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Abstract The beam cross-section optimization problems
have been very important as beams are widely used as
efficient load-carrying structural components. Most of the
earlier investigations focus on the dimension and shape
optimization or on the topology optimization along the
axial direction. An important problem in beam section
design is to find the location and direction of stiffeners, for
the introduction of a stiffener in a closed beam section may
result in a topologically different configuration from the
original; the existing section shape optimization theory
cannot be used. The purpose of this paper is to formulate a
section topology optimization technique based on an
anisotropic beam theory considering warping of sections
and coupling among deformations. The formulation and
corresponding solving method for the topology optimiza-
tion of beam cross-sections are proposed. In formulating the
topology optimization problem, the minimum averaged
compliance of the beam is taken as objective, and the
material density of every element is used as design variable.
The schemes to determine the rigidity matrix of the cross-
sections and the sensitivity analysis are presented. Several
kinds of topologies of the cross-section under different load
conditions are given, and the effect of load condition on the
optimum topology is analyzed.

Keywords Topology optimization . Beam . Cross-section .

Warping . Coupling deformation

1 Introduction

Beams are very important load-carrying components in
engineering structures. For example, the rotor blades of
modern helicopters and large wind generators (Giavotto et
al. 1983) are typical beam structures. In the design of
modern structures, such as aeronautic and astronautic
structures, weight reduction is an important requirement
besides catering to certain structural performance. There-
fore, it is extremely concerned to design structural
formations of beams by investigating the optimization
techniques. At present, for the structural design of beams,
the focus is mainly on the dimensions, shape optimization
(Banichuk and Karihaloo 1976; Dems 1980; Gracia and
Doblare 1988; Mota et al. 1984; Banichuk et al. 2002), and
the topology optimization in the domain covered by the
longitudinal direction and altitude direction (Bensoe and
Kikuchi 1988; Frecker et al. 1997; Suzuki and Kikuchi
1991; Sakata et al. 2002; Rosen and Peter 1996). However,
topology optimization of beam cross-sections is rarely
found in literatures. An article by Kim and Kim (2000) is
one of the several papers on topology optimization of the
beam’s cross-section and may be the earliest work about
this problem. In fact, it is very meaningful and important to
process the topology optimization of the beam’s cross-
section. For example, in the design of the rotor blades of
helicopters or the wings of aircrafts, one of the important
problems is to find the location and direction of stiffeners
because the external profile (the shape and dimension) of
the cross-section usually cannot be modified because of the
aeroelastic design requirement, only stiffening inside the
beam’s cross-section is allowed to modify. As the intro-
duction of stiffener in a closed section beam may result in a
topologically different configuration from the original
cross-section, the existing section shape optimization
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cannot be used. Therefore, an advanced technique is
required to optimize the cross-section configuration. Topol-
ogy optimization is an effective technique to find a rational
configuration of cross-sections, which can provide a
scientific instruction for the structural schematic design
and make designers have a rational choice for the complex
structure or component at the stage of conceptual design
(Rosen and Peter 1996).

It is needed to determine the property of the beam’s
cross-section based on an appropriate beam theory in the
optimization design process. Based on the assumptions of
classical Euler–Bernoulli theory or Timoshenko theory, the
beam cross-sections will keep the plane during deforming;
consequently, the bending rigidity can be expressed by the
product of inertia moment of the cross-section and Young’s
modulus. However, these theories are not appropriate to
determine the cross-section property in topology optimiza-
tion owing to the fact that the cross-section’s warping and
deformation coupling will happen if the shape of the cross-
section is not circular, and/or the material is anisotropic and
heterogeneous. Because the topological configuration of the
cross-section is obtained by designing the distribution of
materials in the design domain (Bensoe and Kikuchi 1988;
Frecker et al. 1997; Suzuki and Kikuchi 1991; Sakata et al.
2002; Bendsøe 1989; Rietz 2001; Bendsøe and Sigmund
1999), this distribution is not homogeneous, and the equiv-
alent material constants may be anisotropic. Therefore, an
anisotropic beam theory with the consideration of the cross-
section’s warping and deformation coupling is required.

