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Abstract

An e�cient numerical method is presented, to account for time e�ects in composite structures. The method is
based on the theory of linear viscoelasticity and on the ®nite element method. The global behaviour of structural

elements made of several viscoelastic materials (composite beams, layered plates or shells) is expressed in terms of
the generalized variables of the structure mechanics. The incremental nature of the formulation results from the
choice of a Dirichlet's series to express the constitutive law of the materials. A speci®c algorithm which allows for a
process of construction by phases is implemented in a ®nite element program. The use of the method is illustrated

through two computation examples: a prestressed concrete beam previously tested over a 5-year period of creeping,
and an existing cooling tower which is a thin reinforced concrete shell. The method provides valuable information
about time e�ects that may be used either while designing new structures, or for the diagnosis of existing

structures. # 1999 Civil-Comp Ltd and Elsevier Science Ltd. All rights reserved.
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1. Introduction

Concrete, wood, bituminous materials, etc. are

widely used in building technology. The behaviour of

such materials is usually time-dependent. As a major

consequence, a stress and strain redistribution is com-

monly observed, along with a signi®cant increase in

de¯ections and displacements of the structures under

service conditions. Taking advantage of the constant

progress in computing science and facilities, engineers

feel more and more concerned with the necessity of

achieving a fair estimation of such e�ects, either for

pure design purposes, or for the diagnosis of existing

structures.

The main purpose of our research work is to investi-
gate reliable and e�cient improvements in numerical

methods, that may be used for the time analysis of
building structures. The step-by-step computation
method presented below is based on the theory of lin-

ear viscoelasticity and on the ®nite element method. It
applies to the analysis of structures made of composite
elements such as composite beams, layered plates or
shells. The use of the method is illustrated by two

practical examples.

2. Accounting for time-dependent behaviour of building

materials

Creep, relaxation and shrinkage are time-related
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phenomena that may a�ect the mechanical behaviour
of normal materials under service load conditions:

. creep is a progressive increase in strain under sus-
tained loading (Fig. 1);

. relaxation is the dual phenomenon; it corresponds

to a stress decrease under constant strain conditions;
. shrinkage is a volumetric self-contraction of the

unconstrained material.

For building materials such as concrete and wood,
creep (or relaxation) and shrinkage are usually
described as a combination of an autogenous beha-

viour (known as basic creep or basic shrinkage) and a
drying phenomenon caused by a water loss to the
ambient atmosphere. From a physical point of view,

the theory of linear viscoelasticity may not be fully
adequate to describe time-dependent phenomena in the
behaviour of building materials. It is commonly

accepted that the theory of linear viscoelasticity applies
to the basic creep of such materials. The extension of
this theory to drying creep or relaxation is more ques-
tionable. During the drying process, the creep rate

depends on the moisture content in the material.
Limited damage or fracture e�ects may also develop in
the same time. In practice, these phenomena may be

accounted for by expressing the creep or relaxation
law with regards to the member size and to the ambi-
ent conditions. Laws proposed by Eurocode 2 [1,2] for

the time-dependent behaviour of concrete (creep and
shrinkage) depend on these two parameters, on the
concrete mix and on the age at loading time. Based on
such adjusted laws, the theory of linear viscoelasticity

may be accepted as su�cient for design purposes of
engineering structures under service conditions (normal
temperature, low stress level) [3].

In prestressing devices, the loss of tension is pro-
gressive and limited in range. Therefore, we may
assume that the same theory will provide a satisfactory

approximation of prestressing stress relaxation.

