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Constraints on the coefficients of the equations of state of anisotropic 
linear viscoelasticity are obtained using the positive definiteness of 
two quadratic forms--the potential energy and the energy dissipation 
rate. 

We will  c o n s i d e r  a mechan ica l  s y s t e m  comple t e ly  

c h a r a c t e r i z e d  by g e n e r a l i z e d  coord ina te s  qi,  i = 1 . . .  n. 
The  equ i l ib r ium posi t ion is taken at the coord ina te  
o r ig in  whe re  qi = 0. 

The  s y s t e m  is acted upon by the g e n e r a l i z e d  ex -  
[ernal  f o r c e s  Qi, i = 1 . . .  n, a s soc i a t ed  with the c o -  
o rd ina tes  qi. Of c o u r s e ,  s o m e  of the f o r c e s  Qi may  
be equal to ze ro .  

Let  the s y s t e m  be d i sp laced  f r o m  the equ i l i b r ium 
posi t ion into s o m e  nonequ i l ib r ium s ta te  qi. If we a s s u m e  

that the ent ropy of the s y s t e m  S is z e r o  in the equ i l ib -  
r ium posi t ion ,  then for  the d i sp laced  s y s t e m  S < 0: 

S = 0  at qi=0; S < 0  at q~=/=0. (1) 

The  en t ropy  of a s y s t e m  under  the act ion of s o m e  
m e d i u m  (or f o r c e s )  is equal to the m i n i m u m  work  

Rmi  n (with a minus  sign and divided by the t e m p e r -  
a tu r e  T) that  mus t  be done by the f o r c e s  (or the m e d -  
ium) in o r d e r  to t r a n s f e r  the body f r o m  the equ i l i b r ium 
posi t ion into the nonequ i l ib r ium s ta te  of (1): 

Rain 
s = -  - - 7 -  (2) 

The minimum work is equal to the difference of the 
energies of these two states. If it is assumed that the 

temperature of the body is constant and the process is 

almost static, i. e. , if we neglect the kinetic energy, 
n 

then Rmi~= U-uo-~Qiq{, where U is the potential 

energy in the nonequilibrium state, U 0 is the potential 
n 

energy in the position q{=O; -EQiq~ is the potential 

energy of the external forces. 
It is always possible to assume that U : 0 at qi = O. 

Within the framework of linear theory 

U = 1  ai~q~qj, (3) 

w h e r e  aij is a pos i t ive  def in i te  quadra t i c  f o rm .  (The 

potent ia l  e n e r g y  of the s y s t e m  is not nega t ive .  ) Con-  
sequen t ly ,  the ent ropy of the s y s t e m  is e x p r e s s e d  as 
fol lows : 

n 

! , ~ Q i q i .  T S  = --  -~- a~jqiq j + 
i = 1  

(4) 

OS 
O n s a g e r ' s  t h e o r e m  s ta tes  that if we set  X ¢ = - d x  ~ , 

where  x i a r e  coord ina te s  d e t e r m i n i n g  the s ta te  of the 
s y s t e m ,  and if a l i nea r  re la t ion  exis ts  between X i and 

xi ,  then X i = 7ikXk , and 7ik = Yki" 
It is easy  to s e e  that 7ikki:kk is a nonnegat ive  quad-  

ra t i c  f o r m ,  s ince  

• a s .  , .  
S =--v-- x i  = A+xz = yudq i, ~ O, 

OXi 

C ons equent ly ,  

OS 
T " v - ' -  = --  a i jq j  + Q i =  b t jq j .  

oq~ 

(The coefficients bij differ from 7ij with respect to the 

constant factor T. ) 

Qi = aijq~ + b i jq j .  ( 5 )  

In what fo l lows,  a l i nea r  v i s c o e l a s t i c  med ium is a 
m e d i u m  for  which the r e l a t i on  be tween the g e n e r a l i z e d  

f o r c e s  and coord ina te s  is  given by Eq. (5). 
It is  poss ib le  to show (see [1]) that bi jqiq j d e t e r -  

m ines  the d i s s ipa t ion  of mechan ica l  ene rgy  in the 
s y s t e m  and half  that quant i ty  is  ca l led  the d i s s ipa t ion  

function : 