In this paper, the topology optimization is formulated as
minimizing the averaged compliance of the beam by
designing the distribution of materials in the design domain
of the cross-section. The material densities of the discre-
tized elements with porous materials are taken as design
variables. Based on the idea of the solid isotropic material
with penalization (SIMP; Bendsøe 1989; Rietz 2001;
Bendsøe and Sigmund 1999) method, a power law is used
for the relation between the material density of each
element and the effective material properties. The rigidity
matrix of the cross-section and its sensitivity with respect to
design variables are obtained using a finite element model
of an anisotropic beam theory considering the cross-section
warping and deformation coupling developed by Giavotto
et al. (1983). As numerical examples, several typical
designs of the beam’s cross-section under different load
conditions are presented, and the effect of different load
conditions on the optimum topology is analyzed.

2 Stiffness of cross-section

Consider a beam with generalized cross-section subject to
bending and twisting moments and shear and axial forces.

The geometry, the coordinate, and the inner forces acted on
the cross-section are shown in Fig. 1. Based on the idea of the
article by Giavotto et al. (1983), displacement {s} of a
general point is resolved into a part {v}, which does not
strain the sections, and residual part {g}, which is called
warping displacement, by putting {s}={v}+{g}. The first
part can be expressed in terms of the translation displacement
{w} and rotational displacement {’} as:

vf g ¼ wf g þ z½ � ϕf g; wf g ¼ w1;w2;w3f gT ;
ϕf g ¼ ϕ1;ϕ2;ϕ3f gT

ð1Þ

z½ � ¼
0 0 �x2
0 0 x1
x2 �x1 0

2
4

3
5 ð2Þ

The warping displacement is discretized on the section
through {g}=[N]{Γ}. Here, column {Γ} contains the nodal
warping displacement components, and [N] is the general
shape function matrix, which can be defined in each
element. The displacement of a general point can be
described in terms of {w}, {’}, and {Γ}.Defining a strain
operator as follows:
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;

S½ � ¼ 0

I

� �
ð3Þ

then, the strain of any point can be expressed in the
following form:

"f g ¼ B½ � Γf g þ S½ � N½ � Γ 'f g þ Z½ � Ψf g;
σf g ¼ D½ � "f g ð4Þ

Fig. 1 Coordinate system of the beam
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Here, [D] is the elastic matrix of the material. Super-
script (•)′ represents the derivative with respect to x3. I
represents three-order unit matrix. Matrices [B] and [Z] are
defined by

B½ � ¼ @L½ � N½ �; Z½ � ¼ 0ð Þ3�3 0ð Þ3�3
I3�3 z

� �
ð5Þ

According to the virtual work principle, the governing
equations of the beam have the following form:

M 0
0 0

� �
Γ 00

Ψ 00

� �
� H �L

LT 0

� �
Γ 0

Ψ 0

� �
� E R

RT A

� �
Γ
Ψ

� �
þ 0

θ

� �
¼ 0

ð6Þ
Where {θ} and {Ψ} are the resultant forces of the section

and the general strain parameters, respectively

θf g ¼ Q1;Q2;Q3;M1;M2;M3ð ÞT;

Ψf g ¼ w0 þ t½ � ϕf g
ϕ0

� �
; t½ � ¼

0 �1 0

1 0 0

0 0 0

2
64

3
75 ð7Þ

Here Q1(Q2) and Q3 are the resultant shear force and the
axial force of the section respectively, and M1(M2) and M3

are the bending and twisting moment of the section. The
coefficient matrices in (6) are defined as follows:

M½ � ¼
Z
A
N½ �T S½ �T D½ � S½ � N½ � Z½ �dA; L½ � ¼

Z
A
N½ �T S½ �T D½ � Z½ �dA

R½ � ¼
Z
A
B½ �T D½ � Z½ �dA; A½ � ¼

Z
A
Z½ �T D½ � Z½ �dA

E½ � ¼
Z
A
B½ �T D½ � B½ �dA; C½ � ¼

Z
A
B½ �T D½ � S½ � N½ �dA; H½ � ¼ C½ � � C½ �T

ð8Þ
The solutions of (6) can be divided into two parts: one is

the end solutions, which only affect a small domain at the
end of the beam, and the other is the central solutions,
which affect the most part of the domain away from the
ends of the beam. Therefore, the central solutions are taken
as the deformation pattern of the beam cross-sections. The
central solutions are determined by the following equations
(Giavotto et al. 1983):

