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Constraints on the coefficients of the equations of state of anisotropic
linear viscoelasticity are obtained using the positive definiteness of
two quadratic forms—the potential energy and the energy dissipation
rate.

We will consider a mechanical system completely

characterized by generalized coordinates qj, i =1 ...n.

The equilibrium position is taken at the coordinate
origin where gj = 0,

The system is acted upon by the generalized ex-
ternal forces Qi, i =1 ...n, associated with the co-
ordinates qj. Of course, some of the forces Qj may
be equal to zero.

Let the system be displaced from the equilibrium
position into some nonequilibrium stateqj. f weassume
that the entropy of the system 8 is zero in the equilib~
rium position, then for the displaced system S < 0:

S§=0 at ¢;=0; S<0 at g¢,70. @)

The entropy of a system under the action of some
medium (or forces) is equal to the minimum work
Rmin (with a2 minus sign and divided by the temper-
ature T) that must be done by the forces (or the med-
ium) in order totransferthe body from the equilibrium
position into the nonequilibrium state of (1):

_ Rmin

S=— 5= @)

The minimum work is equal to the difference of the
energies of these two states. If it is assumed that the
temperature of the body is constant and the process is
almost static, i.e., if we neglect the kinetic energy,

n
then Rpp= U—Uy—2Q:q:;, where U is the potential
i=1
energy in the nonequilibrium state, U, is the potential
n
energy in the position ¢;=0;, —5Q,9; is the potential
f==1

energy of the external forces.
It is always possible to assume that U = 0 at g; = 0.
Within the framework of linear theory

1
V=5 9195, (3)
where ajj is a positive definite quadratic form. (The
potential energy of the system is not negative. ) Con-
sequently, the entropy of the system is expressed as

follows:

I
TS=— ?aijQIQj+ ZQiqi- (4)
iz

Onsager's theorem states that if we set X,—:—gf_ ,

where xj are coordinates determining the state of the
system, and if a linear relation exists hetween Xj and
xi, then Xj = 'Yik}.‘k’ and ¥ig = Yki-

It is easy to see that vy %%, is a nonnegative quad-~
ratic form, since

oS -

S =St =Xi~;fi=’vmﬁ.ﬁzén =0.
Consequently,

T-b—q[—= ~ a5+ Qi=buq;.

(The coefficients by; differ from Vij with respect to the
constant factor T.)

Qi=a;9;5+bisg;. (5)

In what follows, a linear viscoelastic medium is a
medium for which therelation between the generalized
forces and coordinates is given by Eq. (5).

It is possible to show (see [1]) that bijqiq]- deter-
mines the dissipation of mechanical energy in the
system and half that quantity is called the dissipation
function:

D= bijq-iq.j- (6)

In this case the law of conservation of total energy
Qi=U+2D (7)

is satisfied.

Equation (5) was obtained in [2] by somewhat dif-
ferent reasoning.

In viscoelastic systems the position of the system
is not completely characterized by assigning a single
total deformation gij. In the general case, apart from
the six components of the tensor eij, it is necessary
to introduce other coordinates q;, which, in addition
to Eij» also characterize the medium.

In an actual material the additional coordinates q;
may be given physical significance. Thus, for ex-
ample, in [3}] the equation of a standard solid was ob-
tained by introducing, apart from the strain e, the
characteristic ¢ characterizing the departure from
equilibrium (¢ characterizes the difference of mole-
cules with left and right orientation). In the same
paper it was shown that it is also possible to introduce
several coefficients £; characterizing the number of
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deformed molecules of thedifferent components, which
leads to the formation of the equations of a viscoelastic
body of more complicated structure. The coefficients
¢i are generalized coordinates which, at the same time
as the total strain, characterize the nonequilibrium
viscoelastic system.

We will consider what constraints must be imposed
on the equations of anisotropic viscoelasticity to sat-
isfy basic relation (6), if among the external forces
only the siresses act. We write the equations of aniso-
tropic viscoelasticity in the form:

t
t—%
or=ase;+ f bejse“"_s“s'j(r)dr+cijéj. (8)
Rl

s

In [4], on the basis of an assumption concerning the
summation of strains over infinitely small springs and
dashpots, the conditions for the coefficients of Eq. (8)
were obtained in the one-dimensional case:

. By
o=FEe+ne+ beée "s o edy, (9)

These conditions are very simple: all E, 1, bg, and ng
must be real and nonnegative.