2.1. Integral approach

The theory of linear viscoelasticity is based on

Boltzmann's superposition principle. According to this
theory, the constitutive law of the material may be

expressed as a Volterra's integral equation [4]:

8trt0: E�t� � J�t,t�s�t� ÿ
�t
t0

@J�t,t�
@t

s�t� dt �1�

where t0 is the time at ®rst loading. In this equation,
s(t ) and E(t ) denote the stress and strain at any time t.
In a general approach, the creep function J(t,t0)
depends on both the time at loading t0 and the actual

time t. Creep function and relaxation function are
dual. From Eq. (1), it can be shown that they satisfy
the following equation:

8trt0 J�t,t�R�t,t0� ÿ
�t
t0

@J�t,t�
@t

R�t,t0� dt � 1 �2�

where R(t,t0) is the relaxation function of the material.
When only one of the two functions is known, the

other can be determined by solving Eq. (2).
Eq. (1) can be used for the time analysis of viscoe-

lastic structures. In order to solve the integral

equation, the life-span [t0,t ] must be divided into a
number of ®nite intervals. Thus, the calculation can be
performed as a step-by-step procedure. Such an

approach requires the stress history s(t ) to be stored
at any intermediate step of time over the whole life-
span of the structure. As a consequence, a large mem-

ory size is required and the computation process is
time consuming. This method is hardly suited for the
analysis of huge or complicated structures.

2.2. Incremental approach

An alternative way to account for the viscoelastic

behaviour of materials is to expand the characteristic
function, namely the creep function or the relaxation
function, into a Dirichlet series. In the latter case, the

relaxation function is expressed as a sum of decaying
exponential terms:

Fig. 1. Creep and relaxation behaviour of a viscoelastic material.
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R�t,t0� � E0�t0� �
Xr
m�1

Em�t0�eÿlm�tÿt0� �3�

where lÿ1m is called the relaxation time. This approach

has been carefully investigated by Bazant and Wu [5]
in the case of a time hardening material such as con-
crete. By analogy with a generalized Maxwell's model,

they proposed that the constitutive law of a viscoelas-
tic material should be represented by a set of linear
di�erential equations:

_sm�t� � lmsm�t� � Em�t�
ÿ
_E �t� ÿ _E��t�� m � 0, . . . ,r �4�

where

l0 � 0

and

s�t� �
Xr
m�0

sm�t� 8t

sm(t ) represents a set of r+ 1 internal variables, each
of them being attached to the corresponding m-branch
of the Maxwell's model. E*(t ) represents any given
stress-independent strain, such as shrinkage or tem-
perature induced strain. The solution of the system of

di�erential equations shown above (Eq. (4)) can be
expressed as an incremental expression for any ®nite
time interval [t,t+Dt ]:

8t,Dt: Ds � ~E �t�DE� shis�t� ÿ Ds� �5�

where Ds*=EÄ(t )DE*, DE* being the increase in E*(t )
during the time interval Dt. EÄ(t ) is a ®ctitious modulus
whose value depends on t and Dt. s his(t ) accounts for
the whole stress history since the beginning of the

loading period. It depends on the actual values of the
cumulative variables sm(t ) at the beginning of the
speci®ed step of time:

shis�t� � ÿ
Xr
m�1

sm�t� �1ÿ eÿlmDt� �6�

The incremental formulation (Eq. (5)) may be gener-

alized for a two-dimensional isotropic material. Under
the hypothesis that the Poisson's ratio remains equal
to its initial value n, it yields:

8t,Dt: fDsg � �n�
ÿ

~E �t�fDEg � fshis�t�g ÿ fDs�g
�

�7�

where

�n� � 1

1ÿ n2

2664
1 n 0
n 1 0

0 0
1ÿ n
2

3775

2.3. Law calibration

It may occur that only the creep function of the ma-

terial is known. In that case, the relaxation function
must be derived from the creep function by solving
Eq. (2) numerically. Let the time period [t0,t ] be

divided into k ®nite intervals. For every time interval,
the creep function and the relaxation function are
assumed to approximate to linear variations. Thus, the
relaxation function may be calculated step-by-step by

increasing k in the following formula:

8kr1

Rk,0 �
2� R0,0�Jk,0 ÿ Jk,1� �

Xkÿ1
j�1

Rj,0�Jk,jÿ1 ÿ Jk,j�1�

Jk,kÿ1 � Jk,k

�8�

where tk=t, Jk,i=J(tk,ti ), Rj,0=R(tj,t0) and

R0,0=R(t0,t0)=E(t0), E(t0) being the modulus of elas-
ticity of the material at time t0.
When the relaxation function is known, the law cali-

bration consists in adjusting a Dirichlet series (de®ned

above by Eq. (3)) in order to ®t the relaxation func-
tion. A least square method is used to determine the
Em(t0) parameters, the time of relaxation lÿ1m having

been given suitable values.
An acceptable accuracy is usually achieved by ®xing

a number of branches in the Maxwell chain equal to

r = 4. In the case of a time hardening material (con-
crete for example), the procedure is repeated for
increasing values of the initial time t0, the lm par-

ameters being kept constant. The e�ect of time on the
Em(t0) parameters is accounted for by another Dirichlet
series:

Em�t0� �
X3
s�1

Gm,se
ÿgst0 m � 0, . . . ,r �9�

where gs parameters have ®xed values. The Gm,s coe�-

cients are also determined by a least square method.
The whole law calibration procedure must be pro-
cessed before any application, by running a speci®c

routine specially written for this purpose.

3. A global approach for the analysis of viscoelastic

structures

Eq. (5) or (7) may be regarded as an expression of

the constitutive law of an elastic body subjected to in-
itial stress conditions. This formulation can be im-
plemented in any ®nite element program suitable for
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elastic structure design. The time analysis must be per-

formed as a step-by-step procedure, in order to scan

the life-span of the structure. The set of cumulative

variables attached to every ®nite element (see Eq. (6))

must be updated at the end of every computation step.

Such an approach may be both time and memory con-

suming, especially in the case of a huge structure.

In order to decrease the number of degrees of free-

dom, thus to make the computation process faster, we

propose expressing the time dependent behaviour of

structural elements in terms of the generalized strains

(denoted below as {D(t )}) versus the generalized stres-

ses (denoted below as {S(t )}). The principle of this

approach is to include the behaviour of the constituent

materials, as expressed by Eq. (5) or (7), in the classic

theories of beams, plates or shells. This approach

yields an incremental relationship for the behaviour of
the cross-section of the speci®ed structural element
during the time interval [t,t+Dt ]:

fDSg �
�

~H �t�
�fDDg � �S his�t�

	
ÿ fDS � g �10�

The meaning of each term of this equation is shown in

Table 1 in the case of a composite beam and in the
case of a thin layered isotropic shell. In both cases, the
structural elements are made of n elastic or viscoelastic

zones, with a full connection between zones. The time
dependent behaviour of each zone is de®ned by Eq. (5)
or (7), respectively. The formulae for a layered isotro-

Table 1

Composite beam Layered iostropic shell

Generalized stresses and strains

fS g �
�
N
M

�
fS g �

� fN g
fM g

�

fDg �
�
E0
w

�
fS g �

� fE0g
fwg

�

Global sti�ness matrix�
~H �t�

�
�
Xn
i�1

~Ei�t�
�ÿOi yGiOi

yGiOi ÿIi
� �

~H �t�
�
�
Xn
i�1

~Ei�t��n�i
� �hi�1 ÿ hi � �h2i�1 ÿ h2i �=2
�h2i�1 ÿ h2i �=2 �h3i�1 ÿ h3i �=3

�

Generalized stresses due to load history and free dilatation�
S his�t�

	
�
Xn
i�1

�
Oi

�ÿ1
y

�
shis
i �t�dO �

S his�t�
	
�
Xn
i�1
�n�i
�hi�1
hi

8<:
�
shis�t�

	
i

z
�
shis�t�	i

9=;dz

fDS �g �
Xn
i�1

�
Oi

�ÿ1
y

�
Ds�i dO fDS �g �

Xn
i�1
�n�i
�hi�1
hi

� fDs�gi
zfDs�gi

�
dz
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pic plate may be derived from the case of the shell by
giving the curvature radii in®nite values.

The generalized stress {S(t )} is composed of normal/
shear forces and bending/twisting moments. The gener-
alized strain {D(t )} consists of axial strain components

{E } and curvature components {w }. [HÄ (t )] is a ®ctitious
sti�ness matrix which depends on the composition of
the element, on the actual time t and on the time inter-

val Dt. This matrix includes extra-diagonal terms that
show a coupling e�ect between axial and bending vari-
ables.