D=Abi  A. (61 
2 

In this ca se  the law of conse rva t i on  of total  ene rgy  

Qt4~= 0+2D (7) 

is sa t i s f i ed .  
Equat ion (5) was obtained in [2] by somewha t  d i f -  

f e r en t  r eason ing .  
In v i s c o e l a s t i c  s y s t e m s  the posi t ion of the s y s t e m  

is not comple t e ly  c h a r a c t e r i z e d  by ass ign ing  a s ing le  
total  d e f o r m a t i o n  ei j .  In the genera l  case ,  apar t  frorn 
the six components  of the t e n s o r  e i j ,  it is n e c e s s a r y  
to in t roduce  o ther  coord ina tes  qi,  which,  in addit ion 
to eij , a lso  c h a r a c t e r i z e  the med ium.  

In an actual  m a t e r i a l  the addi t ional  coo rd ina t e s  qi 
may  be given phys ica l  s ign i f i cance .  Thus ,  fo r  e x -  
ample ,  in [3] the equat ion of a s tandard  sol id was ob-  
ta ined by in t roducing ,  apa r t  f r o m  the s t r a in  e,  the 
c h a r a c t e r i s t i c  ~ c h a r a c t e r i z i n g  the d e p a r t u r e  f r o m  
equ i l i b r ium (4 c h a r a c t e r i z e s  the d i f f e r ence  of m o l e -  

cu les  with lef t  and r ight  o r ien ta t ion) .  In the s a m e  
paper  it was shown that it is a l so  poss ib l e  to in t roduce  
s e v e r a l  coe f f i c i en t s  ~i c h a r a c t e r i z i n g  the number  of 
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deformed molecu les  of the d i f ferent  components ,  which 
leads to the fo rmat ion  of the equations of a v i s coe l a s t i c  
body of m o r e  complicated s t ruc tu r e .  The coeff icients  
~i a r e  gene ra l i zed  coordinates  which, at the s ame  t ime  
as the total  s t r a in ,  c h a r a c t e r i z e  the nonequ i l ib r ium 
v i s coe l a s t i c  sys t em.  

We will  c o n s i d e r  what cons t r a in t s  mus t  be imposed 
on the equat ions of an i so t rop ic  v i s coe l a s t i c i t y  to s a t -  
isfy bas i c  r e l a t ion  (5), if among the externa l  forces  
only the s t r e s s e s  act.  We wr i t e  the equat ions of a n i s o -  
t ropic  v i s coe l a s t i c i t y  in the fo rm:  

t 

(~i~ ' l t jEj÷ f ~bijse ~%~j(T)dT÷Qj~j. 
-- ¢wt 5 

(8) 

In [4], on the bas i s  of an a s sumpt ion  conce rn ing  the 
s u m m a t i o n  of s t r a i n s  over  inf ini te ly  sma l l  sp r ings  and 
dashpots ,  the condit ions for  the coeff icients  of Eq. (8) 
were  obtained in the o n e - d i m e n s i o n a l  case :  

t 

(9) 

where Q3(p) and Qt(p) a re  t h i r d -  and fou r th -degree  
polynomials .  

It is easy to find re la t ions  for the coefficients  of 
the s t a r t i ng  equations (10) for  which Q4(p) has complex 
roots ;  consequent ly ,  the reso lven t s  in the solved equa-  
t ions will contain the s ine  and cos ine  of the function,  
i. e . ,  under  the act ion of constant  s t r e s s e s  the s t r a i n s  
a r e  s inuso ida l ,  which is phys ica l ly  imposs ib le .  For  

example ,  if we set  a~ = a~= l0 and the re laxa t ion  
a~2 b~ 3 

t imes  in d i r ec t ions  1 and 2 a re  the s ame  (nil = n2~) , 
then,  with va r i a t i on  of the re laxa t ion  t ime  at a P o i s son ' s  

r a t io  n~ > 39 n~ ~ - ,  complex roo t s  appear  in the r e so lven t s .  