For an anisotropic material the analogous condition
is not sufficient.

As an example we will consider the system of equa-
tions of theplaneproblem of an orthotropic viscoelastic
body:

o1 =ane;+ag82+

/ [ 1

4 -1
+ [3_7"” bu?:xd'H- fe—_": bmész;

— —

Oz==(12€; +Agzta+

oo oo
-+ fe e hrgdi+ fe Pz hosesdt. (10)

Applying the Laplace transformation to (10)

e
O =118+ Q1983+ by +big pee ;
—t —t
iy p ni F
£ &
02 (81 + Agpeg+byo lpl +bag 1[72 ) (11
e —tp
L3P N

we solve them for g and g,. After reducing the equa-
tions to the common denominator, we obtain

5 3
er=Apno+ Ao 40 %;(Lp}) +oe %i(f:;) ’
N 3
gy == A g0 + App0g -+ 6y QC;(/(D[;) + 02 Qin((Pp)) Y 2)
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where Q¥(p) and Q*(p) are third- and fourth-degree
polynomials.

1t is easy to find relations for the coefficients of
the starting equations (10) for which Q*(p) has complex
roots; consequently, the resolvents in the solved equa-
tions will contain the sine and cosine of the function,
i.e., under the action of constant stresses the strains
are sinusoidal, which is physically impossible. For
example, if we set 2" = @ _10 ;14 the relaxation
. big 3
times in directions 1 and 2 are the same (ng = nyy),
then, with variation of the relaxationtime at a Poisson's
ratio z—f > gg, complex roots appear in the resolvents.
At the same time, on the basis of [2] we can formulate

a lemma: if we have a system of equations

Oy - B [75} B

[sp) qa

o |~ Li.h o+ pBij ) 13)
0 .

0 Gn

where oy, and B8i; are symmetric nonnegative quadratic
forms, and p denotes the symbol of differentiation, its
solution will be

t
i

9i=05yi;+ fvijse‘"“;\“,“ 0;(t)dx, (14)

-

where Ay are positive real numbers,

Consequently, the positiveness of U and D together
with Onsager's theorem give a sufficient condition for
the nonappearance of complex and positive roots in
the resolvents of solutions (14}, However, it is pos-
sible fo show with an example that these conditions
are not necessary.

We will now consider the conditions under which
system of equations (8) is equivalent to system (5} or
in developed form to (138). In operator form, Egs. {(8)
are written:

o= (aij+cijp+ an‘s lp & (15)

P

Equations (13) can be somewhat simplified by a linear
transformation of the coordinates q;, reducing the
bottom right-hand part of the matrix to diagonal form:

o €; iaij +-pﬁij 2ir+ PBir
i
- an 0 :
0 qr Gri+ PBri 6 P'i‘”;}’f
) i“,,i=l ,ﬁ..k;_ r_=k+1 ...n or r=k+s. —(15}

We eliminate from Eqgs. (16) the additional coordinates
qr:
o= (a+pBij) ei+ (our+pPir)gr ;
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o= — 85{%r;+ PBrs)

1
p+—
(there is no summation over the subscript r of the co-
efficient 1y either here or in what follows) and obtain

{otrj + PPrs} (cr+PPir) ] .
I &

p A —

Mr

6= [a;;fpﬁ;;—

o= [azj+P§zj—

QL Cir + P (airﬁrj + gf‘rarj) + pﬁﬁirﬁr]‘ v]e o
I "
p+—
Nr

= {Ocij +Bup— [ Aty Oty + BirPrip —

— P 7 (oc;,.armr%——?%&i%- ﬁrjair_Bx'ram‘)] } &;=
pt— '
Tr
= [ Aij+ BuiP — QirOr Ny — BirBrjp +
+'-*~&-l'-“ (airv—";—— "_‘76;*:) (arﬂ/ﬁ—_ —_;;é)] €5. (17}
P " "’

Comparing expression (17) with Eq. (15), we arrive
at the conclusion thatall 1, mustbe equal to the relaxa-
tion time ng, while the parenthetical expressions

(aif'v‘%ﬁ——y%) and (ocrjw”r——f_nf.—;—) 18)

are determined from a comparison with the coefficients
b;;S in Eq. (15).