The actual value of s his(t ) depends in a linear way
on the previous values of the normal stress at any
given location within the cross-section of the element.
As a consequence, it may be shown that the distri-

bution of s his(t ) is linear throughout each elementary
zone of the composite beam or the layered shell or
plate. Although the distribution of E*(t ), therefore

s*(t ), might be non-linear, it is generally assumed line-
arly distributed in practice. The hypothesis of a linear
distribution makes the calculation of {S his(t )} and

{DS*} easier.

4. Implementation in a ®nite element program

In order to implement our approach, the ®nite el-
ement method has been chosen because it allows a

large range of various problems to be solved. As a
matter of fact, problems to be solved may be expressed
either in terms of the local variables s±E, or in terms

of the generalized variables of the beam, plate or shell
theories.

4.1. The step-by-step procedure

As shown above, the incremental approach yields a
formulation similar to linear elasticity with initial stress

(Eq. (5) or (7)). The incremental nature of this formu-
lation requires the computation to be conducted step-
by-step. An instant loading of the structure corre-

sponds to an elastic calculation step. If the external
load is kept constant over a time interval [t,t+Dt ], the
increase in the virtual work Dw is given by the work

increase Dw int produced by the internal forces s his and
Ds*. When expressed in terms of the generalized vari-
ables, it yields for any element (e ):

Dw�e� � Dwint
�e� �

�
�e�
hD ~DifDS g dV �11�

where hDDÄ i is the transposed vector of virtual general-

ized strains. The substitution of Eq. (10) for {DS } in
the above expression, and the summing for all the
®nite elements yield:

8t,Dt:
�

~K �t�
�
fDqg � fDF �g ÿ

�
F his�t�

	
�12�

where {Dq } denotes the increase in the nodal displace-
ments induced during the time interval [t,t+Dt ]. [KÄ(t )]
is a ®ctitious sti�ness matrix that accounts for the vis-
coelastic behaviour of the structure. Its value must be
updated at the beginning of every step of time, as fol-

lows:

�
~K �t�

�
�
X
�e�

�
�e�
�B �t

�
~H �t�

�
�B � dV �13�

[B ] is the matrix derived from the shape functions, [B ]t

being the transposed matrix. The form of [HÄ (t )] is

shown in Table 1. The vectors {F his(t )} and {DF*} are
a double set of ®ctitious nodal forces that account for
the cumulative e�ects and for possible free dilation, re-

spectively. They are calculated as follows:

8t,Dt

fDF �g �
X
�e�

�
�e�
�B �tfDS �g dV

�
F his�t�

	
�
X
�e�

�
�e�
�B �t

�
S his�t�

	
dV �14�

This formulation has been implemented in the ®nite
element program CASTEM 2000 [6]. The choice of
this object oriented program has been preferred

because it allows easy implementation of the step-by-
step procedure. Classic beam, plate and shell ®nite el-
ements are used. The original sti�ness matrix has been

completed in order to take account of the coupling
terms shown in Table 1. The calculation of the ®cti-
tious nodal forces {DF*} and {F his(t )} is processed by

means of an existing routine concerned with thermo-
elastic stresses.
The overall algorithm of the complete procedure is

described in Fig. 2. A set of cumulative variables sm(t )
(see Eq. (4)) is attached to every node of the ®nite el-
ements. A computation step begins with the calculation
of a ®ctitious modulus EÄi(t ) for each constituting ma-

terial. The ®ctitious sti�ness matrix [KÄ(t )] is then
updated, and the ®ctitious nodal forces are calculated
(Eq. (14)). The resultion of Eq. (12) yields the incre-

mental increase in the node displacements, to be added
to their previous values. Stress and strain increments
are then calculated, then added to the previous state of

the structure. At the end of the calculation step, the
cumulative variables sm(t ) are updated according to
the actual state of stress at the element nodes.
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4.2. Taking account of the process of construction