E R
RT A

� �
Γ
Ψ

� �
¼ �H L

�LT 0

� �
Γ 0

Ψ 0

� �
þ 0

θ

� �
ð9Þ

E R
RT A

� �
Γ 0

Ψ 0

� �
¼ 0

θ'

� �
ð10Þ

here; θ0f g ¼ 0 0
�t 0

� �
θf g ð11Þ

(9) and (10) are linear, their central solutions have the
following forms:

Γf g ¼ X½ � θf g; Γ 0f g ¼ X0½ � θf g;
Ψf g ¼ Y½ � θf g; Ψ 0f g ¼ Y0½ � θf g ð12Þ

Substituting expressions (12) into (9) and (10) yields

E R
RT A

� �
Γ 0

Ψ 0

� �
¼ 0

θ'

� �
ð13Þ

E R
RT A

� �
X0

Y0

� �
¼ 0 0

�t 0

� �
ð14Þ

The compliance matrix [F] of the section can be defined
by:

dqf gT F½ � qf g ¼
Z
A

sf g
T

d"f gdA ð15Þ

Considering (4), (12), and (15), we have:

F½ � ¼ X T;X 'T; YT
� � E C R

CT M L
RT LT A

2
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5 X

X '
Y

2
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3
5 ð16Þ

where, unknown quantities X, Y, and X′ are gotten by
solving (13) and (14). The corresponding stiffness matrix of
the section is obtained by: [K]=[F]−1.

3 Formulation of topology optimization problem

For the design of the beam, there is always a concern on how
to reduce the weight and improve the stiffness of the beam. In
this paper, the objective is to minimize the average com-
pliance of the beam, and the optimal cross-section configu-
ration is obtained by designing the distribution of material in
the cross-section. According to the general idea of the
topology optimization (Bendsøe 1989), the design domain
is discretized by finite elements. The material of each element
is considered as a kind of porous material that is made of the
solid material and holes, and the equivalent property of this
kind of material depends on the property of the material and
the porous fraction. Thus, the topology optimization can be
accomplished by designing the density of each element.
Therefore, the density of each element ρi (i=1, 2,...Ne, Ne is
the element number) is taken as design variable.

According to the idea of the SIMP (Bendsøe 1989; Rietz
2001; Bendsøe and Sigmund 1999) method, it is assumed that
the macroscopic property of every element is homogeneous,
and Poisson’s ratio is independent of the density; Young’s
modulus E varies with the function of the density as follows:

E rð Þ ¼ rhE0 ð17Þ

Topology optimization of beam cross-section considering warping deformation



here,ρ is the relative density of the porous material, η is the
penalty factor, which is greater than zero, and it is assumed
to be 3 in this paper.

The averaged compliance of the beam is:

C ¼
Z L

0
qf gT Ψf gdl ð18Þ

where, L is the length of the beam, {θ}6×1 and {Ψ}6×1 are
the resultant forces of the section and the general strain
parameters, respectively (see 7).

According to the beam theory, there are following
relations between the resultant forces and the strains:

K½ � Ψf g ¼ qf g or F½ � qf g ¼ Ψf g ð19Þ
Therefore, the compliance of the beam can also be

expressed as the following:

C ¼
Z L

0
qf gT F½ � qf gdl ð20Þ

In this paper, the beam is optimized under the given
loads, so the resultant forces {θ} is independent of the
design variables, but the compliance matrix [F] is the
function of the design variables ρi.

Because the objective of the topology optimization for
the beam’s cross-section is to make the beam’s stiffness as
large as possible under the given material’s consumption,
the constraints should include the material volume con-
straint (here is the solid material area constraint):

XN
i¼1

riAi � A0 ð21Þ

Here, A0 is the maximum allowable solid material area
of the cross-section; Ai is the area of the ith element.

