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On the Design of Compliant Mechanisms
Using Topology Optimization*

Ole Sigmund

DEPARTMENT OF SOLID MECHANICS
TeECHNICAL UNIVERSITY OF DENMARK
DK-2800 LYNGBY, DENMARK

ABSTRACT

This paper presents a method for optimal design of compliant mechanism
topologies. The method is based on continuum-type topology optimization tech-
niques and finds the optimal compliant mechanism topology within a given design
domain and a given position and direction of input and output forces. By con-
straining the allowed displacement at the input port, it is possible to control the
maximum stress level in the compliant mechanism. The ability of the design
method to find a mechanism with complex output behavior is demonstrated by
several examples. Some of the optimal mechanism topologies have been manufac-
tured, both in macroscale (hand-size) made in Nylon, and in microscale (< .5mm))
made of micromachined glass.

I. INTRODUCTION

A compliant mechanism is a mechanism that gains its mobility from the flexi-
bility of some or all of its members, as opposed to its more conventional rigid body
counterpart (Fig. 1). Advantages of compliant mechanisms are that they require

*Communicated by P. Pedersen
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Fig. 1. A rigid body mechanism (left), a distributed compliant mechanism (center), and a lumped
compliant mechanism (right).

fewer parts; are easy to fabricate; have less wear, friction, and backlash; have no
need for lubrication; and have built-in restoring force [1,2]. The concept of com-
pliant or flexible mechanisms is not new [3], but it has recently received increased
attention because of the introduction of materials with superior properties and the
rapidly expanding field of MicroElectroMechanical Systems (MEMS).

MicrcElectroMechanical Systems are built in sub-millimeter scale and inte-
grated with electronic circuits [4]. They are manufactured using etching techniques
from the semi-conductor industry, and are already widely used for integrated sensor
applications; e.g., acceleration sensors for airbags. They have potential applications
for in-body surgery, health monitoring, micromanipulation, and nano-fabrication
[5]. Compliant mechanisms are well-suited for MEMS because of the small length
scale and problems with friction and wear that prohibit use of conventional rigid-
body mechanisms. :

Because of the complexity of elastic behavior of compliant mechanisms, their
design has typically been accomplished by trial and error methods. However, re-
searchers have addressed the question of introducing more systematic design pro-
cedures. Non-linear finite element analysis and optimization methods have been
used to design flexible mechanisms for function generation [1]. Studies [6,7,8,9]
began by synthesizing a rigid-body mechanism, in turn introducing flexibility
to obtain a pseudo-rigid-body mechanism, and finally analyzing a fully compli-
ant mechanism. These design methods include the so-called shooting methods or
chain-methods. The synthesis problem has been considered in many other works.
Common to all methods, however, is that they consider the dimensional design
or modification of a fixed mechanism topology, typically a four-bar mechanism.
An interesting approach to the design of compliant mechanisms, which allows
for change of topology, is to make use of topoelogy optimization methods [10,11].
Topology optimization methods were originally intended for maximum stiffness
design of elastic structures, but has recently been extended to the design of com-
pliant mechanisms by Anathasuresh et al. [12], who demonstrated the design of a
simple crunching mechanism; Sigmund [13], who designed gripping mechanisms
using a truss topology model; and Larsen et al. [14], who designed topologically
complicated mechanisms with mulitiple input and output ports using a continuum-
type topology optimization method.



DESIGN OF COMPLIANT MECHANISMS 495

In this paper, the concept and methods of using continuum-type topology opti-
mization for the design of compliant mechanisms if presented. 1t is demonstrated
that the maximum stress in a compliant mechanism can be controlled by intro-
ducing a displacement constraint at the input port. It is shown that the optirnal
compliant mechanism topology is highly dependent on the work task considered.
In the literature, compliant mechanisms have been categorized as distributed or
lumped compliant mechanisms, as sketched in Fig. |. Subject to an input load,
fully compliant mechanisms bend throughout the structure, whereas lumped com-
pliant mechanisms bend in flexural hinges. This paper shows that both distributed
and lumped compliant mechanisms can be optimal, depending on the work-task
considered. Finally, some of the mechanisms obtained by the design procedure are
built and tested, both in macroscale (made of Nylon) and in microscale (made of
glass).

The paper has seven main sections; Section 1 is the introduction, Section 2
discusses the design problem, Section 3 discusses the finite element analysis nec-
essary to determine performance of compliant mechanisms, Section 4 discusses
how the topology optimization problem is solved using sequential linear program-
ming, Section 5 shows several examples of compliant mechanism design using the
proposed procedure, Section 6 descries how some of the compliant mechanisms
were manufactured in microscale using lasermicromaching techniques and tested
using external probes, and Section 7 presents conclusions. Appendix 1 contains
the sensitivity analysis, and Appendix 2 briefly describes a procedure to obtain
mesh-independency of the solutions.

ll. THE DESIGN PROBLEM

A compliant crimping mechanism is shown in Fig. 2. The mechanism is assumed
to lie within the domain 2. When the mechanism is subjected to a force F, | at the
input port, it will deflect, resulting in a force F,_, on the workpiece.

The optimal design of a complaint mechanism depends on factors such as the
manipulation task it should perform, the material of which it is made, and the
available input force or actuator. It also depends on the available design space.
Possible manipulation tasks can be crunching or clamping or workpieces, path
generation, prescribed input/output force/deflection relationships, desired energy
storage, and many others. This section concentrates on crunching mechanisms
and mechanisms with smaller displacements. This allows use of linear (sinall)
displacement finite element analysis, which is computationally simple. However,
most of the derivations and ideas in this paper can be extended on non-linear
displacement theory, in turn allowing synthesis of path generating and other large
displacement mechanisms.
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Fig. 2. Three different situations: (a) stiff workpiece and zero gap (A sap = 0); (b) elastic workpiece
and zero gap; and (c¢) elastic workpiece and gap between workpiece and output port (A gap > 0).
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The major design goal for crunching mechanisms is maximization of the output
force F,, (the force on the workpiece) for a given input force F, . The ratio between
the output and input forces M = F_ [/ F, is called the Mechanical Advaniage. The
mechanical advantage is dependent on the size and stiffness K of the workpiece

[15]. Figure 2 shows three different situations;

(1) When the workpiece is stiff and fills the gap under the ouatput port; i.e.,
A gp = A, = 0, the input force can be transferred directly to the work-
piece (Fig. 2a).