Engineering structures are generally built sequen-
tially. During the period of construction, the geometry
and the weight of the structure is modi®ed with the

erection of every new part. Simultaneously, restraint
on displacements may be modi®ed, due to a change in
the nature, number or location of supports for
example. This stepwise evolution of the sti�ness, static

scheme and dead weight of the structure induces sud-
den changes in stress distribution and short term dis-

placements. If the behaviour of the constituting
materials is time-dependent, these changes may cause a

signi®cant redistribution in internal forces and long
term displacements during the service life of the struc-
ture. As a consequence, the serviceability of the struc-

ture can be endangered because of unexpected
cracking or excessive de¯ection, for example.
In order to account for these phenomena, the con-

struction process is divided into elementary stages. One
stage corresponds to a modi®cation of the structure or
to a change in the loading. The step-by-step procedure

presented above is very convenient for taking the con-
struction process into account. The period of construc-
tion is described by a chart, where every new
construction stage (or loading stage) corresponds to

the beginning of a calculation step. Every new stage
causes the calculation of an elastic incremental re-
sponse to be added to the previous state of the struc-

ture. This ``elastic step'' is followed by either one or
several viscoelastic calculation steps (Fig. 2). The erec-
tion of every new part of a structure cast in place is

analysed as two stages: before setting, the wet concrete
is accounted for as external loading without modi®-
cation of the sti�ness of the structure; after setting, the

global sti�ness is modi®ed to account for the contri-
bution of the new part. If the structure is erected in
di�erent parts before connection, each part is analysed
as independent structure until connection time. The

connection corresponds to one speci®c stage: appropri-
ate condition concerning the relative displacement
must be introduced to account for the way of connec-

tion. From this time, the two part are analysed as one
single structure.

5. Time analysis of real structures

In this section, we present two examples of appli-

cation of the method to real structures. The former
example concerns a prestressed beam tested by other
authors [7]. The behaviour of the beam is known over

5 years. This application allows estimation of the val-
idity of our method through a comparison of com-
puted values with test ®gures. The second application

concerns a huge concrete structure (cooling tower) [8].
The numerical analysis gives an estimation of the in¯u-
ence of time e�ects on the behaviour of the structure.

Special attention is paid to the evolution of the stress
distribution in the concrete, since excessive tensile
stress can lead to unexpected cracking.

5.1. Application to a prestressed concrete beam

We ®rst apply our method to a structural element

whose behaviour was previously investigated by
Espion and Halleux [7]. The element is a single-span

Fig. 2. Overall algorithm of the method.
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prestressed concrete beam. Its main characteristics are
shown in Fig. 3. The beam was subjected to its dead

weight and to the prestressing force. No other load
was applied to the beam. The record of the time beha-
viour of the beam is available up to 1843 days (25

years). The test ®gures concern the de¯ection at given
locations along the beam, and the longitudinal strain
distribution throughout the depth of the beam at the
same locations.

The time dependent behaviour of the concrete was
investigated on prismatic samples made of the same
concrete mix as in the tested beam. Creep and shrink-

age strains were recorded over a 3 year period. Since
the samples di�ered in size from the cross-section of
the beam, the test results were corrected to account for

size e�ect. The authors ®nally ®tted two empirical re-
lationships for their experimental data. These ex-
pressions represent the creep function and the

shrinkage function of the concrete to be used for the
tested beam (the values of the coe�cient result from
the ®tting):

J�t,t0� � 1

26,000

 
1� 2:867tÿ0:1180

�tÿ t0�0:6
15� �tÿ t0�0:6

!
�15�

Esh�t� � ÿ0:48� 10ÿ3
t

78� t
�16�

where t,t0 in days, J(t,t0) in MPaÿ1.
The beam was post-tensioned 45 days after casting.

At prestressing, the force in the tendon was adjusted in
order to obtain a longitudinal strain equal to zero at
the uppermost ®ber at mid-span of the beam.
According to the authors, the initial stress in the ten-

don was equal to 1200 MPa. The relaxation loss after
1000 h is estimated equal to 1.5% of initial stress.
Intermediate values are required in order to calibrate

the coe�cients in Eq. (3). Since no more information
is given by the authors concerning the evolution of
relaxation loss in terms of time, we decide to ®t Eq.

