(t) of the stress tensor and the compo-

nents of the strain tensor e,z(t) for a linear viscoelastic material can be written in terms of creep
functions:

exp(t) = Z; j Gopyslt — 1) 0o(®) 4, 3)

¢
o ot
According to Love’s first-order shell theory, the strain at any point of the shell is given by
€x5(E3, 1) = &xp(t) + &axap(t) (0, f=1,2) “4)

where £,4(t) and x,p(t) are the middle surface extensional strain and curvature, respectively.
For a state of plane stress the non-vanishing stress resultants are defined by

+h/2 +h/2

ap($3, 1) A3, Maﬂ(t)=f 0ap(&3, )¢5 dEs ©)

—h/2

Nuglt) = f

N,s and M,; are here the generalized stresses (stress resultants) and h is the structure thickness
assumed to be constant. Due to the thin shell assumption, the radii of curvature for the middle
surface do not enter into (5).
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Introducing the middle surface extensional strain and curvature into the constitutive equa-
tions, we get

Xap(t) y=16=1J -

where a, = 1/h and a, = 12/h3.

Note that in accordance with the thin shell assumption, the constitutive equations are assumed
to be independent of the transverse shear forces Q,.

Let us consider the generalized Kelvin model shown in Figure 1 in which K, K& ;
designate modulus of elasticity where r{) ;, n'3), are coefficients of viscosity and N is the number
of Kelvin—Voigt elements used to approximate the material’s behaviour. When the stress g,,(t) is
applied on this mechanical model, the total pseudostrain obtained is noted é,4,5(t) and can be
written in the form

eaﬂ(t) _ 2 2 ! _ i aleé(T)
{ }— >y Gopys(t — 1) pn {az M, (T)}dr 6)

Capys(t) = Eapys(t) + $3Xapys(t) )

where £,4,5(t) and 7,4,5(t) are fourth-order tensors defined on R* and are related to generalized
stresses through the relation

Eaﬂ'y&(t) } J" a {alNyé(t) }
_ = Goapys(t — 1) — dz ®)
{Xaﬂv&(t) -~ pre )61 a; M (1)
E.8y6> Xapys €an be interpreted as the contribution of the complete history of the component of
generalized stress tensor {N,;(z), M,s(t) with 7 < ¢} on the component of the generalized strain

tensor {,4(t), 1ap(t)}-
It is seen from equations (6) and (8) that the generalized strains &,4(f) and y,4(t) are given by

&g (t) 2 2 {éaﬂ d(t)
VieR, { ¥ } = by ©)
{Xaﬂ(t) 'y;l 6;1 Xapys(t)
In order to determine the components of the creep tensors G, G and G¥,i=1,..., N, we
consider the Laplace transform creep function f*(p) of f(¢)

1 1 il 1
f*(p) = [——+—w+ > ———} Y(p) (10)
KS;);)ya P"I((zpy).s i=1 Ki‘;yo + P".%ya
where p is the transform parameter. The inverse transform of f*(p) is given by
1 t il 1 [CIR]
ty=| —— —_ 4 . 1 —_ e_tKnﬁya/'lahd Y(t 11
- rg i 70 "
Kedos Kopys K5
Kioﬂ)‘yﬂ
1 T 1 ] | '74(:;-36
| .| i |
(1) (%) (N)
Nagys Napqs Napré

Figure 1. Generalized Kelvin model
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The comparison between (2) and (11) gives

(0) (0) @)
Kops=1/Gyps» K

afys —

=1/GY}.;

(12)
’14(1?):)6 = I/Gi‘;)}?é’ '12}75 1/()'ggy66(l)y6)

It is apparent from (8) and (12), that the constitutive equations (8) can be represented by the
mechanical model of Figure 1.

FORMULATION OF GOVERNING EQUATIONS

When the stress o,5(t) is applied on the mechanical model shown in Figure 1, the rate of the total
pseudo-strain 0e,y,,(t)/0t is determined by

ae_aﬂyé(t) ae:gz{,o(t) + i ae_g}y&(t) égzo;y)a(t)

ot a L o ot (13)

where eaﬁy,,(t) is the total pseudo-strain in the spring, dﬂy‘,(t) the total pseudo-strain in the
dashpot and e'i’,,?y,,(t) the total pseudo-strain in the ith Kelvin element.