To avoid singularity, holes are filled with rather weaker
material, so the material’s density of each element is
bounded by a lower limit value. When the density reaches
this value, the corresponding element’s material is deleted.
Therefore, the boundary constraints of the design variables
are expressed as

rmin � ri � 1:0; i ¼ 1; 2; . . .Ne ð22Þ
In this paper, the lower limit value is assumed as ρmin=

0.001.
Generally, the topology optimization problem can be

described as follows:

Find : ρ1; ρ2; . . . ; ρNe

Min : C ¼ R L
0 θf gT F½ � ρ1; ρ2; . . . ; ρNð Þ θf gdl

s:t: :
PN
i¼1

ρiAi � A0

ρmin � ρi � 1:0; i ¼ 1; 2; . . . ;N

ð23Þ

4 Sensitivity analysis

To solve the optimization problem using mathematical
programming, it is needed to calculate the sensitivities of
the objective function and of the constraint equations. In
this paper, the resultant forces {θ} are independent of the
design variables, so the sensitivity of the objective function
with respect to each design variable is:

@C

@ri
¼ @

R L
0 qf gT F r1; r2; . . . ; rNe

	 
� �
qf gdl

@ri

¼
Z L

0
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� �
@ri

qf gdl ð24Þ

Therefore, it is needed to calculate the sensitivity of the
compliance matrix [F] with respect to each design variable.

Differentiating (16) and considering (17), we have:
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To determine the sensitivity of general displacement
@X
@ri

; @Y
@ri

; @X0
@ri

, we must differentiate (13) and (14):
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@ρi

( )
¼ �ηρη�1

i
E0 R0

RT
0 A0

� �
X
Y

� �

þ �H L
�LT 0

� � @X0
@ρi
@Y0
@ρi

( )

þ ηρη�1
i

�H0 L0

�LT
0 0

� �
X 0

Y 0

� �
ð26Þ

E R
RT A

� � @X0
@ρi
@Y0
@ρi

( )
¼ �ηρη�1

i
E0 R0

RT
0 A0

� �
X0

Y0

� �
ð27Þ

In (25), (26), and (27), coefficient matrices with
subscript “0” are those calculated when the ith element
related to ρi is filled with solid material completely, and
others are void. The coefficient matrices of unknown
quantities @X

@ri
; @Y@ri

; @X
0

@ri
; @Y

0
@ri

in (26) and (27) are same to ones
of X, Y, X′, Y′ in (13) and (14), so replacing the right
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constant terms in (13) and (14) with those in (26) and (27),
we can get these unknown quantities easily.

The sensitivity of the constraint (21) is as follows:

@
PN
i¼1

riAi � A0

� �
@ri

¼ Ai ð28Þ

5 Numerical examples

5.1 Cross-section design of a cantilever beam

To verify the validity of the topology optimization in the
beam’s cross-section design, let us design the topology of
the cross-section of a cantilever beam with a 240×240-mm2

square cross-section. The length of the cantilever beam is
L=3,000.0 mm, the shear (vertical) force and twisting
moment are loaded at the end of the cantilever beam
(shown in Fig. 2). The material is isotropic, and Young’s
modulus E=200 Gpa, Poisson’s ratio μ=0.3.

The objective is to maximize the stiffness of the beam
subject to 50% mass constraint. The design domain is
discretized by quadrilateral elements; the values of the
initial design variables are all 0.5. In this paper, two cases
are discussed. Case 1: only vertical force F=10 kN is
loaded at the end of the cantilever beam. Case 2: both
vertical force F=10 kN and twisting moment T=10 kN/cm
are loaded at the end of the cantilever beam.

To illuminate the difference between the beam theory
used in this paper and the classical beam theory, a simple
example is discussed in the following.