(2) When the workpiece is elastic, but fills out the gap under the output port
G.e., Agap = 0), the output port must move {(i.e., A, > 0) before the
workpiece will be stressed (Fig. 2b). This means that some of the work
done by the input force is used to deflect the mechanism. If there is no
workpiece, or if it is very soft, all or most of the input work is stored as
internal energy in the mechanism.

(3) If there is a gap between the output port and the workpiece; i.e., Ay > 0,
some of the input work is stored as internal energy in the mechanism before
contact (Fig. 2c). If the mechanism is too stiff, or if the input force is too
small, only low (if any) values of the mechanical advantage can be obtained.

As cabe seen, there are conflicting objectives. On one hand, the mechanism should
be stiff to be able to transmit a high force to the workpiece. On the other hand, it
should be soft enough to deflect and make contact with the workpiece.

Three constraints are important in the synthesis of compliant mechanisms: (1) a
constraint on the maximum stress in the mechanism (to hinder fatigue or failure),
(2) a constraint on deflection at the input port, and (3) a constraint on volume to
save material and cost and to allow underetching in the processing of MEMS. Since
stress constraints in continuum-type topology optimization is difficult and has not
been addressed in the literature so far, stress constraints will not be considered
here. Nevertheless, the maximum stress levels in compliant mechanisms can be
controlled indirectly by constraining displacement ai the input port. This will be
demonstrated in the example section.

The design problem can be defined as the problem of finding the optimal mech-
anism topology within a design domain £2 that satisfies the above-mentioned goals
and constraints. The optimal compliant mechanism may be found, in an cptimal
way by distributing a limited amount of material in the design domain. This opti-
mization problem is a “topology optimization problem,” and it can be solved using
techniques from the field of topology optimization, as will be shown in this paper.

An optimization formulation of the above-mentioned problem can be written as
follows:

Maximize : Mechanical Advantage M
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Subject to:  Volume constraint V < V* N

and : Input displacement A;, < A}
where V* and A} are allowed volume and input displacement, respectively.
The mechanical advantage and input displacement are functions of the size and
stiffness of the workpiece, as well as of the material distribution. In the next section,
it is shown that M and A, , for numerous kinds of workpieces can be calculated

in®

by solving a finite-element problem with only two load cases.

Illl. MECHANICAL ANALYSIS

This section shows how the mechanical advantage and displacement at the
input port of a compliant mechanism can be found by discretizing the compliant
mechanism using finite elements and solving equilibrium equations for two load
cases.

.Assuming that the design domain §2 has been discretized using N finite elements,
two load cases shown in Fig. 3 are defined. The first load case consists of the input
load p, = F,, defined by the finite element load vector Fl. The second load case
is a unit dummy load p, at the output port, defined by the finite element load vector
F,. The dimension of both F, and F, is two times the number of nodes, which is
equal to the number of degrees of freedom in the finite element model.

Using the dummy load method, displacements Aij can be found, where indices
ij indicate displacement at port i, due to a load at port j. Displacements A
are used to calculate the mechanical advantage and input deflection. They can be
written in the bilinear forms

A, =D|TSD|/P1’ A,2=D§SD,/p1
By = DgSszpz! A, = DITSDz/Pz @
Py
output part

Fig. 3. Two load cases. Input force (left) and output dummy load (right).
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where 8 is the global finite element stiffness matrix, and D, and D, are nodal
displacement vectors that are found as solutions of the finite element problems

SD, =F,, SD,=F, (3)

Note that A, and A, correspond to displacements at the input and output
ports, respectively, if there is no resistance for a workpiece. Although p, is a unit
load, it is nevertheless kept in Eq. 2 to give the proper dimension (meters).

In the next three subsections, the mechanical advantage and input displacement
are calculated as functions of A, I for the three cases of workpieces shown in
Fig. 2.

A. No gap, stiff workpiece

As defined earlier, the mechanical advantage M is the ratio of reaction (ocutput)
force at the output port R and input force; i.e, M = F_ /F, = R/p,. For the
case of a stiff workpiece and ne gap between the output port and the workpiece
(Fig. 2a), the reaction force is calculated as the force at the output port that gives
zero displacement at the output port when the workpiece is removed. In pracrice,
the reaction force is calculated as R = cp,, where ¢ is the factor with which the
displacement A,, due to the unit dummy load p, appiied at the output port must
be multiplied, to give zero displacement at the output port; i.e.,

A Apy=0, c=22
2 TERHp =Y 0= 4
By
The reaction force at the output port is then found as
A
R=cp,=2p, )
Ay
Thus, the mechanical advantage can be written as
P28y
M=R/p =cpy/p = === (6)
' P by,

Displacement at the input port A, is defined as displacement in the direction of
the input force. It can be found by solving the combined load case consisting of
p, and R. However, since consideration is limited to linear elasticity, the result-
ing displacement vector D, for the combined load case is a superposition of the
displacement vectors D and D,. That is,

D, =D, —¢D, )
or,

A, =4y —cAy, 8)
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B. No gap, elastic workpiece

For the case of no gap and an elastic workpiece, the stiffness of the workpiece
is defined as K, and the displacement of the spring is A = A, The spnng

- k ) . spring
force equilibrates the reaction force; i.e.,

R
R= Aspﬁnng =8y K, Ac»ut = F %)
s

For this case, c is the factor by which the displacement A ,, must be multiplied to

give the displacement A, at the output port; i.e.,

By =By =By, (10)
or, solving for ¢,

C=A2l_Aoul=AZl—R/K: (n
A22 AZZ

Substituting ¢ into R = ¢p, and solving for the reaction force gives

R= pz—L (12)
Ay +py/K,
Thereby, the mechanical advantage can be written as
A
M=R/F,=R/p =02 "n (13)

Py Ay +py/K,

The input displacement is found, as before, using Eq. 8 and ¢ from Eq. 11.
It can be seen that, for K, approaching infinity, the mechanical advantage of
Eq. 13 approaches the mechanical advantage for a stiff workpiece in Eq. 6.