These pseudo-strains are written in terms of generalized pseudo-strains as

oe c(z(;)yé - an&(t) f fz(;i)yd(t)

ot ot )

0225 _ Waimll) | Oairslt) (14)
ot ot ot

55%;@ —_ g[;yé(t) + é gﬂ)vé(t)

ot ot o

Introducing equation (14) into (13), we obtain the first differential equation which govern the
mechanical model:

8 ( Eapyolt) 10 {ayN,1) N o5 |Euan®] 1 a1N,4(t)
o) = R Lo} * 5 5 | TG et 0
The second differential equation is determined by
a,5(t) = a'3(t) + a03(2) (16)

where a‘y’:,’(t) is the stress in the ith spring and o\7)(¢) the stress in the ith dashpot, which can be
written in terms of generalized stresses as
aﬂy&( ) -((zl;yd(t)

{alNyb(t) } — K( i) ’1

ax M,;(t) e 5‘ Tspvs(®)

where % 5(t) and V) 5(t) are fourth-order tensors to be determined in order to represent the
By By p

middle surface strain and curvature. These two tensors correspond to the ith Kelvin element in
the mechanical model, and are related to generalized pseudo-strains through the relation:

)
62’3(t) yﬂv&(t)

X::l/; (t) Zsﬂ)yé(t)

(7

2 2

(18)

y=138=1
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Using equations (9) and (18), we find that equation (15) can be rewritten as

é saﬂ(t)} 20201 9 {alNy‘,(t) } o |Eae®] 1 {alNy,,(t) }
— = + + 19
ot {Xaﬂ([) y;1 521 Kz(z%)yé o M,s(0) i=1 at )Zg;ya(t) '72?7)5 a, M(t) (19)

If we substitute equations (12) and (18) into equation (19), we obtain the second differential
equation

é aaﬁ(t)} 22 i {alN d(t)} N g
g - o <2 y +
ot {Xaﬁ(t) y;1 bgl #1001 | aaM,4(t) .Z1 ot

FINITE DIFFERENCE INTEGRATION

gaﬁ(t)
2ap(®)

z 2 © alNyé(t)
+ Z Z Ggﬁ;é{azMya(t)}> (20)

y=16=1

The solution process of a step-by-step nature can now be described for a general case in which
loads are applied stepwise at various time intervals. Consider the time step At, = t, — t,_; (the
subscript n — 1 and n refer to the values at the beginning and end of the time step, respectively).

Equation (20) can now be written in the form
aﬁ)n (0) {alA(Nyé)n } u 2 2 () Jt" {alNyé(T) }
N + + G dt
{A(Xaﬁ) } yzl azl pré a, A(M,;), Z ygl 521 pré 6oy La2M,5(7)
(21)

We have assumed that the time derivative during each time increment is constant and is
expressed by

GHN
AL

% - uaﬁ(tn) - uaﬂ(tn— 1) — A(uaﬂ)n
ot At, At,

u,p represent generalized strains or stresses. A linear approximation is used for generalized stresses'®

and is expressed by
{Nvé(‘c)}z {Nyé(tnl)}+7_ tn—l {A(Nyé)n } (22)
My&(r) My&(tn~ 1 ) Atn A(Myd)n
Substituting into equation (21) the linear approximation of generalized stress increments given
by (22), we obtain
Alep)n ‘

A(gaﬁ)n}= z 2 G(o) {aIA(Nyé)n} ol
{A(Xaﬂ)n ygl 6;1 o aZA(Myé)" +lzl A(X(l))n

asN,s(tp-1) 1 a1A(Nys)n
+ G [ { vy + = At, ’ 23)
yzl 521 pré aM,5(t,-1) 2 a,A(M,5)n
In order to determine the generalized strain increments A(saﬂ),, and A(y.p), from equation (23),
we have to determine the generalized strain increments A(s‘ )» and A( x"’),, which correspond to

the ith element in the mechanical model. For this reason, cons1der equation (17) which can be
written as

|
/1(1)

aﬁyé

—c(zlf.;yé(t)
=(i)
Xaﬂ'y&(t)