At the s ame  t ime,  on the bas i s  of [2] we can fo rmu la t e  
a l e m m a :  if we have a sys tem of equations 

i1112 00 I lIII - qq 2 [ ¢ij+P~ij , (13) 

These conditions are very simple: all E, ~, b s, and n s 
must be real and nonnegative. 

For an anisotropie materia[ the analogous condition 

is not sufficient. 

As an example we will consider the system of equa- 

tions of the plane problem of an orthotropie vis coelastic 

body: 

~1~ = a~el +a~2e2-F 

t t 
t-'~ t - ~  

f e-=bli f r"~b 12~2dx; + £1d~+ e' 

0- 2 = a l 2 g  I -~  a 2 2 e  2 + 

l t 
t - %  t --$ 

(io) 

Applying the Laplace  t r a n s f o r m a t i o n  to (10) 

p82 
( h = a ~ e t + a ~ 2 s 2 + b H ~  +b~2 I 

- - + p  - - + p  
/211 lZ12 

P e l  , ~ P g 2  
g~=a1~sl+ame2+b12-----~-t-o22 1 

~ + p  - - + p  
h i 2  /'/22 

(11) 

we solve  them for  e~ and e 2. Af te r  r educ ing  the equa-  
t ions  to the common denominator, we obtain 

Q123(p) QII3(P) + 0 2 ~  eq =A~v~I +A~2(y2+al Q4(p) Q4(p) 

QI23(P) O223(p) 
e2=Ai~rh+A22(~2+ot Q4(p-----~ 4-02 Q4(p) ' (12) 

where  u]j and 3 i i  a re  s y m m e t r i c  nonnegat ive  quadra t ic  
f o r m s ,  ano p denotes the symbol  of d i f fe ren t ia t ion ,  its 
solut ion wilI be 

t 
t - ' f  

q , = o . . +  f .j(z)d  (14) 

where  X s a re  pos i t ive  r ea l  n u m b e r s .  
Consequent ly ,  the pos i t iveness  of U and D together  

with O n s a g e r ' s  t heorem give a suff ic ient  condit ion for 
the nonappea rance  of complex and posi t ive  roots in 
the r e so lven t s  of so lu t ions  (14). However,  it is pos -  
s ib le  to show with an example  that these  condi t ions  
a r e  not n e c e s s a r y .  

We wil l  now cons ide r  the condit ions under  which 
sys t em of equat ions (8) is equivalent  to sy s t em (5) or  
in developed form to (13). In ope ra to r  fo rm,  Eqs.  (8) 
a r e  wr i t t en :  

(15) 

Equations (13) can be somewhat  s impl i f ied  by a l i n e a r  
t r a n s f o r m a t i o n  of the coordina tes  qi, r educ ing  the 
bot tom r igh t -hand  par t  of the ma t r ix  to diagonal  form : 

Ji:]t ::l i i J ...................... i ; j  .................... o ........ l 
= J i r b + l  ; 

L : ~b-A 
i , ] = l . . . k ;  r = k + l . . . n  or  r = k + s .  (16) 

We e l imina t e  f rom Eqs. (16) the addi t ional  coordina tes  

qr :  
~i= (a~j+ P~o)ej+ (czir + p~i~)q, ; 
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~ (~z~s + p~,~) 
q'= 1 p + - -  

(there is no s u m m a t i o n  over  the subsc r ip t  r of the co-  
eff icient  ~r  e i ther  h e r e  or  in what follows) and obtain 

,~= [ ~z~-~ p ~ -  
l p + ~  

(~i = [ ai~ + p ~ - 

1 p + - -  
~r  

1 
p + ~  

--.~.~ l ~ j ~ n , - - - - ~ l l ~ .  (17) 
p+~ 

Compar ing  e x p r e s s i o n  (17) with Eq. (15), we a r r i v e  
at  the c onclus  ion that  a l l  ~r m u s t  be equal to the r e l a x a -  
t ion t ime  n s, while  the pa ren the t i ca l  e x p r e s s i o n s  

fTi, " 

a r e  de t e rmined  f rom a c o m p a r i s o n  with the coeff ic ients  
bijS in Eq. (15). 