(3) for the ®gures proposed by Eurocode 2 [1,2]. As a
result of the calibration, the relaxation function of the
tendon may be represented by the following Dirichlet

series:

R�t,t0� � 191:8� 6:6e
ÿ
tÿ t0
4000 � 1:6e

ÿ
tÿ t0
25

�in GPa�
�17�

Taking advantage of the symmetry, only the other

half of the beam is meshed for the ®nite element analy-
sis. All composite beam elements are given the same
length. The characteristics and locations of the reinfor-
cing bars and the prestressing tendon are included in

every element, according to the method described
above. Where the tendon is not horizontal, its location
is given the value of the eccentricity at mid-length of

the element. The tensioning of the tendon is simulated
as a self-contraction of the steel. Creep and shrinkage
of the concrete and stress relaxation in the prestressing

device, are taken into account during the calculation.
Preliminary calculations show that eight ®nite el-

ements are su�cient to ensure the accuracy of the

results. The life span of the beam is divided into com-
putation steps progressively increasing in length. With
such a method, only 13 steps are necessary to scan the
structure life (5 years) with a good accuracy.

Computed and experimental values of the general-
ized strain components at mid-span of the beam are
plotted on the next ®gures. The predicted values of the

axial strain are quite satisfactory during the ®rst year
of creeping (Fig. 4). Then they diverge progressively
from the test ®gures. The ®nal di�erence is about 10%

after 5 years. Concerning the curvature, a signi®cant
di�erence is observed between the computed values
and the test ®gures (Fig. 5). Similarly, the predicted
evolution of the mid-span de¯ection is compared with

the published values on Fig. 6. Although the two lines
are similar in shape, the computation under-estimates
the real de¯ection of the beam by about 24%.

Actually, the behaviour of the beam is very sensitive to
the features of the prestressing (initial force, eccentri-
city). As a matter of fact, the exact position of the ten-

don in the duct is not known exactly, only estimated.
A complementary computation (dashed line on Fig. 6)
shows that an error of 1 cm on the eccentricity of the

Fig. 3. De®nition of the computed beam.
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tendon can explain about 60% of the total di�erence

between computed and experimental values. This cor-
rection has no signi®cant in¯uence on the computed
axial strain (Fig. 4).
The computation provides valuable informations

about the evolution of the state of stress in the struc-
ture. On Fig. 7, the repartition of the stresses in the
mid-span cross-section is shown at three di�erent

times. A progressive decrease in stress is observed in
the prestressing steel and in the concrete.
Simultaneously, the compressive stresses increase in the

passive reinforcement (from 140 to 306 MPa in the
lowermost bars, from 46 to 123 MPa in the uppermost
one). Most of the total decrease in the prestressing

stress (about 18% after 5 years) is caused by the creep
and shrinkage of the concrete. Less than a quarter of
the stress decrease results from relaxation.

5.2. Application to the time analysis of a cooling tower

The structure is an axi-symmetric shell made from

reinforced concrete (Fig. 8). Its inner diameter varies
between 121.1 m at the base and 83.3 m at the altitude
of 163.9 m. The shortest diameter, at the neck of the

tower, is 77 m at the altitude of 127 m. The shell is
supported by 50 pairs of reinforced concrete columns.

It is crowned at its top with a visit gallery. The overall
height of the tower is 165 m.
The thickness of the shell varies between 21 and

32 cm over the most of the structure. The radius Rm of
the middle surface of the shell can be expressed in
terms of the altitude z as follows (z and Rm in meters):

Rm � 23:333ÿ 0:00263z

� 0:2986

����������������������������������������������
�zÿ 126:74�2 � 2694:5

q
�18�

The shell is reinforced by a double net of ribbed

bars disposed orthogonally on each face, with a con-
crete cover of 2.5 cm. The diameter of the bars varies
between 10 and 16 mm. The ratio of reinforcement is

more or less uniform for the all structure. Compared
with the concrete cross-section, the ratio is about
0.40% (0.20% on each face) in the horizontal direc-

tion, and 0.16% (0.08% on each face) in the vertical
direction.
Close to the base, the thickness of the shell is

enlarged to 120 cm in order to shape a rigid annular

beam. The reinforcement described above is completed
with hoop bars (20 ribbed bars/diameter 25 mm) and
with closed stirrups.