C. Gap, elastic workpiece

For the case A, > 0 and an elastic workpiece, the displacement of the spring
(workpiece} is A = A, — Bpp The spring force equilibrates the reaction
force, thus

spring

R
L'ﬂP)KJ’ A1:.‘uut = F + Agap (]4)
5

R =8k, = (Boy— D

spring
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where it is assumed that the gap is closed; ie., A, > Aga . For this case, c is the

factor by which the displacement A ,, must be multiplied, to give the displacement
A, at the output pori; 1.e.,

By —chy =4, (13)
or, solving for c,
c= AZ] - Aoul _ A21 B R/K-f - Agap (16)
Ay By

Substituting ¢ into R = cp, and solving for the reaction force gives

A, — A
R=py——t2- an
AZZ + pZ/Ks

Thereby, the mechanical advantage can be written as

Py 8o~ By

/Fin & P18y + pi/K

(18)

Input and output displacements are found, as in Eq. 8, but with ¢ defined by Eq. 16.

It can be seen that for A, = 0and K_ = infinity, the mechanical advantage of
Eq. 18 is equal to the mechanical advantage for zero gap and a rigid workpiece in
Eq. 6. Similar observations hold for input and output displacements A, and & _ .
This means that all combinations of workpiece stiffness and gaps are contained in
Eqgs. 18, 16, 10, and 8, and they can be found only by solving two finite element
load cases defined in Eq. 3.

D. Design discretization and material model

Following standard topology optimization methods, the design domain for a
compliant mechanism is discretized by N bilinear finite elements. Space restric-
tions may limit the area that the optimal compliant mechanism is allowed to occupy.
For computational simplicity, a simple rectangular design domain and a regular
finite element mesh are selected. In practice, however, any shape of the design
domain can be used.

Allowing each finite element in the design domain to be either solid or void, it is
possible to describe the topology of a compliant mechanism by “turning on or off™
each pixel-like finite element. With a fine discretization (using several thousand
finite elements), detailed compliant mechanism topologies can be modeled, as will
be demonstrated in the examples section.
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This is an integer design problem, and an intuitive approach to solve the opti-
mization problem could be to try out all possible mechanism topologies defined
by all possible combinations of finite element pixel patterns; evaluate the cost
functions and constraints for each topology; and pick the topology that has the
lowest value of the cost function and satisfies the constraints. However, the num-
ber of possible topologies is astronomical, even for a small number of elements
(i.e.,2'% = 1.27 - 10°° topologies, for N = 100). Hence, the combinatorial prob-
lem is impossible to solve. Following the idea of standard topology optimization
procedures, the problem is relaxed by allowing the material “density” in each el-
ement to take intermediate values denoted x* € [x,;., 1]. This relaxation makes it
possible to find continuous sensitivities of the objective functions with respect to
changes in design variables x° in turn allowing the use of mathematical program-
ming methods to solve the optimization problem. At the end of the optimization
procedure, however, the design variables should take the extreme values x_, or 1.
For computational reasons (singularity of the finite element stiffness matrix), the
values of the design variables are not allowed to be zero, but are constrained to be
greater or equal to x_, . Choosing x_;, small (e.g.,, x . = 1073), elements with
x? = x_; have no structural significance.

For the purpose of modeling the material properties in elements with interme-
diate values of the element density variable x¢, the following material model is
used to relate Young’s modulus E¢ in element e to the value of the density x° in
element e:

Ee=(x“")’7E0, e=1,...,.N (19)

where E° is Young’s modulus of solid material, and 5 > | is a penalization factor
that is used to enforce extreme values of the design variables. By specifying a
value of n greater than one, the stiffness of elements with intermediate densities
is lowered, thus making it “uneconomical” to have intermediate densities in the
optimal design. Based on experience, = 3 is chosen.

IV. OPTIMIZATION ALGORITHM

To allow for underetching in the processing of micromechanisms, the maximum
size or width of parts in the optimal topology is restricted. So far, no method exists
within the topology optimization method to control such maximum local length
scales. However, simply constraining the amount of material that can be distributed
in the design domain makes it possible to indirectly contro} the maximum local
length scales.
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The total volume of material V in the design domain can be found as a sum over
the N finite elements used to discretize the design domain,

v=vlx (20)

where X and v are N-vectors containing the element densities (design variables)
and element volumes, respectively.

Now, the mechanical advantage, input displacements, and total volume of a
compliant mechanism design have been defined, as functions of the vector x of
element densities, or design variables. The discretized version of the optimization
problem of Eq. | can thereby be written as

Minimize : —M(x)
Subjectto: A (X) < A}
Vixy=vix < v* (#2))

Sx)D,(x) =F,, Sx)D,(x)=F,

0<x , <xx1

where boldface symbols indicate N-vectors and the maximization problem has
been converted to a minimization problem by multiplying the objective function
by —1.