Thus,| it appears that oy, and 8, cannot beuniquely
determined starting from the coefficients of Eq. (15);
only expressions (18) are determined. Therefore, Egs,
(16) may be written in infinitely many ways; it is also
possible arbitrarily to assign either 8jy or iy, with
a view to maximum simplification of system (18).
Hence, in what follows we assume that iy = 0. Then
Egs. (17) take the form:

-——-p--l—- OLirClyi Ty ] gi. (19)

pt—
Nr

o= [(azj—- irlriNr) +Piip +

If all the n, are different, then, comparing (19) with
(15) and substituting k + s for r, we have

by .
Nhta=1ls;  Oipts™ VT{" (no summation );
8

By=cy; ay=ay+ Zs biy®

{no summation over i, j). 20)

153

In this case, since all the ny are assumed o be dif-
ferent, the constraint

b=Vl 21)

is imposed on the coefficients bi}-S. Below we will show
that this constraint is not mandatory,

From Egs. (20} it is convenient to find the quad-
ratic forms O and Bij and, consequently, the po~
tential and dissipated energy for any one-dimensional
linear viscoelastic solid, wherethetransverse strains
bjj are not considered, or in cases in which the coef-
ficients by;° satisfy Eq. (21).

We will consider the example of a standard solid:

o=g [E+(H——E) ---_l?-i—]
p+—

Equations (20) take the form:

Bu=0;, an=H. (22)

Equations (16) are written thus:

e VH—E
n

[s] £
o=eH+q _H-:E;
I
ozs]/??+q(%+p). 23)

The tables of ajy and 8 take the form:

H 'I/H—E
= O A L
N TH-E 1 ol 1 I

/
VEE L

Owing to the positive definiteness of the form %
the following natural constraints are imposed on the
coefficients of the starting equation: H> 0;n> 0; H —
- K> 0; E> 0, Now

i
U=.§- (0011874 20508g + c90g?) =

L (s YTEE g L),
-—7 He?+ ——r—L‘— eqd+q —f-l- H
2D=¢ 24)

Finding g from the first of Egs. (23) and substituting
it in {24), we obtain
(o0—Eg)2-+eE(H~E)

U= H—E ;
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2D= HZE(G_EH)Z- Oy=ane; -+ ayez+ by z N g1+ d T8
p+— pt—
These expressions coincide with those obtained in n n
the case of summation of the accumulated energy over p p
the springs and the dissipated energy over the dashpots Oz=(12€1 +amea+b1a 7 e1+bx A (27)
in [4]. Pt P+—n—
We will consider the case of equal 5. We denote by
71,% those 7y that are equal to ns. The corresponding where by,* < byyhy,.
ajy are denoted by o;,%. Then, collecting like terms We divide by and by, into the components:

in {19}, we have . I
bu=Xi+Xo; ba=Y+Ys;, bp=VX)Y+VX;¥,. (28)

Op== (az:’“‘%a;‘mr-i-
One unknown can be arbitrarily assigned. System (28)

, P s is satisfied, for example, by the values of the un-
+ Bup+ 1 Qig™Cip” 25~ : b2 Boobii—B1a?
$ope— ® knowns: Xp=0; X;=by; V= 0 Vp= 221712
fy by by

Consequently, (27) may be rewritten:
Comparing with (15), we obtain

2 or=ang +ape+ [ by Pl ertbi Pl & |+
by == ipip® 5 p+— pt—
[ n n
bys= Zaipsams; bjf= Eajpsajps, (25) -+ [0 pl e +0 pl €2 4,
Y Y 1
p‘l‘”—;’:‘ p—(L?

i.e., bjj% isthe scalarproductof two vectors @jpS and
@jpS (summation over p). Hence it follows that

(bis*)2=<<hishyys . (26) ot
-+ bxg £y —l-z- ——-[-7—— e2 1+
Inequality (26) gives the constraints on the visco- 1 by
elastic Poisson's ratios. In particular, ifinthedirec- pt— pr—
tion of the deformations with subscript i there is no
term with relaxation time ng (bijjs = 0), then there will P bogbii—bi? P
R . > : . 0 il ¢
also be no such relaxation time in the fransverse di + & by 2
rections {bijs = Q) for any j. If the material is iso- P"%"-ﬂ— P-i-';
tropic, then the transverse deformation relaxation
time is the same as for longitudinal deformation. The system of equivalent equations (16) has the form:
[ 7 3 T1r 7
bll
o1 £ antby ae+bi e 0
bl22 b22b11"b122
Qigt-byp Qo b —_—
(73 € 12+012  Qop--0p b b
= O JOR— 29
0 o | [VE VEE L o |
n bnn n
bopb gy —byg?
0 g4 0 22 [1)1 - 12 p-‘r-—;{
- o - 4 L H J
The coefficients o4y can be found by dividing the Having obtained the coefficients ojj and gi;, from Egs.