_le);y&(t) ]

) a;N,;(t)
GY { o } (24)
X_all;vé(t) = aZMyé(t)
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The solution of this equation can be written as

am(t,.)} {‘;}ya(t.._l)}_ ot 1] ['Spya(t,. 1)

Xg}yé(t ) Xaﬁyd( n—l) X_c(zl[;yé( n—l)

. In i N, (T)
+ l“) G(l) e )'arhé'u J‘ ‘l(ﬂﬂ' 3T {al ¥ }dt 25
aByd - afiys - M,5(7) 23

The integral in equation (25) is called the spectrum integral which can be interpreted as the
influence of the generalized stress on the creep spectrum; it is defined by

n @ aiN,s(7)
I, = i ) G1Vy0 }d 26
ﬁ,f {azMw(T) i (26)

If we integrate by parts using the linear approximation of generalized stresses given in
equation (22), the spectrum integral I, is then given by

1 0 ) ayNs(t,— 1) 1 _ a0 a;A(N,s),
I, = —; ehasnta | (] — g™ AatraAta { 14¥ys 1 + [1 T (] — g :I{ 7
Ao [( M aaMylts) At..lf:,;,a( a8,

27

Consequently, when we substitute equation (27) into equation (25), we obtain the generalized
strain increments corresponding to the ith Kelvin element in the rheological model:

A, 2 2 o
sy~ I, e

r=14=1

g®
Eapyo(ta—1)

x-l(zlﬂ)yd(tn - 1)

2 2 )
+ Z Z th;ya(l — e_lgﬂ)MAtn) {aleé(tn—l)}

y=1a=1 a;M,s(t,- 1)

+ i i GS[}M[ At ,l(') (l —€ ﬁ;aAt )]{alA(NYJ)n} (28)

y=146=1 2Byé azA(Mya)n

INCREMENTAL CONSTITUTIVE EQUATIONS

The incremental constitutive equations in generalized variables can now be obtained from
equation (21). Substituting equation (28) into (21) and integrating the last term of equation (21)
using the linear approximation of generalized stress given in (22), we find

A(eaﬁ)n } {(gaﬂ)n-—l } 2 2 {aIA(Nyb)n }
=< 7 + M, (29)
{A(X¢ﬂ)n (Xaﬂ)n— 1 ygl 6;1 prs ZA( J)n
where .# .5, is a fourth-order tensor which can be interpreted as the compliance tensor, it is given
by

1
Mopys =GPy + Z Gepys [1 At 20

afiyd

i 1
(- e-*‘-b»M)] +5 Gy Aty



THIN VISCOELASTIC STRUCTURES 3321

(82p)n-1 and (Jp)n- 1 represent the influence of the complete past history of generalized stresses.
They are given by

(Cap)n-1 } SRR [A («0) G0 e Apndh :l{alNya(tn—l)}
{(Xaﬁ)n 1 g’ ag tGats + Z oo { ) a;Mys(ta-1)
-(t)
+ i Z Z [e"'mAt.—- l]{ atrlla=1)

(i)
y=1d8=1i=1 Sﬂyd(tn 1)

The incremental constitutive law given in equation (29) can now be inverted to obtain

a, A(Naﬂ)n } {(N~zﬂ)n— 1 } 2 2 {A(syé)n }
=—9q - + 2, 30)
{aZA(Muﬁ)n (M,g)n-1 y;1 .s;l pre A(Xys)n (
where 9,5,5 = (M ,5,5) " ' is the inverse of the compliance tensor.
(Naﬁ)n 1 } {(Eyd)n—l }
D, N 31
{(Map)n— 1 yZl le pré (Xya)n—x 6

(1\7r,,;),,_l and (1\71,,,),,_1 represent the influence of the complete past history of strains on the
components of the generalized stress increments.

Equation (30), which represent the incremental constitutive law in generalized variables, will
now be introduced in a finite element discretization in order to obtain the response of thin
structures.