A. Sequential Linear Programming

Topology optimization problems are often solved using optimality criteria meth-
ods. These methods are very efficient for solving optimization problems with sim-
ple objective functions (compliance), one constraint (on volume), and many vari-
ables. However, the methods are generally based on heuristic updating schemes.
They are difficult to generalize to more complicated cost functions and multiple
constraints, and final convergence is often slow. Therefore, a mathematical pro-
gramming method called Sequential Linear Programming (SLP) is used te solve
the optimization problem in this work. The SLP method consists of sequentially
solving an approximate linear subproblem that js obtained by writing linear Taylor
series expansions for the objective and constraint functions. The SLP method has
been used successfully in many types of standard structural optimization problems
[16]. It has been evaluated as robust and efficient [17], and has been used in topol-
ogy optimization of material composites with extreme thermal expansion [18].

The SLLP method solves the optimization problem of Egs. 21 iteratively. For
each iteration step, a finite element analysis is performed, and the optimization
problem is linearized around the current design point x, using the linear part of
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Taylor series expansions; i.e.,

o am )"
Minimize: —-M —{— Ax
ax

in

an. 1"
Subject to : L AX <A —A

l ] Ax=viAx <V -V (22)
Ax, < Ax < Ax,

where Ax; and Ax , are N-vectors containing move-limits on the design vari-
ables, and Ax is the N-vector of design changes. The move-limits are adjusted for
absolute limits given in Eq. 21.

The optimization problem of Eq. 22 is a linear programming problem, and the
optimal change in design Ax is found using the Simplex method (here, the linear
programming solver DSPLP [19] from the SLATEC library is used). The move-
limit strategy is important for stable convergence of the SLP algorithm. Here,
the move-limit for a specific design variable is increased by a factor of 1.3 if the
change of the design variable has the same sign in two successive steps. Similarly,
the move-limit is decreased by a factor of 0.6 if the change in the design variable
has opposite signs for two successive steps.

Solving the linear programming problem of Eq. 22 requires the determination
of sensitivities of the mechanical advantage and input displacement to a change in
design variable (9M /9x? and 34, /9x?, respectively). The sensitivity analysis is
derived in Appendix | and can be computed based on the two finite element load
cases already solved.

A flowchart of the design algorithm is shown in Fig. 4. Describing the individual
steps briefly, the finite element problem is first initialized and regions in the design
domain that are fixed to be either solid or void are defined. The material in the
remaining elements is evenly distributed so that the volume constraint is satisfied.
After initialization, the sequential process of alternating finite element analysis,
sensitivity analysis, LP-solving, and updatmg the design variables is followed.
When the change in design variables in two successive iterations is less than 10~
(by experience), the procedure is declared to have converged, and the resulting
topology is plotted.

Compared to typical topology optimization problems for minimum compliance,
the present design problem requires many more iterations to converge (several
hundred, compared to perhaps 50 iterations). This can be explained by the fact that
the present ohjective and constraint functions are non-seif-adjoint and, therefore,
more complex than usual compliance optimization problems. Experience also
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Initialization

(Starting guess)

Finite element analysis
(FindMandA, )
¥

Sensitivity analysis

(Linearization)

]

Optimization step

{Linear Programming problem)

yes

Stop
(Plot results)

Fig. 4. Flowchart of the design algorithm.

shows that the SLP method occasionally has a tendency to violate constraints.
Better convergence properties might be obtainable if the SLP method is substituted
with a dual method and convex approximation of objective and constraint functions.
The test of other optimization algorithms will be the subject of future research.

B. Problems related to topology optimization

This subsection discusses numerical difficulties due to the finite-element dis-
cretization; namely, checkerboard patterns, mesh-dependencies, and local minima.
1. Checkerboard and mesh-dependency problems. Applying the topology opti-
mization method to different design problems, one often encounters regions of
alternating solid and void elements, referred to as checkerboards in the “optimal
solution.” The regions are seen in many works on topology optimization, and it
was earlier believed that such regions represented optimal microstructure at the
finite element level. However, two recent papers [20,21] conclude that regions
with checkerboard patterns have artificially high (numerical) stiffness (higher than
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the theoretical bounds) and can be explained by poor numerical modeling of the
stiffness of checkerboards by low order finite elements. Both papers conclude
that checkerboards are prone to appear in topology optimization using four-node
linear displacement finite elements, as here, but also in topology optimization
using higher order elements such as nine-node quadratic displacement finite ele-
ments,

" Another problem, due to finite-element discretization, is mesh-dependency or

non-existence of solutions, which refers to nonconvergence of solutions with mesh
refinement. Refining the finite element mesh ideally should result in the same topol-
ogy as a coarse mesh, but with better definitions of the boundaries between the
material phases. However, a refinement does result in a solution with a more com-
plicated (finer) microstructure. The problem of non-existence of solutions can be
avoided by imposing extra restrictions on the design problem, as has been sug-
gested in recent papers. Two papers have presented mesh-independency methods
that are theoretically well founded and have proofs of existence of solutions. The
first paper [22] suggests introducing a constraint on global perimeter. The second
paper [23] iniroduces a slope constraint on the variation of densities from ele-
ment to element. Two heuristic (but computationally much simpler) approaches
have also been suggested. A paper on bone remodelling [24], closely related to
topology optimization methods, suggests a mesh-independency algorithm that as-
sumes that bone growth at a point is dependent on loads in a (mesh-independent)
neighborhood of the point. A method related to this approach, but with different
origin {25], performs the density update based on low-pass filtered strain energy
fields. The latter approach produces optimal designs that are almost identical to
the designs described by Petersson and Sigmund [23]. Due to its computational
simplicity and efficiency, the heuristic approach suggested by Sigmund [25] will
be used to avoid the checkerboard and mesh-dependency problems. Since the the-
sis by Sigmund [25] is not generally available, the mesh-independency algorithm
is briefly described in Appendix 2..
2. Local minima. Topology optimization methods are prone to converge to local
minima. However, introducing the mesh-independency algorithm (Appendix 2)
makes it possible to prevent this problem, to a certain extent. Solving a design
problem is then typically done as follows. First, the optimization problem is solved
with a low value of the low-pass filter parameter; i.e., rapid variation in element
densities-is not allowed. This results in a design with large areas of intermediate
densities, but it also prevents the design from converging to a local minimum (bi-
nary design). Gradually, the iow-pass filter parameter is increased, in turn enabling
the design problem to converge. In this way, a solution is generally produced that
has few intermediate density elements and that is, by experience, a near-global
optimum. The same procedure was used for the design of material structures with
extreme thermoelastic properties by Sigmund and Torquato [18] and gave resulis
close to theoretical bounds.
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V. EXAMPLES