bijs in the starting equation (15} info parts: bijs = {29), after simple but rather lengthy transformations,

we obtain expressions for the accumulated energy U

=2Xi;0% So that the individual components satisfy re-
# and the rate of energy dissipation 2D:

lations 21):

VX X505 =Xij o, 2}_‘)3...._....1.1.,.._,_..2{ 5220‘124‘5“(;224‘[(011+b12)2b22+
bubgy—byg

after which it is possible to employ Eags. (20). .

As an example we will consider the equations of + by (@122~ b122) — 2b12a1: (@124 biz) e+
an orthotropic body in the plane case with a single re-
laxation time: + [(Gon+ b99) 2B 1y -+ bog (@122 — b19?) — 2B 19092 X
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X (@12+b12)] et +2[(@1a+b12) iz —
~ {@n+b11)bal 101 +2[(az+b2s) bio—
— (@124 b12) bag] 201 + 2 [(@11+B11) bra—
—(@iz+b12) by €103+ 2 [(iz+b12) bop—
— (@22 + bag) brg) €200+ 2 [ (a1 +b11) (@rg+b12) boa —
— (@i2+b13) 210+ (Gse+b23) (@iobii—anbio)] ez}, (30)

It is easy to show that if conditions (26) are satis-
fied, the system of integral equations (8) is equivalent
to a system of differential equations of order n=s+1.

As an example we will consider the case when all
the ng are different and s = 1. Then the system of dif-
ferential equations has the following form:

. i . -
O'ri-'-;-; 0;=Aye;+ Bie;+Ce;
¢
(mo summation over i), (31)

where the coefficients nj, Agj, Bjj, and Cij are ex-
pressed in terms of the coefficients of Egs. (8) as
v Ci‘
follows: A1j=%?-; Bijﬁbij-i- n—J +a;5, C,-j=Cij; n;="A,.
(3 3

Condition (26) now takes the following form:

Bij'“n[Aij—‘ m——

ny
: T C
== VBii_ Ay~ TV Bj—nA;i— —n-J-J— (32)
L 13

{no summation).

The coefficients of the quadratic forms O and B jj
are found from the following equations (see (22)):

Nr=1; airmv——i—(Bﬁ—”i ii_ﬁ');
n,

i n;

Cij
oj=Bi— T
i

Bis=Cyy;

We note that, by using Eqgs. (16), it always is possible
to express gr in terms of &j and oi, so that the oper-
ator p is not in the denominator., Therefore the func-
tions U and D for an anisotropic material can always
be expressed in terms of the stresses and strains and
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their derivatives. This was noted in [4] in relation to
the one-dimensional case. In the isotropic case, of
course, it is more convenient to find the energy U and
the dissipation rate D separately for the volume strain
and for the deviator component:

c=ag-+cet ,57 bs P e;
s
Siy=arey+ i€+ 2’715 pl €ij .
s p+_r_{;,

CONCLUSIONS

1. If the equations of state for a linear viscoelastic

medium aregiven intheform of integral equations with
~i-T
kernel ’Zbijsxe n,  , then the satisfaction of constraint
£

(26) is a sufficient condition of the existence of the two
quadratic forms that play the part of potential energy
and dissipation function,

2. Satisfaction of constraint (26) is a sufficient con-
dition of the equivalence of the integral equations with
exponential kernels and a system of linear differential
equations of order not greater thann = s +1,

3, If constraint (26) is satisfied, it is possible to
calculate the potential energy and energy dissipation
rate, whose positive definitenesa imposges constraints
on the coefficients of the starting equations. Satis-
faction of the above-mentioned constraint is sufficient
for sinusoidal strains not to develop under the action
of constant stresses.

REFERENCES

1. L. D. Landau and E. M. Lifschits, Statistical
Physics [in Russian], Moscow, 1964,

2. M. A. Biot, J. Appl. Phys., 25, 1385, 1954,

3, A, K., Malmeister, Mekh, polim, [Polymer
mechanics], 2, 197, 1966,

4, D. R. Bland, Theory of Linear Viscoelasticity
{Russian translation], Moscow, 1965.

5 October 1966 Institute of Polymer Mechanics

AS LatvSSR, Riga



