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Solution to boundary shape optimization problem of linear
elastic continua with prescribed natural vibration mode shapes

A.R. Inzarulfaisham and H. Azegami

Abstract This paper presents a practical method of nu-
merical analysis for boundary shape optimization prob-
lems of linear elastic continua in which natural vibra-
tion modes approach prescribed modes on specified sub-
boundaries. The shape gradient for the boundary shape
optimization problem is evaluated with optimality con-
ditions obtained by the adjoint variable method, the La-
grange multiplier method, and the formula for the mate-
rial derivative. Reshaping is accomplished by the traction
method, which has been proposed as a solution to bound-
ary shape optimization problems of domains in which
boundary value problems of partial differential equations
are defined. The validity of the presented method is con-
firmed by numerical results of three-dimensional beam-
like and plate-like continua.

Key words shape optimization, FEM, natural vibration
mode, modal analysis, adjoint method

1
Introduction

The use of modal analysis is expanding rapidly, with one
notable example being the widespread application of the
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method to investigating the structural dynamics charac-
teristics of mechanical systems. The modal pairs consist
of natural frequencies and mode shapes obtained from
modal analysis are used to identify the cause of vibra-
tional problems. By making use of the modal pairs, one
can evaluate the change of dynamic properties when mass
and/or stiffness is added or subtracted without changing
the structure.

However, designing a mechanical system or structure
with desired natural frequencies and/or mode shapes is
not easy. With respect to parametric structural optimiza-
tion problems, many techniques have been proposed for
modal sensitivity analysis of structural systems, among
them the methods reported by Fox and Kapoor (1968),
Nelson (1976), Wang (1991), Hagiwara and Ma (1994),
and Lin and Lim (1995). In non-parametric structural op-
timization problems, a technique for topology optimiza-
tion of linear elastic continua based on homogenization
theory was presented by Bendsoe and Kikuchi (1988)
and has been applied to topology and shape optimiza-
tion problems of vibrating structures by Diaz and Kikuchi
(1992), Ma et al. (1994), and Tenek and Hagiwara (1994).
In this technique, the material distribution is formulated
with parameters in periodic microstructures.

A limited number of papers have been presented on
non-parametric boundary shape optimization problems
of linear elastic continua formulated in terms of domain
perturbations from a family of one-to-one mappings. One
of the authors (Azegami et al. 1995, 1997; Azegami and
Wu 1996; Shimoda et al. 1998; Azegami 2000) has pro-
posed a numerical method called the traction method,
based on the gradient method in a Hilbert space, for solv-
ing boundary shape optimization problems of domains
in which boundary value problems of partial differential
equations are defined. Wu and Azegami (1995a,b) applied
the traction method to maximizing problems of natural
frequencies under a volume constraint, and to the dual
problems. Wu and Azegami (1995c) and Wu et al. (1997,
1999, 2000) demonstrated a numerical analysis using the
traction method for the minimization of frequency re-
sponses such as the strain energy, kinetic energy, and ab-
solute mean compliance.



With the traction method, the shape sensitivity,
called the shape gradient, of the given problem is eval-
uated by using the finite element method or boundary
element method based on the optimality conditions ob-
tained by the adjoint variable method, the Lagrange mul-
tiplier method, and the formula for the material deriva-
tive. The traction method was proposed as a procedure
for determining the velocity of the domain perturbation
by solving a displacement of a pseudo-elastic body de-
fined in the domain by the loading of a pseudo-external
force proportional to the negative value of the shape
gradient under constraints on the displacement of the in-
variable boundaries. Since the traction method is imple-
mented by using the finite element method or boundary
element method, it is exceptionally easy to perform, and
offers the advantage that it is not necessary to refine the
mesh of the internal nodes of the domain.

This paper is concerned with a method of solving
boundary shape optimization problems of linear elastic
continua that have prescribed natural vibration mode
shapes on specified sub-boundaries. A minimization
problem of an integral of the squared error of an assigned
natural vibration mode shape from a prescribed mode
shape on a specified sub-boundary with respect to per-
turbation of the domain of the linear elastic continuum
is formulated first. The shape gradient of the formulated
problem is found by the adjoint variable method and the
Lagrange multiplier method using the formula of the ma-
terial derivative. Using the shape gradient, a procedure to
analyze the domain variation with the traction method is
presented.