To demonstrate the design procedure, this section presents several examples.
Subsections A and B consider the design of macroscopic (hand-size} tools made
of Nylon, whereas subsections C and D consider the design of microscopic mech-
anisms made of glass. In subsection A, the influence of constraining the input
displacement and the influence of workpiece stiffness and size on the optimal
mechanism topology is demonstrated. In subsection B, the optimal topology’s de-
pendence on the design space is demonstrated. Subsection C shows how the design
method can be extended to include multiple output ports, and subsection D, the
design of a displacement inverter and amplifier is demonstrated.

A. Crunching mechanism

To demonstrate the effect of constraining input displacement and the effect
of size and stiffness of the workpiece, the design problem sketched in Fig. 5 is
considered. The design domain is a rectangular region. White and black areas
denote regions that are fixed to be void or solid, respectively. The mechanism is
supported at the left side and is subject to a vertical input load F;, at the upper
and lower right corners. The objective function is to maximize the force on the
workpiece (grey circle) under the piston, by distributing material in the grey area
(design area). Using symmetry, the upper half of the structure is discretized using
N = 120 40 = 4800 finite elements. The base material for the mechanism is
Nylon, which has Young's modulus £ = 3G Pa = 3000 /(mm)?, Poisson’s

200 mm |R
mn

. '

FOUI

132 mm

Fig. 5. Design domain for the crunching mechanism.



508 ’ SIGMUND

ratio v = 0.4, and yield strength o = 0.1G Pa = 100N /(mm)?®. The thickness
is t = 10mm, the allowable amount of material is 33%, and the input load is
F, =350N.

First, the design problem is solved for A gap = 0, a stiff workpiece, and varying
values of the allowable displacement A}, at the input port. The resulting topologies
for A¥ =0.2,0.5, 1.0, 2.0, and 5.0mm are shown in Figs. 6a—6e, respectively.
Data for the five examples are shown in Table 1. Studying the optimal topologies
in Fig. 6, it can be seen that they change significantly with the allowed value of
A} . For a smatl value of input displacement (Fig. 6a), the mechanism must be
very stiff, and the resulting mechanical advantage is low (M = 0.99), as seen in

Fig. 6. Optimal crunching mechanism topologies for zero gap and varying input displacement: (a)
A, =0.0;(b) Ay, =025, (c) Ay, =0.5:(d) Ay, = 1.0, (e) 4y, = 2.5 mm.
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TABLE 1
Data for crunching mechanisms with zero gap.

AI.‘l'l amﬂx
Example mm N /(mm)? M
a 0.10 13 0.99
b 0.25 19 1.84
c 0.50 27 317
d 1.00 108 5.30
e 2.50 172 3.50

Table 1. When a higher value of the input displacement is allowed (e.g. Fig. 6e),
the mechanism can be softer, which in tumn allows a higher value of mechanical
advantage (M = 8.5). A rough estimate of the value of mechanical advantage of
mechanism e can alse be obtained as the ratio between the lever lengths r; and
r, found from Fig. 6d; i.e., M., = r,/r, = 44mm/5mm = 8.8. One could
conclude that the optimal mechanical advantage is obtained by ailowing large
input displacements. However, studying Table | shows that the maximum von
Mises stress o, in the mechanisms increases with allowable input displacement.
This can also be explained by studying Fig. 6. In example a4, the input force is
transferred to the output port through wide structural elements, whereas the input
force is transferred through narrow hinge-like elements in example e, resulting in
the low stress of example a and the high stress of example e. This example indicates
that the maximum stress level can be controlled indirectly by constraining the input
displacement. When the maximum von Mises stress exceeds 00N /(mm)? (yield
stress of Nylon), the mechanisms will break for the given input load. Allowing a
safety factor of 1.5, the stress limit is 66N /(mm)?, which means that the optimal
crunching topology for the given input load would be a topology somewhere
between examples ¢ and d.

Next, the design problem is solved for varying values of the gap between the
output port and the workpiece (B = 0.5, 1.0, and 6.0mm) and stiff work-
piece. The resulting topologies are shown in Figs. 7f-7h, respectively. The input
displacement was constrained to the input displacement of mechanism &, for the
given gaps. Data of the three examples are shown in Table 2. The first two rows
of Table 2 show that the maximum stress in mechanism & increases if A, > 0
(for which is was not designed). Therefore, the mechanisms must be designed for
the specific work task. As discussed in section 2, the optimal mechanism must be
soft enough to close the gap between the output port arid the workpiece, and at the
same time stiff enough to transmit the input force to the workpiece after contact.
This is reflected in the optimal topologies. For A, = 0.5 mm (Fig. 7f), the optima
topology resembles that of example &, but a hinge-like narrow region has appeared
to allow for the larger displacement, without increasing the stress. By increasing
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Fig. 7. Optimal crunching mechanism topologies for varying gap and input displacement: (f) A;, =
1.1, Agap =05;(g) A, =20, Agap = 1.0;(hy A =109, Agap = 6;and (i) A, = 1.5mm
and elastic workpiece (cork).