Thus ,  i it appea r s  that  C~ir and ~ i r  cannot  be un ique ly  
d e t e r m i n e d  s t a r t i n g  f rom the coeff ic ients  of Eq. (15); 
only exp re s s ions  ( 1 8 ) a r e  de t e rmined .  T h e r e f o r e ,  Eqs.  
(16) may  be wr i t t en  in in f in i te ly  many  ways;  it is a lso  
possible arbitrarily to assign either/3 ir or air , with 

a view to maximum simplification of system ~6). 
Hence, in what follows we assume that/~ ir = 0. Then 
Eqs. (17) take the form: 

1 P 
1 O~ir(~rj~r ] 8j 

p + - -  
~r 

(19) 

If al l  the ~r  a r e  d i f fe rent ,  then,  c o m p a r i n g  (19) with 
(15) and subs t i tu t ing  k + s for  r ,  we have 

V bid ~lk+,~= n~ ; ~i h+~ = - ~  (no s u m m a t i o n  ) ; 

~tj=Clj ; ctij=aij+ ~ b J  

(no summation over i, j). (20) 

In this case ,  s ince  ali  the ~?r a r e  a s sumed  to be d i f -  
fe rent ,  the cons t r a in t  

b s_V b s b s (21) ij - -  ~ ti H 

is imposed on the coeff icients  bii s. Below we wilt show 
that this c o n s t r a i n t  is  not manda tory .  

F r o m  Eqs. (20) it  is convenient  to find the quad-  
ra t i c  fo rms  cgij and /3ij and, consequent ly ,  the po- 
tent ia l  and d iss ipa ted  energy  for any one -d imens iona l  
l i n e a r  v i scoe la s t i c  sol id,  where  the t r a n s v e r s e  s t r a i n s  
bij a re  not cons idered ,  or  in cases  in which the coef-  
f ic ients  bij s sa t is fy  Eq. (21). 

We wiII c o n s i d e r  the example  of a s t andard  sol id:  

e=e [E + (H-E)  P ] . 
1 p+- -  
n 

Equat ions (20) take the fo rm:  

/ H - E  
• l=n; ale= n ; ~u=0;  all=H. (22) 

Equations (16) are written thus: 

0 q ] / H - E  

e=eH+q V H - E  
n ; 

0: V 
n +q 

(23) 

The  t ab les  of aij  and f~ ij take the fo rm:  

oo] 

Owing to the pos i t ive  de f in i t eness  of the fo rm chj, 
the following na t u r a l  cons t r a in t s  a re  imposed on the 
coeff ic ients  of the s t a r t i ng  equation: H > 0; n > 0; H -- 
- - E >  0 ; E >  0. Now 

U= (allee+2a~2eq+a22q 2) =- 

1 E ,) 
=-~ -'--I~-- eq+q2n ; 

2D = ~2 (24) 

F ind ing  q f rom the f i r s t  of Eqs. (23) and subs t i tu t ing  
i t  in (24), we obtain 

U = ( a - E e ) 2 + e 2 E ( H - E )  . 
H--E 
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2 D = ~ ( o ' -  ell) . 

These  express ions  coincide with those obtained in 
the case  of summat ion  of the accumula ted  energy  over  
the spr ings  and the d iss ipated  ene rgy  ove r  the dashpots  
in [4]. 