Similarly, the thickness of the shell is enlarged to
92 cm beneath the visit gallery. The horizontal re-
inforcement is completed with 28 ribbed bars, diameter

25 mm.
Ordinary concrete was used for the construction.

The concrete was made of Portland type cement, class

400, the cement content being 350 kg/m3. The mean
compressive strength at 28 days was about 36.4 MPa.
During the construction, the shell was divided into 62
horizontal rings, with a constant height of 2.60 m for

most of them. Each day, the form was lifted up and
adjusted, then the next ring was cast.
We assume that the evolution of creep and shrink-

age of the concrete may be described by the functions
proposed by Eurocode 2 [1,2]. According to this stan-
dard, both the creep and the shrinkage functions

Fig. 4. Evolution of the axial strain at mid-span.

Fig. 5. Evolution of the curvature at mid-span.

Fig. 6. Evolution of the de¯ection at mid-span.
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depend on the notional size h0 of the element and the
relative humidity rH of the ambient atmosphere. For
the calculation, these parameters are given the follow-

ing values: h0=0.34 m (average thickness of the shell),
rH=0.70. Besides these two parameters, the creep
function depends on the time t0 at ®rst loading, the
mean compressive strength of the concrete and the

type of cement. According to our method, the relax-
ation function is derived from the creep function of
di�erent values of t0, then expanded into Dirichlet's

series as expressed by Eqs. (3) and (9).
For the numerical analysis, the shell is represented

by 62 axi-symmetric ®nite elements, corresponding to

the 62 elementary rings mentioned above. Each ®nite
element is given a uniform thickness corresponding to
the average thickness of the relevant ring. Only the

shell is concerned with the FEM analysis. Appropriate
limit conditions must be introduced at the lowest edge
of the shell: optional restraint may be imposed on the
vertical displacement (uz ), the radial displacement (ur )

and the rotation (rt ). Fig. 9 shows the e�ects of var-
ious limit conditions on the displacement of the middle

surface of the shell as they result from elastic calcu-
lations (displacement magni®cation is 3500:1). It is
seen that restraining the rotation has no decisive e�ects

on the computed values. As a matter of fact, a closer
investigation shows that there is no signi®cant bending
e�ect in this region of the shell.
The question of the radial displacement is more cru-

cial. The internal forces at the base of the shell are col-
lected by the annular beam described above, then
transmitted to the footing of the structure by the col-

umns. Bearing in mind that the angle of inclination of
the columns is equal to the slope of the shell at its low-
est edge, it can be assumed that the state of stress in

the columns is close to pure compression. This
assumption is consistent with the previous conclusion
concerning the rotation. Therefore, the ¯exibility of

the columns may be omitted. As a conclusion, we
decide to restrain the vertical displacement and the
radial displacement at the base of the shell, whereas
the rotation is kept free.

To complete this discussion, a comparative calcu-
lation with various curvature values for the shell meri-
dian has been performed (uz and ur restrained). Results

corresponding to four cases going from a cylindrical
shell (line 1) to the actual geometry (line 4) are shown
in Fig. 10 (thickness distribution in terms of the alti-

tude has been preserved). It is seen that the radial dis-

Fig. 7. Evolution of the stress distribution in the middle cross-section (MPa).

Fig. 8. Overall view of the cooling tower.

Fig. 9. In¯uence of the limit conditions at the base (``elastic''

calculation).
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placement pattern is strongly related to the meridional

curvature of the shell, especially in the lower region.

The time analysis of the shell is conducted as fol-

lows. Every day, the mould is removed and lifted up

by one element height. The top of the mould is

adjusted in order to meet the theoretical geometry of

the shell. After casting, the weight of the mould and

the weight of the fresh concrete are supported by the

older part of the structure. To take account of this

method of construction, the numerical procedure is

divided in one elastic computation followed by one or

several viscoelastic steps. The weight of the new ring is

accounted for by a force applied to the upper node of

the last-built element. The new ring does not contrib-

ute to the sti�ness of the structure until the next day.