2
Shape optimization problem with prescribed natural
vibration mode shapes

Let a linear elastic continuum be defined in a three-
dimensional domain 2 C R® and on its boundary I". The
continuum is fixed on the sub-boundary Iy C I, if neces-
sary. The weak form of the governing equation for the r-th
natural vibration eigenvalue A" defined by the square
of the r-th natural frequency and the natural vibration
mode ul"l = {ui[’“]}i=17273 : 2+ R3 is represented by

a (um,v) = \"lp (um,v) , ulevu, weU, (1)

where the bilinear forms a(-, -) and b(-, -) and the ad-
missible functional space U are defined by

a(u,v) = /Cijkluk,lvi,j dz, uveU, (2)
2

b(u,v) = /puivi dz, u,veU, (3)
2

Uz{vegﬂumﬂwmzmzbcr}. (4)
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The symbols {Cijki}ijki=1,23 and p are the stiffness
of the linear elastic material and the density respec-
tively. In this paper, we use the summation convention
and the notation (-),; = 0(-)/0xz; for the partial differ-
ential, where {z;}i—123 is a coordinate system in R3.
The symbol H™({2) denotes Sobolev space of square
integrable, until m-order derivatives, functions defined
in 2.

Domain perturbation of 2 to 2, C R3 can be rep-
resented by using a one-parameter family of one-to-one
mappings as presented by Zolésio (1981), Pironneau
(1984), and Sokolowski and Zolésio (1991):

TSE{Tsi}ilegiQBXI—)XEQS, 0<s<e, (5)

T;l = {Tszl}i:1,2,3 1, >2x—Xe .Q, (6)

where € is a small positive number. The derivative of T
with respect to s defined by

V(x) = 8;;5 (T;l(x)) ,

is called the velocity.

Using the definitions above, the shape optimization
problem in which the assigned r-th natural vibration
mode shape ul"l approaches the prescribed mode @l on
the specified sub-boundary I'p C I'\ I'y while the natu-
ral vibration eigenvalue is constrained to be greater than
Al and the volume is constrained to be less than M
can be formulated as the minimization problem of the
squared error integral F(aul”l —al"l qull —al) for all
modal scaling factors a € R by using the definition of the
bilinear form E( -, - ),

x € (2, (7)

E@ﬂz/wmm (8)

I'p

This problem can be described by

min E (au[r] —al", qul — ﬁ[r])
2CR3,ulrleU,aeRr

such that (1), A"l > A"l and / de < M. 9)
7

The order in which the natural vibration modes are
called should be defined, because the order can change
in the process of shape change. In this paper, the order
is defined at the initial shape and does not depend on
the actual order based on the magnitude in the process
of shape change. Determining the correspondence of the
assigned natural vibration mode to the renewed mode
during shape change and identifying the assigned natural
vibration mode from natural vibration modes with mul-
tiple natural vibration eigenvalues can be done with the
MAC (Modal Assurance Criteria), a technique for esti-
mating the degree of correlation between mode shapes
(see Allemang and Brown (1982)).
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3
Shape gradient

To solve problem (9) by the traction method, it is ne-
cessary to evaluate the shape gradient of the problem.
The standard procedure for deriving the theoretical re-
lations to calculate the shape gradient is to apply the
adjoint variable method and the Lagrange multiplier
method. The Lagrange multiplier form of the problem,
L(ul"l, v, Ay, Ay), is defined by

L=E (aum —al"l qul - ﬁm> —a (um, v) +

A (ul, o) — 4y (A=A 4y / de— 11 |
2

(10)

where v = {v;};=1,2,3 € U has been introduced as the ad-
joint variable with respect to the weak form (1). In this
paper, we call v the adjoint mode. A; and A have been
introduced as the Lagrange multipliers with respect to
the natural vibration eigenvalue constraint and the vol-
ume constraint in (9) respectively.

For the sake of simplicity, let {Cijri}i,jk1=1,2,3 and
p be fixed in R? and let the sub-boundary Iy UI'p be
invariable during domain perturbations. By using the for-
mula of the material derivative as shown in Sokolowski
and Zolésio (1991), the shape derivative of the Lagrange
functional L = dL/ds is obtained by

L=2aF (aum —al] um/) +2aE (aum —al] um) —
a (u[’”],, v) —a (u[r],v’) + A"y (u[’”],, v) +
Al"lp (u[’”],v/) + Alrp (u[’”],v> -

A (Am _ ;[r]) A, 4

Ay dz— M | +(Gv, V), (11)
/

where the linear form (Gv, V) with respect to the velocity
V is defined by

(Gv, V) E/GWV; dar, (12)
T

G= —Cijklug]lvi,j + p)\[’”]uy]vi + Ay (13)

The notation (-) represents the derivative of a func-
tion (-) with respect to domain perturbation expressed
with the fixed spatial coordinates that is called the shape
derivative in Sokolowski and Zolésio (1991). The symbol
v={v;}iz123: I~ R3 denotes the outer normal vector.