We will cons ide r  the case  of equal ~?r. We denote by 
r~p s those ~?r that a r e  equal to ns. The co r respond ing  
(~ir a r e  denoted by Cqp s. Then,  col lect ing like t e r m s  
in (19), we have  

1 s p+__ , 
Hs 

Compar ing  with (15), we obtain 

bl~ s= 2 ct s,,,, s. ip ~3P ' 

0 

biis= 2 ~ipSS~io s ~ bjjs~- 2 (z~ps(~jp s , (25) 
P P 

i. e . ,  bijS i is  the s c a l a r  product  of two vec to r s  ~ip s and 
C~jpS (summat ion over  p). Hence it follows that 

(biT) e ~ bi~sb~F¢. (2 6 ) 

Inequali ty (26) gives the cons t ra in t s  on the v i s e o -  
e ias t ic  P o i s s o n ' s  r a t ios .  In pa r t i cu la r ,  if in t h e d i r e c -  
tion of the de fo rma t ions  with subsc r ip t  i t he re  is no 
t e r m  with re laxa t ion  t ime  n s (biis = 0), then the re  will 
also be no such relaxation time in the transverse di- 

rections ¢oijs = O) for any j. If the material is iso- 

tropic, then the transverse deformation relaxation 
time is the same as for longitudinal deformation. 

P b P -e2; o~=a~te~+a~s~+b~-------.~el+ ~ 1 
p+- -  p+- -  

n n 

p+- -  p+- -  

where  b~22 < bilb22. 
We divide bil and }322 into the components: 

(27) 

b,,=X,+X:; ~:=Y,+Y~; b,~=~/R,Y,+fx;~: (28) 

One unknown can be a r b i t r a r i l y  ass igned.  System (28) 
is sa t is f ied,  fo r  example,  by  the values  of the un-  

knowns: X~=O; X~=bH; Y~= b ~  b~2bli--bl~ ~ 
bu ; Y~= b~ 

Consequent ly ,  (27) may  be rewr i t t en :  

P P ) 
P + - ~  P+-~" 

[ P-'---~ p+--~ 

g~=a12~.ar, a2292--} - 

+ ..... b~22 p ) b~2 P ei -~ e2 + 
1 b~ 1 

P+n P+n 

b22bn_ble2 P ) 
O - ~ P l  sIH b1~ I s~ • + 

P+-Y ~+7 

The s y s t e m  of equivalent equations (16)has  the f o r m :  

G2 

° I 0 
J 

~2 

q~ 

q4 

]/bH ax,+bl~ al2+b,2  --ff 0 

]/ b'22 a12+bi~ a2~+b22 rb---~ln f b22bl~-b122 
bHn 

n "b,n P + n  0 

V b22bjl--bl2 '2 1 
0 bl~n 0 P+~n 

(29) 

The coefficients ~ij can be found by dividing the 
bij s in the s t a r t i ng  equation (15) into p a r t s :  bij s = 

=ZX~j~ ~, so that  the individual components  sa t i s fy  r e -  

iat ions (21): 

~Xii osXjj o s ~ X 0 s , 

af te r  which it is poss ib le  to employ Eqs.  (20). 
As an example  we will cons ide r  the equations of 

an o r tho t rop ic  body in the plane case  with a s ingle r e -  
Iaxat ion t ime :  

Having obtained the coeff icients  c~ij and fl ij,  f r o m  Eqs.  
(29), a f te r  s imple  but r a t h e r  lengthy t r a n s f o r m a t i o n s ,  
we obtain express ions  for  the accumula ted  ene rgy  U 
and the r a t e  of ene rgy  dissipat ion 2D: 

n • 
2D= b~,b~i bi~{ b=:'~12+bu~=2+[(alt+bll)~b22+ 

+ b~l (a122--bl~ 2) --2b12all (aL2 + b12)] e12+ 

+ [ (a~ + b~2) ~bll + b:2 (a,~ ~ -  b122) - 2b t2a22 X 
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X (a12+b12)] e ~ 2 + 2 [ ( a l 2 - , i - b j 2 ) b i 2  - 

-- (an +bu) b~] e~(rt +2  [ (az:+b::) bl : -  

- (a~+ b~=) b~] ~ + 2 [(a~+ b~) b ~ -  

- -  ( a2~ + b2~) bl~] g ~ + 2 [ ( a t ~ + b H )  (a~ + b~) b~2- 

-- (ale+b~)~b,:+ (a~+b~2) (al2blt-al~bl2)] e~e2 }. ( 3 0 )  

It is easy  to show that if condit ions (26) a re  s a t i s -  
fied, the s y s t e m  of in tegra l  equat ions (8) is equivalent  
to a s y s t e m  of d i f fe rent ia l  equations of o rde r  n = s + 1. 