VARIATIONAL FORMULATION IN VISCOELASTICITY

In the context of a finite element model the governing equations of the discretized system are
derived from the principle of virtual displacements.2®~2* Assuming a linear quasistatic visco-
elastic structure, the total internal virtual work is equal to the total external virtual work; i.e. we
have in generalized variables:

A(Naﬁ)n

.‘:A <5xA(5¢ﬂ)m 61A(x°‘ﬂ)"> {A(Map)n

}du = [, Ao A av 62
v

where A(y;), is the increment displacement field between ¢,_; and ¢,, A(f}), is the incremental
body forces per unit volume, &, is the variation symbol, °4 and °V are the area and the volume of
the element. In (32) the term corresponding to surface traction is omitted for the sake of
simplicity.

The generalized strains are derived from shape functions in a standard manner??:23 assuming
small displacements within the elements.

{A(saﬁ)n
A(xaﬂ)n
where A(g°), is the element displacement increment and [B] is the strain—displacement trans-
formation matrix.

Introducing the constitutive law (30) into the equilibrium equations (32) and using the finite
clement approximation (33), the equilibrium equations can be rewritten as

[K1la{A(g*0} = {AF}, + {AF*™}, 4 (34)

}= [B1{A(g)) (33)
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Table 1. Global incremental procedure

—

. Given a state at time t,: {q}n, {€sp}n> {Xap}ns {(Neg}n» {Mus}ns {Eap}ns {Fap}n compute the compliance
moduli .#,4,; and the tangent moduli D,

. Compute the pseudo-stresses {N,4}, and {M,;}, from equation (31)

. Compute the viscous load vector increment {AF'*}, from equation (36)

Update the viscoelastic stiffness matrix [Ky],

. Assemble and solve the equilibrium equations (34) to obtain the displacement increment {Ag},

. Compute the strain increment {Ag,p}, and {Ay,s}, from equation (33)

Use the result of Step 2 to compute the stress increments: A{N,z}, and A{M,,}, from equation (30)

. Compute the pseudo-strains {&,5},+1 and {Fap}n+1

. Update the state:

VOB WN

{@}n+1 = {a}n + {Ad}s
{Nug}n+1 = {Nap}n + A{Nyp}a
{M.g}ns1 = {My}s + A{My},

{€apln+1 = {Eap}n + A{ag}a

{Xap}n+1 = {Xap}n + A{Xap}n
10. Go to Step 1.

where
[K+], = f (BTG, 18] 4 (39)
vis — T (l/al)(b?:frﬂ)n—l} .
{AF }"—l .L LB] {(l/az)(Maﬁ)n—l a4 (36)

{AF}, = {F}, — {F},-1 is the external load vector increment, {AF**},_, is the viscous load
vector increment corresponding to the complete past history of strains and [C,] is the generalized
constitutive matrix which can be determined numerically by the inverse of the compliance tensor
(see Table I).

An efficient code for the linear analysis of thin viscoelastic structures (VISCO) is developed.
The software can be effectively employed for plane viscoelasticity problems, axially symmetric
structures, thin plates and shells.

Plane viscoelasticity problems are idealized by a series of triangular elements CST (Constant
Strain Triangle),?® axially symmetric structures are discretized by conical frustum-shaped

elements,?! while plates and shells are idealized by the DKT elements (Discrete Kirchhoff
Triangle).?*

ILLUSTRATIVE EXAMPLES

The numerical method developed in the previous sections will be illustrated by several examples.
Newton, millimeter and hour are the units used for the force, length and time, respectively. One
hour time is divided into ten time steps for the analysis of the problems.

Plane stress plate

The first example is a plane stress plate. The geometrical and loading details are given in
Figure 2. The structure is divided into 160 plane stress finite elements.
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The applied stress o,(t) is taken to be
o.(t)=0oY(t), t<2
o.(t)=0, t>2

where 6, = 250 MPa. The creep function for the material is represented by equation (11) with
N = 2 and the constants of the creep function are assumed as in Table II.

It is a constant stress problem. Strains vary with time (creep) but are constants with geometry.
The exact solution for the problem is

u(x, ) = [1-41417 + 004 x t — 09249 x e~ 955 — 04693 x e~ 386%].q,, <2

The results obtained using the present method with the exact solution are given in Table III. It
is seen from Table I1I, that the present method gives very accurate results. In Figure 3 numerical
results for the axial displacement are plotted which shows very good agreement with the exact
solution.