Considering the stationary conditions for all ul’ e U,
v eU,aeR, Ay e R, and Ay e R, the Kuhn—Tucker con-

ditions with respect to ul"l, v, o, A1, and A, are obtained
as

a (um,v') =\lp (um,v') , W eU, (14)
aF (um,um) =F (ﬁm,um) , (15)

a (V, u/m) =\I"p (V, uml) +2aF (au[’”] —all, uml) ,

vul' e U, (16)
b (u[’”],v) =A, VveU, (17)
A, >0, ATsSAR g, (AW _ XW) —0, (18)

Ay >0, /da;gM, Ay /dx—M =0 (19)
2 0}

When ul"l is determined by (1), (14) can be satisfied.
(15) gives the governing equation for a € R. (16) gives
the governing equation for the adjoint mode v € U and
is called the adjoint equation of the shape optimization
problem. The solution to the adjoint equation will be pre-
sented in the next section. The inequalities (18) and (19)
give the governing equations for A; and A, respectively.
Based on the duality theorem, the optimum solution of
A7 and A5 can be determined as the positive values that
maximize the Lagrange multiplier form. These maximum
conditions give a way of finding the optimum values for A,
and As by increasing the Lagrange multipliers A; and A,
when these inequality equations are not satisfied in well-
suited problems.

When ul”!, v, o, A1, and Ay are determined by (14)-
(19), the derivative of the Lagrange multiplier form agrees
with the derivative of the objective functional because all
the constraints are satisfied. It is given by the linear form
(Gv, V) with respect to V:

ulrl,v,a,A1,4,

E (aum _al qulr — ﬁm)

=(Gv,V).
(20)

ulml v,a,41,45

From the fact that the function Gv is a coefficient func-
tion with respect to the velocity V, which is the derivative
of the design variable T, Gv indicates a sensitivity of this
problem, which we call the shape gradient. In particular,
the function G is called the shape gradient density of the
problem.

4
Solution to adjoint equation

The Kuhn—Tucker conditions with respect to the adjoint
mode v € U are given by (16) and (17). In this paper,



an approach using the modal coordinate system will be
considered in which the adjoint mode v can be expressed
by superposing the mode shapes with adjoint modal vari-
ables {¢ p]}N ; of finite number N. Considering the or-
thogonality with b(-, ) among {u p]}N 1 in (17), it is
convenient to divide v into v for p # r and viorp=r:

v="+1v, (21)

Oy = Z ulPlelel (22)
p=1,2,--,N, p#r

Ly = ulrlglT, (23)

Substituting (22) into v in (16), assuming ul”’ =ulP and

considering the p-th natural vibration equations such as

(1), the adjoint modal variables {¢[P)},_1 5 .. N, oz are
calculated by

_ 2aFE (ozum —all, u[p])
o ()\[p] _ )\[T]) b (u[p], u[p]) ’

(24)

On the other hand, substituting (21) into v in (17) and
considering the orthogonality among {ul?! }Ijjvzl, ¢l s
equal to A;.

Therefore, the adjoint mode v can be evaluated with
the natural vibration eigenvalues {)\[p]}N 1, and the ad-
joint modal variables {& p]}N 1 as

2aF (aum —al, u[p])
V= Z ()\[p] — )\[T]) b (u[P], u[p])

p=1,2,-,N, p#r

ul? 1+l g,
(25)

For determining the number of mode shapes N, it can
be a practical estimation to examine the asymptotic con-
vergence of the solution for v with respect to increasing N
that includes higher mode shapes similar in deformation
type to the assigned r-th natural vibration mode shape,
such as transverse bending, lateral bending, or twisting.