According to the classical beam theory, under the
condition of case 1, to maximize the stiffness of the beam
(or to minimize the compliance of the beam) is to maximize
the following bending rigidity by distributing materials in
the cross-section:

EIx ¼
Z
A
Erhy2dA ð29Þ

Fig. 2 Model of the cantilever beam

Fig. 3 Topology in case 1 using
classical beam theory

Fig. 4 Topology 1: optimal
topology in case 1
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Fig. 5 Topology 2: optimal topology in case 2

Fig. 6 Iterative history of the
objective function in case 1
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The optimal cross-section topology is shown in Fig. 3,
which has materials at the upper and lower edges, but no
materials at the intermediate section. It is obvious that this
configuration cannot make the upper and lower flange
plates to be an entirety and break the force-transmitting
path. The reason for this irrational configuration is that the
classical beam theory ignores the shear deformation and the
cross-section warping, which will weaken the cross-section
rigidity.

Based on the beam theory considering warping of the
cross-section and deformation coupling, this drawback can
be overcome. Two kinds of optimal cross-section config-
urations (as shown in Figs. 4 and 5) are obtained using the
modified feasible direction method to solve the optimiza-
tion problem (23). Iterative histories of the objective
function under two cases are shown in Figs. 6 and 7,
which indicates that the objective function value decreases
rapidly at the beginning, then intends to stabilize with the
iterations, and finally approaches a constant value.

The optimal results show that the II-shape cross-section
makes the averaged compliance minimum under the
condition of case 1. However, the I-shape cross-section
beam (see Fig. 8) is widely used in engineering. To
investigate the property differences between II-shape
cross-section beam and I-shape cross-section beam, a
comparison is shown in Table 1 under the conditions that
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Fig. 7 Iterative history of the objective function in case 2

Fig. 8 Cross-section of I-shape
cross-section beam

Table 1 Property comparison between II-shape and I-shape cross-sections

GAx (10
4kN) GAy (10

4kN) EA (104kN) EIx (kNmm2) EIy (kNmm2) GIp (kNmm2)

II-section 113.9 81.6 560 43,633.9 27,553.9 13,056.4
I-section 151.7 75.7 560 43,633.7 19,009.8 1,784.6

Fig. 9 Warping deformation of
II-shape and I-shape
cross-sections
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material, cross-section area, beam length, loads, and
boundary condition are all the same. Table 1 indicates that
the two kinds of cross-sections have equivalent shear
rigidity, tensile rigidity, and bending rigidity in the x
direction; but the II-shape cross-section beam has larger
twisting rigidity than I-shape cross-section beam.

Moreover, comparing the out-of-plane warping displace-
ments, we find that the II-shape cross-section beam has
much smaller warping deformation than I-shape cross-
section beam (Fig. 9). To verify this, the middle plane on
these two kinds of beams is investigated. As shown in
Fig. 9, the maximum out-of-plane warping displacement
values of II-shape cross-section and I-shape cross-section
are 0.00867 and 0.01145 mm, respectively. That shows that
the decrease in the section rigidity induced by warping of
the II-shape cross-section beam is less than that of the I-
shape cross-section beam. Thus, the II-shape cross-section
obtained from topology optimization is reasonable.

Comparing two kinds of topology configurations (as
shown in Figs. 4 and 5) obtained in different load cases, we
can conclude that the load conditions affect the topology
configurations extremely. Figure 5 (nonsymmetric config-
uration) indicates the twisting moment’s effects on the
topology. To further research the effects of the twisting
moment, we enlarge the twisting moment value by ten
times and 150 times, respectively. The results are shown in
Figs. 10 and 11. From these different configurations, we
can generalize the following rules: first, the web plate
thickness is reduced (Topology 2 or Topology 4), even
degenerating (Topology 3) in the region where two kinds of
shear stresses (generated by shear force and twisting
moment, respectively) have opposite directions, and the

web plate thickness is added (Topology 2 or Topology 4) in
the region where two kinds of shear stresses have same
directions; second, when the twisting moment value is large
enough, the topology configuration becomes a closed-box
cross-section (Topology 4) and is nonsymmetric.