11

olt)

11

——-3500 mm ——

— 4000 mm

4

Figure 2. Plane stress finite element

Table II. Constants used in creep function

Ko K, K, M "2 n°

2x10% 4325 8523 45267 22082 10°

Table III. Strains in plane stress problem

Bxx

t

(h) Exact FEM
00 00012500 00012500
04 0-088121 0-088105
08 0090358 0090358
12 0091385 0091385
16 0092386 0092386
290 0093386 0093386
25 — 00059399

30 — 0-0051319
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PLANE STRESS PLATE -- STEP LOADING
A: finite element solution ... B: analytical solution

400 “r-rrJ7rJ7rJ1 rrrrrrrrrrr1rrrrrrrrrrryryr
- E
»r . ]
300 | L ]
C W ]
E 250 [ P -
= . ]
& 200 h
g ]
(-9 -
.w -
8 150 -
]
o
100 B -
so ]
! ]
A ‘

o [ g 0 2 1 2 0 3 0 2 & 2 0 5 & 2. 2 4+ 0 92 0 &+ 0 s 1 s L a2 1 2
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

Time (hour)

Figure 3. Horizontal displacement versus time in a plane stress plate

Steady state harmonic oscillation

The second example will be illustrated by the problem shown schematically in Figure 4. AA’ is
a perfectly flexible footing, subject to a harmonic function of time, acting on a layer of viscoelastic
material which rests on a rough rigid base CC’. The plate contains a finite crack of length a, the
surface of the crack is free of all tractions.

The applied stress o,(t) is a harmonic function of time and is taken to be

6,(t) =0o(l + coswt) Y(t), t<5
g,0)=0, 10>¢t>5
o,(t) = ao(l +coswt) Y(t), t=>10

where 6, = 0-35 MPa and the frequency of the oscillation «w = 2z rad/h.

The problem was analysed using the network of constant strain triangles shown in Figure 4.

The viscoelastic response of the material can be represented by the mechanical model shown in
Figure 1 with N = 1, where the constants of the creep function shown in Figure 5 are assumed as
in Table IV.

We are interested in the steady-state response. We assume that the forcing function a,(t) has
been acting on the structure for an indefinitely long time and that all initial transient disturbances
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L. 4a ¥
i =
a = 500mm ay(t) f——a—qf
. A1) 4 B
0 ‘
!
P 2a
c b
0 C
I (e)
I
A
0 B
D
I
!
[¢] ~ c
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Figure 4. Steady-state harmonic oscillation problem
CREEP FUNCTION: EXPERIMENTAL POINTS
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Figure 5. Creep function of the material



3326 G. GHAZLAN, S. CAPERAA AND C. PETIT

have died out. The purpose of the dynamic analysis in this case is, therefore, to investigate the
viscoelastic response as a sequence of static perturbations. In such a case we assume that the
vibration amplitude is sufficiently small.

The results of the numerical process are shown in Figures 6—8. In Figure 6, numerical results
for the vertical stress o, near the crack tip and at the central point of loading x = y = 0 are
plotted.

In Figure 7, the horizontal displacement at the centre of the crack is plotted for various times,
where Figure 8 shows the vertical displacement at the centre of the footing.

It may be seen that, after an initial settlement, creep takes place but ceases as times becomes
large. This behaviour may be explained in terms of the rheological model shown in Figure 1
where an applied loading would cause an initial compression of the single spring followed by
viscous flow in the dashpot until load is taken by the two springs.