- TABLE 2
Data of crunching mechanisms with gap.

A;n Agap A(.:ll.ll ar.n.ax
Example mm mm mm N/(mm)? M
b — 0.5 0.5 53 1.53
b — 1.0 (1.0) 86 (1.22)
f 1.1 0.5 0.5 63 1.61
g 2.0 1.0 1.0 53 1.63
h 10.9 6.0 6.0 60 1.72
i (cork) 1.5 —_ 0.41 81 2.46

A further (Figs. 7g and 7h), hinges are formed to allow for the even larger dis-
placements. 1t should be noted here that the “hinges” cannot be modeled correctly
by the finite element discretization employed. The actual design for the optimal
shapes for the hinges must be considered separately. This design problem will be
addressed in future research. Nevertheless, the proposed design method suggests
the optimal placement and number of hinges and the finite element analysis gives
the designer an estimate of the maximum stress level in the compliant mechanism.
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Fig. 8. Mechanical advantage to input force relationship for compliant crunching mechanism.

To further explain the behavior of the compliant mechanisms from examples &
and f, their mechanical advantage to input force relationship is plotted in Fig. 8.
The solid lines indicate the behavior of example b. For zero gap, mechanism b has a
constant mechanical advantage of 1.84. For &, = 0.5, the mechanical advantage
is zero, for input force less than 10N, which means that for F| < 10N there is no
contact between the output piston and the workpiece. For high input forces, the
mechanical advantage increases uatil failure, which happens for F;, = 90N. For
a gap of | mm, mechanism b breaks before making contact with the workpiece
(see also Table 2). Mechanism f was designed for A ap = 0.5, and its behavior
is shown in Fig. 8 with dashed lines. The mechanism has a higher mechanical
advantage than mechanism b for Bpp = 0.5 (as expected), and it requires less
input force to make contact with the workpiece. However, this is achieved at the
cost of lower fracture limit (maximum input force is F;, = 66N).

Next, consider optimal design of the crunching mechanism for a workpiece made
of cork. The cork workpiece is assumed to fill out the gap under the output piston. It
has dimensions A = 20 x l()(mm)2 and / = 20 mm and Young’s modulus £, =
0.03G Pa. These data give the workpiece stiffness K, = E__, A/ = 300N / mm.
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The resulting mechanism for A}, = 1.5 mm is seen in Fig. 7i, and the data for the
mechanism are found in Table 2. The mechanism topology resembles mechanisms
designed for Agap > 0 (Figs. 7f-7h).

The prior example shows that the optimal mechanism is highly dependent on
the size of the workpiece. The mechanical advantage and the fracture resistance is
decreased when the workpiece does not fill the gap under the output port. Therefore,
the best mechanism performance is obtained by designing the mechanism for zero
gap and using extension pieces between the workpiece and the output port to fill
out a possible gap. :

The last example in this subsection shows that the input/output relation can be
inverted by inverting the direction of the input force. Consider again the design
example defined in Fig. 5. Now, the input force F,_ is defined to be a force pulling
away form the design domain. The input displacement is constrained to A}, =
1.0 min, the gap is zero, and all other data are the same as before. The optimal
topology is seen in Fig. 9j. The figure shows that the left part of the topology
corresponds to the crunching mechanism for the prior examples, and that the right
part of the mechanism inverts the input force from being oriented inward to being
oriented outward.

B. Compliant hand tool

To demonstrate dependence.of the optimal topology on restrictions in the design
domain, consider the design of a compliant hand tool shown in Fig. 10. The design
goal is to maximize the mechanical advantage between the input and the output
ports, subject to an input (hand) force at the: handies (F,, = 30N). The.tool is
again made of Nylon, the thickness is t = 10 mm, the allowed input displacement
is A}, = 1.0mm, the gap is A, = 0.01 mm, the allowable amount of material is
50%, and the workpiece is considered stiff. The design domain is discretized by
N = 150 - 50 = 7500 elements. A similar design example is seen in Howell and
Midha’s work [9].

Fig. 9. Crunching mechanism for inverted input force and zero gap.
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Fig. 10. Design domain for the compliant hand tool.

The design problem is solved for three different handle sizes, namely k: x; =
75 mm, x, = 75 mm, I:x, =75mm, x, = 200mm, and m: x, = 200mm, x, =
160 mm. The optimal topologies are shown in Fig. 11. The mechanical advantages
and maximum stresses obtained are k: M =44 ando_ = S8N/(mm)%; 1 M =
48and o, = 67N/(mm)’,mM = 4.5;and 6, = 64N/(mm)?, respectively.

All three solutions are seen to be four-bar mechanisms. The difference between
mechanisms is the position of the hinges. As the design spaces of examples / and
m are more restricted, their mechanical behavior is expected to be worse than for
example k. This is not directly reflected in the value of the mechanical advantage,
since the maximum stresses in the three designs are different. To make a fair
comparison of the three mechanisms, the mechanical advantage to maximum stress
ratio can be calculated as 0.076, 0.072, and 0.070, respectively, which shows that
the less restricted mechanism £ is indeed optimum among the three. It should be
emphasized that this comparison of the mechanisms is heuristic, and the example
shows that the introduction of direct stress constraints in the design procedure is
important.

Mechanism k might be the optimum mechanism, but for manufacturing reasons,
example m may be favored, since it is topologically simpler. A physical interpre-
tation of the tool from Fig. 11m is seen in Fig. 12(top). The shapes of the narrow
regions have been interpreted as half circles. However, the optimum shape of the
narrow regions should be made the subject of further investigation. As suggested
by Howell and Midha [9], hinges of bars that will always be under compression
can be substituted with passive hinges. This is also done in the interpretation,
The interpreted tool topology was cut out in Nylon (see Fig. 12(bottom)), and
demonstrated the predicted behavior when tested.
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Fig. 1. The optimal hand tool topologies for different fixed handle sizes.