5
Traction method

When the shape gradient is evaluated, the traction
method can be employed for reshaping. The traction
method has been proposed as an iteration procedure of
the following steps when the shape gradient density is
given by G = Gg + Ef\le A Gt

(i) Solving the state equations and the adjoint equa-
tions and evaluating the objective and constraint
functionals and {G,, }M_,

(ii) Solving the velocity {V,,}M_,, V,, € D using
{Gm}mio by
a(Vrm y)=

_<GmV7Y>7 VyGDv (26)
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where a( -, -) is defined by (2) and

3

p={ve (# (2)"| Virur, =0} (27)

(iii) Determining the Lagrange multipliers {A,,}}_,
that satisfy the Kuhn-Tucker conditions by using
the Newton—Raphson method, for example

(iv) Reshaping {2 by the mapping I+ sV : 02— (2,
where V = (Vo + Zn]\le A Vi), Tis the identity
mapping, and s is an incremental parameter, then
returning to (i) and judging convergence at (i)

(26) indicates that the velocity V,, is obtained as a dis-
placement of a pseudo-elastic body defined in {2 by the
loading of a pseudo-external force of —G,,,v under restric-
tion on Iy U I'p as defined in (27), which was assumed in
the derivation of the material derivative of the Lagrange
multiplier in (11). That the velocity V decreases the ob-
jective functional can be confirmed with the coerciveness
of the bilinear form a( -, -) in a Hilbert space of D:

38,v>0: a(V,V)>p||V|3 YVED and
a(V,y) <7[Vlolylp VvV,yeD (28)

When the objective functionals at (2 and (25 are ex-
pressed by E(aul” —al’l, qul” — 1’1[’”])|Q and E(aul" —

al”l, qul — 1_1[’”])|Q , using the coerciveness of a( -, -) in

(28), the following relation holds:
( ull — gl qul — ﬁm) _
25
( ull —all qul — ﬁm) ot (Gv,sV)+o(s) =
( " aul — ﬁ[’”]) 0" a(V,sV)+o(s) <

E(oul? —al"| qul — gl

L BsIVIB+ols),  (29)

where o(-) is the Landau functional, i.e. lim,_, 1o(s) = 0.
Indeed, the second term on the right side of the inequal-
ity is strictly negative and the third term can be made
very small. The robustness of the traction method against
oscillating phenomena, which often occur in moving the
boundary nodes of finite element models in proportion to
the negative value of the shape gradient, has been con-
firmed theoretically in a previous paper by Azegami et al.
(1997).

6

Numerical examples

The presented algorithm was implemented in a com-
puter program that analyzes, by using the finite elem-
ent method, optimum shapes of linear elastic continua
that have prescribed natural vibration mode shapes on
specified sub-boundaries. By using the program, numeri-
cal analyses of a beam-like three-dimensional continuum



214

clamped at one end and a three-dimensional free sup-
ported plate-like continuum were conducted.

The finite element models were constructed using
commercial software (MSC.Patran). The modal analyses
of the models were performed using commercial software
(MSC.Nastran) for the beam-like continuum model and
a original program that used the Lanczos method and
spectral conversion for the plate-like continuum model.
The validity of the original program was confirmed by
agreement with the numerical results of the commercial
software (MSC.Nastran).

To identify the assigned natural vibration mode on
the renewed model, the MAC was employed. Using
the notation 2%~V (-, )| k-1), and {ulPl-=D}N
for the domain in the previous step, the bilinear form
in 2~ and the natural vibration modes normal-
ized with b(ulPl(F=1) u[p](k_l))’mk_l) =1 and N®),
b(+, )| g, and {ulPl®IN - for those of the renewed
model, we evaluated b(ul"/(*=1) u[p](k))|g(k) for all the
normal mode shapes {u[p](’“)}é\’=1 and chose the natural
vibration mode ul?®*) that had a value nearest to 1 in
b(ulrk=1), u[q](k))}g(k) as the assigned natural vibration
mode in the renewed model.

The number of mode shapes, N, used in the evalua-
tion of the adjoint modes was determined by examining
the asymptotic convergence of the solution for the adjoint
modes with respect to increasing N before the optimiza-
tion analyses. From the examinations, N =10 and 15
were selected for the beam-like continuum and the plate-
like continuum respectively.

6.1
Beam-like continuum problem

Figure 1 illustrates the shapes of the finite element
models of the beam-like continuum, which was assumed
to be completely fixed on the front plane boundary and
fixed in the normal direction on the bottom plane bound-
ary, i.e.