Table IV. Constants used in creep function

Ko K, M

6000 600 1000

STEADY STATE HARMONIC OSCILLATION

-30 T T =TT T T T T T T T Y T T T Y T T
-32

-34
-.36
-38
o VERTICAL STRESS NEAR THE CRACK TIP
-42

-44

-48
-.50

-52

.
L SO S LA L B LA S B

Vertical stress (MPa)

-54
-.56

VERTICAL STRESS NEAR THE CENTRAL POINT

= — ene o 1

-.60
-62

-66 i 1 R L | S Il A L L L A 1 Al i [ | S
0 2 4 6 8 10 12 14 16 18 20
Time (hour)

Figure 6. Vertical stress near the crack tip and at the central point
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STEADY STATE HARMONIC OSCILLATION

HORIZONTAL DISPLACEMENT AT THE CENTRE OF THE CRACK

07

03

Horizontal displacement (mm)
B

01

0 2 4 6 8 10 12 14 16 18 20
Time (hour)

Figure 7. Horizontal displacement at the centre of the crack

Circular cylindrical shell

The cylindrical shell is fixed at one end and loaded at the free end. The loading case considered
is that of unit radial end loading at the free end while the other end is built on.

Figure 9 shows the cylinder and the manner in which it has been idealized. It should be noted
that the mesh is graded so that there are more elements near the loaded point since it is in this
region that the stresses and deflections change most rapidly.

The material properties used are assumed as in Table V.

Figure 10 shows how the radial deflection varies with axial position for various times. The
stresses and strains near free end are given in Table VI for various values of t.

It is observed from the results that the stresses do not change with time, whereas the strains
keep on building up leading to the strain failure.

The variation in the meridional moment along the tube is plotted in Figure 11 for the
24-element idealization. It is found that there is no stress variation with time. The meridional
moment is compared with the theoretical solution given in Reference 25 which shows very good
agreement with the theoretical solution.
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STEADY STATE HARMONIC OSCILLATION

VERTICAL DISPLACEMENT AT THE CENTRE OF THE FOOTING
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Figure 8. Vertical displacement at the central point of loading
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Figure 9. Idealization of cylinder using axisymmetric shell elements
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Table V. Constants used in creep function

—v"

K, K, K, L3 12 n

1 x 107 1157 1589 2x10% 2-54x10* 0

Table VI. Stresses and displacement near free end

r 1 N3, My, €11 €22
() (mm)  (N/mm?)  (N/mm?)  (N/mm?) (%) (%)
02 02304 2:66 5-81 2:12x 103 - 1-186 4:602
04 04522 2:66 581 2-12x103 —2344 9-090
06 06772 2:66 5-81 212x 103 — 3487 13-525
08 0-8964 2-66 5-81 2:12x103 —4-615 17905
10 1-1130 2:66 581 2:12x 103 - 5730 22230
12 1-3269 2:66 581 2:12x103 — 6830 26503

CIRCULAR CYLINDRICAL SHELL

A: THEORETICAL  B: F.E. SOLUTION
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Figure 11. Variation in meridional moment in tube having radial end load
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Spherical shell

The shell described in Figure 12, which has been studied in the elastic range by a number of
investigators,2672® was analysed for its viscoelastic displacement response using a 5 x 5 mesh. All
edges are hinged and immovable. The shell is first submitted to an apex load: P(t) = 44 kN. For
symmetry reasons, only one quarter of this shell is considered. The symmetry conditions then
impose a zero displacement u and rotation 8, along the line CD, a zero displacement v and
rotation 6, along the line AC.

The material properties used are assumed as in Table VIIL

We present in Figure 13 a time history of the vertical displacement w observed at the centre of
the shell. It may be seen that creep takes place but ceases as time becomes large.

Table VII. Constants used in creep function

Ko K, m

68-95 31-72 84-57

[SE SRS R R Tl el
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w
w

Figure 15. Isolines of Von Mises after the 140th increment
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The shell is now subjected to a step displacement applied on the centre of the shell:

W(t) = —40 mm V¢ = 0. Figures 14 and 15 show the isolines of Von Mises after the first and the
140th increment. As expected, we observe a stress relaxation in time which is consistent with the
fading memory hypothesis.

CONCLUSION

A new formulation is presented in the time domain for the displacement and stress analysis of
quasistatic, linear, viscoelastic thin structures undergoing mechanical deformation. The proced-
ure is simple and maintains all the merit and accuracy of the finite element method. The response
is obtained by using a discrete creep spectrum and an incremental constitutive equations.
Numerical results of very good accuracy are achieved. The formulation can easily be extended to
deal with aging materials, thermoviscoelastic and dynamic analysis.
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