C. Micro gripper

A typical structure for micromanipulation purposes is a gripping device. There-
fore, the design example shown in Fig. 13 (left) is considered. A horizontal input
force at the mid-left side of the design domain should be converted to a closing of
the jaws at the right side of the design domain. The microgripper is constructed
in Silicon, which has Young’s modulus £ = 180G Pa = 180 - 10°N /(um)? and
yield strength o, = 7GPa = 7- 10°N /(uum)?. For manufacturing reasons, the
thickness is only t = 7um. To allow for underetching of the structure, it must be
thin; i.e, have no wide elements. This can be controlled indirectly by allowing a
low volume fraction of 20%. The input force is F;, = 1000/, and the workpiece
(which could be a blood cell) has stiffness K, = IN/ mm.

For an input displacement of A}, = 2.0um, the optimum mechanism topology
is shown in Fig. 14(top left). The resulting output displacementis A = 1.3um,
and the mechanical advantage is M = 1.3.

The output jaws of the gripping mechanism in Fig. 14{(top left) open and close
in a crocodile-like way, as seen in Fig. 14(bottom left) {the jaws do not move in
parallel). If interest is in a gripping mechanism with paralle]l moving jaws, two
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Fig. 13, Design domains for a micro gripper (left) and a micro displacement inverter and amphifier

{right),
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Fig. 14. Micro gripping mechanisms. Top left: optimal microgripper topology for one output pont
and its displacement pattern (bottom left). Top right: optimal microgripper topology for two
output port and its displacement pattern (bottom right}.

output ports must be considered. This is done by defining another dummy load
case at the second output port (at the internal part of the jaws) and defining an
extra mechanical advantage as the force relation between the extra output port and
the input force. The objective function for the optimization problem in Eq. 21 then
becomes

b=-M —M,+r(M,—M)» - (23)

where r is a penalty parameter. Formulating the objective function in this way,
the two mechanical advantages are constrained to be equal (by least square error),
and they are at the same time maximized. Furthermore, an extra displacement
constraint A, ,, < Af is added to the optimization problem.
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Repeating the optimization problem for two output ports and workpiece stiffness
K, = 0.5N/um, the mechanism topology in Fig. 14(top right) is obtained. From
the displaced mechanism in Fig. 14(bottom right), it can be see that the output
jaws now move in parallel. The two resulting mechanical advantages are M, =
M,=09%9and A, = 1.8um.

This example shows that a mechanism with complex output behavior can be
designed by the proposed procedure.

D. Micro displacement inverter and amplifier

The optimal design of MEMS is highly dependent on the type of actuator con-
sidered. For example, a comb-drive [26], which is an electrostatic actuator, can
only produce contraction forces, not expansion forces. For a specific manipulation
purpose, it might, therefore, be necessary to convert the contraction force 10 an
expansion force. Another important problem in the design of MEMS is the lack of
actuators with high output displacement and, at the same time, high output force.
Therefore, an important design problem in MEMS is the design of a displace-
ment amplifier that can convert the output displacement of a large-force, small-
displacement actuator (for example, a piezoelectric actuator) to a larger output
displacement with minimum loss of force. The following examples demonstrate
the design of a simple force inverter and a displacement amplifier and discuss the
energy conversion for such mechanisms.

The dimensions are the same as for the microgripper in the previous subsection,
and the design domain is sketched in Fig. 13(right}. First, consider the design
of a displacement (and force inverter). The input force is F;;, = 1000uN, the
workpiece stiffness is K. = 0.2N/ mm, and the allowed input displacement is
A? = 5.0um. The resulting mechanism is shown in Fig. 15(left). The resulting
output displacementis A, = 4.8um, and the mechanical advantageis M = 0.97.
For this mechanism, the work done by the input force is calculated as W, =
F. A, = 5nJ, and the work done by the output force is calculated as W, =
F.MA,, =k AL, =4.InJ,which means that 7% of the input work was stored as
elastic energy in the mechanism. Note that if this had been a rigid-body mechanism,
there would have been no “loss” of work between the input and the output ports.

Constraining the input displacement to be A} = 2.0um and letting the stiff-
ness of the workpiece be K, = 0.03N/mm, the resulting output displacement
is &, = 7.8um, and the mechanical advantage is M = 0.23. The mechanism
can be said tobe a | : —3.9 displacement amplifier. The optimal topology for the
mechanism is shown in Fig. 15(right). For this mechanism, the input and output
waorks can be found to be W, = 2.0nJ and W_, = 1.8rJ, respectively, which
means that 10% of the work was stored as elastic energy in the mechanisra. If a
high value of displacement amplification is needed, one could mount several of |
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l':ig. 15. Micro displacement inverters.

the 1 : —3.9 displacement amplifiers in series. However, this will result in poor
work transmission, since 10% of the input work is lost for each amplifier.

The assumption of linear displacements is close to being violated for the last
two design examples. If the displacement amplifier in Fig. 15(right) is studied, it is
clear that the output displacement is limited by the point at which the two bars that
lead to the output port become vertical. A linear displacement finite element model
would not predict this locking. It is therefore clear that non-linear displacement
theory must be considered, in order to generalize the design method to the design
of large displacement mechanisms. This will be the subject of future research.

V1. MANUFACTURING USING LASERMICROMACHINING

Together with other devices, the two displacement inverters from subsection 5.D
have been manufactured in microscale at Mikroelektronik Centret (MIC) at the
Technical University of Denmark. The optimal topologies are converted into an
input file for direct laser writing of a silicon layer. The resulting patterns are
transferred to a PECVD-glass, whichin turn is underetched to release the structures.
For more details on the manufacturing processes, the reader is referred to Larsen,
Sigmund, and Bouwstra’s work [14].