U= { vE (HI(Q))S) V]{xer|zs=0} =0,

vl gxerjaz=o) =0} - (30)

The prescribed natural vibration mode al”! was given
with the first natural vibration mode on the bottom plane
boundary in the reference model shown in Fig. 1a, i.e.

FD:{X€F|{172:0}, (31)
il = {u[11] e HY*(I'p) u[ll] at Fig. la,} . (32)
In the analysis of domain variation by the traction
method, the front and bottom plane boundaries were

completely fixed and all the side plane boundaries were
fixed in the normal direction, i.e.

(a) Reference

(b) Initial ~ (c) Optimal

Fig. 1 Beam-like continuum problem: shape optimization of
three-dimensional beam-like continuum clamped on the front
plane in which the first natural vibration mode on the bottom
plane, u[l]7 approaches the first natural vibration mode on
the bottom plane, ﬁ[l], of the reference beam-like continuum
shown in (a)

3
D= { Ve (H'(2)) ‘ V| (xer|zg=0yUixerlap=0} =0,

fixing normal direction on all the side plane} . (33)

The lower limit of the first natural vibration eigenvalue
A1 and the upper limit of the volume M were chosen as
A1 and fg dzx for the reference model shown in Fig. 1a.
Starting from the initial model shown in Fig. 1b, the con-
vergent optimal model was obtained as shown in Fig. 1c.
Figure 2 illustrates the iteration history of the objec-
tive functional of the squared error integral E(aum —
all, qull —all), the first natural vibration eigenvalue
A1 and the volume /. o, dx, which were successfully con-
verged to the optimal condition satisfying the inequality
constraints on A and /, o dz. A comparison of the first
natural vibration modes aul!! of the reference, initial,
and optimal beam-like continua with the optimal « de-
termined by (15) on the center line in the bottom plane
boundary is illustrated in Fig. 3. From the results, it can
be confirmed that the first natural vibration mode ap-
proached the prescribed mode uniformly. Figures 4 and 5

Eigenvalue

1.2

1.0

0.8 Volume

Ratios to initial values

0.6 F

0.4} Squared error integral
0.2}

% 2 1 6 8 10 12

Iteration number

Fig. 2 Beam-like continuum problem: iteration history of the
objective functional of the squared error integral E(au[l] -
ﬁ[l], aul!! ,ﬁ[l])’ the first natural vibration eigenvalue )\[1],
and the volume [, da



show comparisons of the second and third natural vibra-
tion modes obtained as the results of the prescribed first

g 0.3 Reference ——-

3 . Initial — //
3 . ’

g Optimal= == 7/

5 %

2 0.2 %

£ 7

= /,/

= 7

5 0.1t ),/

= ¥

= e

+ /,

Z — -7

& 0 —=- s s s

é 0 0.2 0.4 0.6 0.8 1.0

Normalized coordinate on the bottom center line

Fig. 3 Beam-like continuum problem: comparisons of the
first natural vibration modes aulll of the reference, initial,
and optimal beam-like continua with the optimal « deter-
mined by (15) on the center line in the bottom plane

g Reference — ——
0.3 -
%OJ Initial
g 02} Optimal —-—- /
g //
£ 0.1 74
© 2
A Vi
= 0
E
201
)
£ —0.2 g
2 :
S 03 =
E 0 0.2 0.4 0.6 0.8 1.0

Normalized coordinate on the bottom center line

Fig. 4 Beam-like continuum problem: comparisons of the
second natural vibration modes aul? of the reference, initial,
and optimal beam-like continua with the optimal « deter-
mined by (15) on the center line in the bottom plane

Reference ——-—
0.3f

Initial

Optimal —-—-

0.2

0.1

0

-0.1

—0.2

-0.3

The first natural vibration mode aull

0 0.2 0.4 0.6 0.8 1.0
Normalized coordinate on the bottom center line

Fig. 5 Beam-like continuum problem: comparisons of the
third natural vibration modes aul® of the reference, initial,
and optimal beam-like continua with the optimal « deter-
mined by (15) on the center line in the bottom plane
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natural vibration mode shape problem. From the results
of Figs. 4 and 5, it can be said that not only the first natu-
ral vibration mode, but also the higher natural vibration
modes, approached those of the reference beam-like con-
tinuum in this problem.