After each computation step (elastic or viscoelastic),

the state of the already-built part of the structure is

updated in order to take the incremental increase in

stresses, strains and displacements into account. The

next day, the mould is removed and the new ring

becomes part of the structure. All state values attached

to the upper node of the new element are given zero

values. This cycle is undertaken 62 times in order to

scan the whole process of construction of the shell.

The computation corresponding to the period of con-

struction is followed by a number of viscoelastic com-

putation steps, in order to complete the time analysis

of the structure over a 30 year life span (211,000

days).

Fig. 11 shows the evolution of the radial displace-

ment as resulting from the computation process

described above. Negative values correspond to a dim-

inution of the radius of the shell. During the construc-

tion, the uppermost edge of the shell is constantly

adjusted to its theoretical position, as mentioned

above. This is the reason why the displacement ampli-

tude remains rather small during the period of con-

struction, compared with the size of the structure. The

radial displacement increases considerably during the

next 30 years.

The long term displacement pattern can be qualitat-

ively compared with the displacement pattern resulting

from elastic analysis (curve 4 on Fig. 10). Obviously,

the computed values are quite di�erent in their distri-

bution in terms of the altitude. Fig. 12 gives an expla-

nation of this di�erence. The short term displacement

pattern depends on the process of construction (curve

Fig. 10. In¯uence of the meridional curvature on the radial

displacement (``elastic'' calculation).

Fig. 11. Radial displacement (``viscoelastic'' calculation).

Fig. 12. Radial displacement: line 1, elastic; line 2, elastic

(incremental construction); line 3, viscoelastic (shrinkage

omitted).
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2 versus curve 1). Taking the phases of construction
into account, the elastic analysis and the long term
analysis (without shrinkage) yield qualitatively similar

patterns (curve 2 versus curve 3). The ®nal diagram on
Fig. 11 is similar in shape to curve 3 on Fig. 12: the
di�erence in magnitude results from the e�ects of
shrinkage. This discussion shows that the long term

behaviour of such a structure depends on any time-re-
lated parameter, including the process of construction.
The model gives access to the stress distribution in

the concrete and in the reinforcing steel within any
cross-section of the structure. Fig. 13 shows the evol-
ution of the hoop stress in the concrete, close to the

outer surface of the shell. It can be seen that the con-
crete remains compressed during the period of con-
struction.

Then the compressive stress decreases progressively
and turns to tension after a few years. This evolution
is shown in Fig. 14 for a point located at an altitude
about 80 m. After 30 years, the distribution of the ten-

sile stress is about uniform (20.13 MPa) in the lower
half of the tower. It is interesting to notice that the
existence of tensile stresses cannot be predicted from

an elastic computation (dashed line on Fig. 13). Still,
reliable information is required about the state of
stress in order to estimate the risk of cracking, es-

pecially in the lower part of the tower where tempera-
ture conditions are worse.

6. Conclusion

The method presented above is based on the theory

of linear viscoelasticity. It applies to composite struc-
tures made of elastic or viscoelastic materials, such as
wood, concrete, reinforcing or prestressing steel, etc.

The e�ciency of the method originates from the com-
bination of an incremental approach to account for
time e�ects, with a global approach to express the

behaviour of usual structural elements in terms of the

generalized variables of the beam, plate or shell the-
ories.

The method allows to predict the consequences
induced by time dependent e�ects in composite struc-
tures. Changes in the stress and strain distribution,
and progressive de¯ection of the structure, can be ana-

lysed, taking account of the way of construction and
the time dependent behaviour of the constituting ma-
terials. The numerical ®gures may di�er substantially

from those obtained from an elastic analysis. By using
this method, it is possible to predict the range of stress
redistribution or to evaluate long term de¯ection in

huge or complicated concrete structures for example.
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Fig. 13. Distribution of the hoop stress in concrete.

Fig. 14. Evolution of the hoop stress in concrete.
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