Pictures of the processed devices are shown in Fig. 16. A handle was added to
allow for testing the mechanisms. The microchip with the micromechanisms was
placed on an x-y stage, and a probe was used to pull the handles. The displacement
of the micromechanisms were monitored on a screen, while the handles were being
pulled. Test data for the two micro displacement inverters are shown in Fig. 17. The
actual displacements could be measured with an accuracy of % 1um (resolution
of the screen). From the figure, it is seen that the output displacement increases
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Fig, 16, Micromachined micro displacement inverters (size of the devices: 300 pmy. The devices
were processed at Mikroelektronik Centret, MIC, DTU, Denmark [ 141
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Fig. 17. Test data for micromachined devices {141

nearly linearly, up to an output displacement of approximately 10um. Thereafter,
there is no increase in the output displacement, which is explained by out of the
plane buckling. Finally, for input displacements over 25u0m, the device breaks,
The out of plane buckling phenomena could be prevented by a thicker glass laver.
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Unfortunately, a glass layer thickness of more than 7pm Wwas not possible with the
available fabrication method. Apart from using a fabrication method that allows for
thicker device layers, the buckling problem could also be reduced by introducing
more supports for the mechanism.

Vil. CONCLUSIONS

The examples presented show that the proposed method for optimal design
of compliant mechanisms indeed can be used as an efficient tool for compliant
mechanism synthesis. Aithough the method could be used as a design tool as is,
much work still must be done to fully understand and optimize the behavior of
compliant mechanisms.

The first extension needed is to implement direct stress constraints in the formu-
lation. This extension will slow computational speed, but it will also result in dif-
ferent and improved optimum mechanism topologies. Other important extensions
are the detailed modeling of flexural hinges, extensions to large displacements,
and variable supports.

Ignoring stress constraints, the present method’s ability to predict mechanism
topologies and locate optimum positions of hinges can probably be used as an
alternative method for optimal synthesis of rigid body mechanisms.

A further extension of the mechanism design procedure is to allow for two
(or more) materials. 1f two materials have different properties—for example, two
different thermal expansion coefficients—or one is passive and the other is active
(piezoelectric, shape memory alloy, etc.), it will be possible to design devices
that can be activated using, for example, heat or electric fields. A three-phase
(two materials and void) topology optimization method for the design of material
structures with extreme (also negative) thermal expansion coefficients has been
suggested by Sigmund and Torquato [27,18]. This work can be used as a basis
for the design of active compliant mechanisms that are composed of multiple
materials.
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A. Sensitivity analysis

Solving the linear programming problem of Eq. 22 requires determination of
sensitivities. The sensitivity of the mechanical advantage defined in Eq. 18 is

aA aa
aM _ &(Azz + P/ KOG — 5B (A — Agap) Q4)
ax¢  p Ay + py/K )
The sensitivity of the input displacement defined in Eq. 8 is
da, 9A,,  ac 3n,
= — - — - 25
axe axe dxe 0127 “gxe 25
where ¢ is defined in Eq. 16 and the sensitivity of ¢ is
3a, aa
dc Ay (‘a}?L - %pllk.\') — 52(Ay —Mp, /K — Agyp) 26)
axe A3,
where R = Mp, was used. The sensitivity of the displacement of Eq. 2 is
Aj; as¢
?': = —(dj)Ta—xedf/Pf 27

where s° is the 8 x 8 stiffness matrix of element ¢ and df is an 8-vector with the
nodal displacements associated with element e. Note that there is no summation
over index #, on the right hand side of Eq. 27.
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Defining s® as the § x 8 element stiffness matrx for solid material, the local
element stiffness matrix s° for element e can be written as (using Eq. 19)

s* = (xyn? (28)
and the sensitivity of s° with respect to design variable x* can be found as

ast

e =y (29)

Now, sensitivity of the displacements of Eq. 27 can be rewritten as

dA..
L= —nx)=' @75/ p; (30)
Ixe J 4

B. Mesh-independency algorithm

As the mesh-independency method used [25] is not available in the public
literature, it is briefly described here. It must be emphasized that the method is
purely heuristic, but results obtained using the method are very close to those: found
in theoretically well founded work [23].

The basic idea of the filter is to use blurring techniques borrowed from im-
age processing [28]. A possible way of using image processing filters is to take
a blurring filter and post-process the topology with it after each iteration. How-
ever, better performance has been achieved by use of the method described here.
Most image processing filters modify the color (density) of each pixel (element),
based on the colors (densities) of the immediate (4 or 9) neighbours. To ensure
mesh-independency in the present problem, the filter has a fixed geometrical size,
meaning that the modification of an element is dependent on elements that lie
within a radius r_, of the considered element.

The convolution operator is written as

A =r_ —diste, f),le € N | dist(f,e) <r

— "min

Je=1,....N a3n

where the operator dist(f.e) is defined as the distance between the center of
element e and the center of element f and. The convolution operator H/ is zero
outside the filter area. The filter factor A/ for element f is seen to decay linearly
with the distance from element e.

The filter itself works by modifying element relative strain energies (¢lement
sensitivities)

In,. I N
Yl = —nxo) ————— HI(x D) s0de/ p. 32
(ax,) n(x°) ‘Z}L.Hff; (x/y(d)7Ts°ds / p, (32)



524 SIGMUND

This means that instead of using the real sensitivities of Eq. 30, the filtered sen-
sitivities of Eq. 32 are used. It is worthwhile noting that the sensitivity of Eq. 32
converges to the original sensitivity of Eq. 30 as r_;  approaches zero.

Basically, the filter produces a length scale r_ ., underneath which structural
variation is not allowed. The inverse of r_. can therefore be interpreted as a
low pass filter value that prevents rapid variations in the densities. Typically an
optimization problem solution is initiated with r_. equal to 10% of the smaller
dimension of the design doma:n.