5.2 Thin-walled section reinforcement design

To verify the effectiveness in designing the reinforcement
of the thin-walled section, a specific cross-section of a
beam considered by Kim and Kim (2000) is designed using
the topology optimization technique presented above. The
cross-section is shown in Fig. 12, where the beam profile
marked by thick solid lines is assumed not to be altered
because of its assembly requirement with adjacent structur-
al components. The beam with the length of 150.0 mm is
fixed at the left end and loaded by a 1-kN vertical force, a

Fig. 10 Topology 3: twisting
moment is enlarged by ten
times in case 2

Fig. 11 Topology 4: twisting
moment is enlarged by 150
times in case 2

Fig. 12 Initial design domain
with a geometric constraint Kim
and Kim (2000)

Fig. 13 Section topology
obtained by present technique

Fig. 14 Section topology
obtained by Kim and Kim
(2000)

Table 2 Comparison of cross-sectional rigidities

Kim and Kim (2000) This paper

Torsional rigidity(kN mm2) 3,318.8 4,210.5
Minimum bending moment
(kN mm2)

6,139.8 6,501.2

Maximum bending moment
(kN mm27)

9,831.7 9,173.5

Topology optimization of beam cross-section considering warping deformation



1-kN horizontal force, and a 104-kN/mm twisting moment
at the right end. The goal of this problem is to find the
optimal location and direction of a stiffener in the design
domain that lies inside the cross-section profile. The mass
constraint requires that the area occupied by the material is
less than 40% of the design domain. The objective function
is the compliance of the beam. The optimal location and the
direction of a stiffener can be identified from the optimal
configuration shown in Fig. 13, which is almost the same as
that obtained by Kim and Kim (2000) shown in Fig. 14. In
addition, the rigidities of both cross-sections are compared
in Table 2. This indeed demonstrates the usefulness of the
present topology optimization technique in the thin-walled
beam section stiffener design.

5.3 Cross-section design of an aircraft wing structure

The wing of an aircraft can be considered as a cantilever
beam. The length and the external profile (the shape and
dimension) of the cross-section usually cannot be modified
because of the aeroelastic design requirements, only
stiffening inside the beam’s cross-section is allowed to
modify. The purpose of this example is to illustrate the
effectiveness of topology optimization technique in finding
the locations, directions, and dimensions of stiffeners. For
simplicity, the constraint includes only the material mass
limit, without considering the constraints on the global and/
or local buckling of components and on other properties;
although these constraints are important for designing the
cross-section of wings.

The geometry, load, and boundary conditions of a wing
are shown in Fig. 15. The load is the aerodynamic force
that is simplified as a linearly varying distributed load along
a line with the intensity of 3.0 KN/m at the root and
1.0 KN/m at the free end. The material used has 74 Gpa of
Young’s modulus and 0.3 of Poisson’s ratio. The objective
is to obtain a design with minimum compliance by
designing the inner structure topology of a typical cross-
section with the material constraint ratio of 50% of the
design domain. The design domain is an inner area of thin
skin with a thickness of 15.0 mm. The change of this skin
area is not allowed in the design process to keep the
external profile unchanged.

Figure 16 shows the optimal topology of a typical cross-
section. Topology optimization gives the stiffener’s location
and direction. The introduction of the stiffeners changed the
topology of the cross-section. It is difficult to obtain this
design by conventional shape and/or dimension optimization.

6 Conclusions

Based on an anisotropic beam theory with considering section
warping and deformation coupling, topology optimization for
the beam’s cross-section is achieved. Several kinds of
topologies of the cross-section under different load conditions
are given, and the effect of load condition on the optimum
topology is analyzed. The topology configurations are clear,
rational, and practical. In addition, the availability of this
technique comparing with the technique using classical beam
theory is illustrated through a simple example.

Fig. 15 Geometry, load, and
boundary conditions of an air-
craft wing

Fig. 16 Optimal topology of a typical cross-section of an aircraft wing

S. Liu, et al.



The formulation presented in this paper can be a
foundation for the design of beams, considering further
complicated conditions met in practical applications, such
as the problems with consideration of design-dependent
load (such as self weight for slender beams) and multiple
load combinations, dynamic effects, and the case of
different topologies at different positions along beam axis.
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