As an example  we wilI cons ide r  the case  when all 
the ns a r e  d i f fe rent  and s = 1. Then the s y s t e m  of d i f -  
f e ren t i a l  equat ions has the following fo rm:  

• t " C'" 
n, 

(no s u m m a t i o n  over  i), (31) 

where  the coeff ic ients  ni ,  Aij , Bij , and Cij a re  ex -  
p r e s s e d  in t e r m s  of the coeff ic ients  of Eqs. (8) as 

a~j clj 
follows: A , j = ~ -  ; Bij=bL~+ ~ +aij; (Tij=cij; ni=ns. 

Condit ion (26) now fakes the fol lowing form:  

C~j 
B~j - n~A~j - - - -  

n~ 

= ] / B . -  C,, "V n i  - - -  B j j  - n i A j . ~  (32) 

(no summation). 

The coefficients of the quadratic forms cqj and ~ ij 
are found from the following equations (see (22)): 

-aT~ - ; 

Cij 
~fj = C~ ; c¢d--- B d- 

ni 

We note that ,  by us ing  Eqs. (16), it a lways is poss ib le  
to exp res s  qr  in t e r m s  of ei and e l ,  so that the o p e r -  
a tor  p is not in the denomina to r .  T h e r e f o r e  the func -  
t ions  U and D for  an an i so t rop ic  m a t e r i a l  c~n always 
be exp re s sed  in t e r m s  of the s t r e s s e s  and s t r a i n s  and 

the i r  der iva t ives•  This  was noted in [4] in re la t ion  to 
the one -d imens iona i  case .  In the i so t ropic  case ,  of 
course ,  it is m o r e  convenient  to find the energy  U and 
the d i s s ipa t ion  ra te  D sepa ra t e ly  for the vo lume s t r a i n  
and for  the dev ia to r  component:  

(~=ae+ce+ 2.~ b ~ P e;  
1 s p+__  

ns 

Sij=ate~j+cleij+ 2 b l s - - ~ e i j .  
s p+__ 

ns 

C ONC LUSIONS 

1. If the equations of s ta te  for a l i n e a r  v i scoe la s t i c  
med ium a r e  given in t h e f o r m  of in tegra l  equat ions with 

ke rne l  ~b~/×e"  '*8 , then the sa t i s fac t ion  of cons t r a in t  
s 

(26) is a suff ic ient  condition of the ex i s tence  of the two 
quadra t ic  f o r ms  that  play the par t  of potent ial  energy  
and d i s s ipa t ion  function.  

2. Sat is fact ion of cons t ra in t  (26) is a suff ic ient  con-  
di t ion of the equiva lence  of the in tegra l  equat ions with 
exponential  ke rne l s  and a sy s t em of l i n e a r  d i f ferent ia l  
equat ions of o rde r  not g r e a t e r  than n = s + 1. 

3. If cons t r a in t  (26) is sa t i s f ied ,  it is poss ib le  to 
ca lcu la te  the potent ial  energy  and energy  d i ss ipa t ion  
r a t e ,  whose posi t ive  def in i teness  imposes  cons t r a in t s  
on the coeff icients  of the s t a r t i ng  equat ions.  Sa t i s -  
fact ion of the above-ment ioned  cons t r a in t  is suff ic ient  
for s inuso ida l  S t ra ins  not to develop under  the action 
of cons tant  s t r e s s e s .  
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