6.2
Plate-like continuum problem

As a supported free continuum problem in which rigid
body modes should be taken into account, the plate-like
continuum problem shown in Fig. 6 was analyzed. The
prescribed natural vibration mode ("l was given with the
first natural vibration mode, excluding the six rigid body
modes, on the bottom plane boundary in the reference
model shown in Fig. 6a, i.e.

FD:{X€F|QZ2=0}, (34)

all = {ub e HY2(Ip)| ul at Fig. 62 . (35)

In the analysis of domain variation by the traction
method, the bottom plane boundary was completely fixed
and all the side plane boundaries were fixed in the normal
direction, i.e.

Fig. 6 Plate-like continuum problem: shape optimization
of three-dimensional free supported plate-like continuum in
which the first natural vibration mode on the bottom plane,
u[l]7 approaches the first natural vibration mode on the bot-
tom plane, ﬁm, of the reference plate-like continuum shown
in (a)
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1 3
D= { Ve (H'(92) ‘ Vlxerjas=0} =0,

fixing normal direction on all the side plane} . (36)

The lower limit of the first natural vibration eigenvalue
A1 and the upper limit of the volume M were chosen as
A and S , dz for the reference model shown in Fig. 6a.
Starting from the initial model shown in Fig. 6b, the con-
vergent optimal model was obtained as shown in Fig. 6¢.
Figure 7 illustrates the iteration history of the objec-
tive functional of the squared error integral E(aum —
alll, qult 71’1[1]), the first natural vibration eigenvalue
A1 and the volume /. o dx, which were successfully con-
verged to the optimal condition satisfying the inequal-
ity constraints on A\ and J dz. The natural vibra-
tion eigenvalue AU increased with the shape change in

1.4 r T

12 T Eigenvalue

1

Volume

1.0

0.6 r

Ratios to initial values
=
0
-

Squared error integral

0.2

0.0

0 2 4 6 8 10 12 14
Iteration number
Fig. 7 Plate-like continuum problem: iteration history of the

objective functional of the squared error integral E(au[l] —

u[l],au[l] — ﬁ[l]), the first natural vibration eigenvalue )\[1],
and the volume [, dz

Reference - - - -

Initial

Optimal == ===

Fig. 8 Plate-like continuum problem: comparison of the first
natural vibration modes aul!l of the reference, initial, and op-
timal beam-like continua with the optimal « determined by
(15) on the bottom plane

Prescibed - - -
0.6F Initial ——
Optimal « « =+

0.4

0.2

0.0

—0.2

The first natural vibration mode awlll

—0.4 . . . .
0.0 0.2 0.4 0.6 0.8 1.0

Normalized coordinate on the bottom plane A-B

Fig. 9 Plate-like continuum problem: comparison of the first
natural vibration modes aul!l of the reference, initial, and op-
timal beam-like continua with the optimal o determined by
(15) on A-B of the bottom plane shown in Fig. 8

this problem. A comparison of the first natural vibration
modes aulll of the reference, initial, and optimal plate-
like continua with the optimal « determined by (15) in
the bottom plane boundary is illustrated with a bird’s-eye
view in Fig. 8 and the specified view on the bottom line
A-B shown in Fig. 8 is illustrated in Fig. 9. From the re-
sults, it can be confirmed that the first natural vibration
mode approached the prescribed mode uniformly.

7
Conclusion

This paper presented a method for solving boundary
shape optimization problems of linear elastic continua in
which vibration mode shapes approach prescribed vibra-
tion mode shapes on specified sub-boundaries by apply-
ing the traction method. The shape optimization prob-
lem was formulated as the minimization of the integral of
the squared error of an assigned natural vibration mode
shape from a prescribed mode shape on the specified sub-
boundary under inequality constraints on the assigned
natural vibration eigenvalue and the volume. The fun-
damental relations for the shape gradient of the prob-
lem were derived by the adjoint variable method, the
Lagrange multiplier method, and the formula for the ma-
terial derivative. The solution for the adjoint equation
was presented by using modal coordinate system. The re-
sults of the numerical analyses verified that the traction
method with the shape gradient performed properly.

The demonstrated problems consisted of 3 x 50 and
16 x 16 design variables for the beam-like continuum and
the plate-like continuum problems respectively. It is not
easy to apply the parametric optimization techniques
presented by Fox and Kapoor (1968), Nelson (1976),
Wang (1991), Hagiwara and Ma (1994), and Lin and Lim
(1995) to these problems because of the number of design



variables. The presented results show the superiority of
the presented method in terms of consumption of CPU
time.
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