
DOI: 10.1007/s10915-004-4614-x
Journal of Scientific Computing, Vol. 24, No. 2, August 2005 (© 2005)

The Optimisation of the Mesh in First-Order Systems
Least-Squares Methods
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We describe an algorithm for optimising the mesh in the least-squares finite
element discretisation of first-order systems of partial differential equations.
The key feature of the method is that the optimisation process is based entirely
on the solution of local PDE problems. We apply the algorithm to the Stokes
equations for the flow of a viscous incompressible fluid, and to a convection
diffusion equation where convection dominates.
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1. INTRODUCTION

There are two related aspects of adaptivity that dominate current research:
one is a posteriori error estimation, whose ultimate aim is to compute a
discrete approximation with an error that lies within a user-specified toler-
ance [1,5]; the other concerns error minimisation, whose object is to obtain
the best possible approximation for a given computational cost. Many
adaptive schemes are based on determining the contribution of each com-
putational cell to some a posteriori error estimate, and then seek to mini-
mise the error by subdividing the cells with the largest contributions.

Mesh refinement is not the only mechanism available to enhance the
accuracy of the approximation; mesh movement is a valuable alterna-
tive in which, for a fixed number of computational cells (elements, vol-
umes), the vertices in the mesh are moved to new locations in the domain
so as to reduce the error. Mesh movement, used in combination with
local refinement, has a role to play in optimising the accuracy. This is
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particularly true in nonlinear problems where the areas of roughness of
the solution (shocks, singularities, etc.) are not known beforehand [4].

The problem of optimising a mesh with very many degrees of free-
dom is often more difficult than that of solving the original PDE problem.
For this reason, many mesh movement algorithms do not attempt to min-
imise the error directly; rather, they aim at smoothing or equidistributing
some measure of the local error [3,4,14]. Nevertheless, there has recently
been much interest in mesh optimisation based on minimising residuals.
Roe and Nishikawa [16] explore this idea for some specific hyperbolic and
elliptic problems arising in fluid dynamics, and provide a useful and lucid
account of its potential benefits and of the difficulties of implementing it
in practice.

In 1998, Tourigny and Hülsemann [17] described a novel approach to
mesh optimisation for variational problems. The key feature of that algo-
rithm is that the vertices in the mesh are updated by solving a succession
of local partial differential problems. With this approach, the mesh can be
improved—sometimes substantially—at a cost that is only a modest multi-
ple of the cost of computing the global discrete solution on a given mesh.
In the present paper, we show how the ideas of Tourigny and Hülsemann
can be adapted to the case where the PDE is reformulated as a first-order
system to which the principle of least-squares is applied.

In the next section, we consider a general boundary-value problem
for a first-order system of partial differential equations, and discretise it
by finite elements. The moving mesh algorithm is described in Sec. 3. The
remaining sections are devoted to a few applications: we begin with a
very simple one-dimensional example in Sec. 4. In Sec. 5, we discuss very
briefly some of the implementation issues that arise in higher dimension.
We then consider a convection-diffusion equation in Sec. 6, and the Stokes
equations for the flow of a viscous incompressible fluid in Sec. 7. The
paper ends with a summary of our conclusions.

2. A LEAST-SQUARES FINITE ELEMENT METHOD FOR A
FIRST-ORDER SYSTEM

Let Ω ⊂R
d be a bounded open domain. Let M,N ∈N and denote by

M(M,N) the set of real M ×N matrices. Given

• f :Ω →R
M ,

• g:∂Ω →R
N ,

• C, Ai :Ω →M(M,N), 1� i �d,
• B:∂Ω →M(M,N),
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we seek a function u :Ω →R
N such that

Lu :=
d∑

i=1

Ai(x)
∂u
∂xi

+C(x)u = f, x ∈Ω (2.1)

and

Bu =Bg, x ∈ ∂Ω . (2.2)

For the least-squares formulation of this problem, we introduce a
product function space

V =H 1(Ω)×· · ·×H 1(Ω)︸ ︷︷ ︸
N times

and a functional E:V →R defined by

E (v)= 1
2

∫

Ω

|Lv − f |2 dx + 1
2

∫

∂Ω

|B (v −g)|2 ds, (2.3)

where | · | denotes the euclidean norm induced by the usual inner product
〈·, ·〉 in R

M . Then the problem of finding a solution of Eqs. (2.1) and (2.2)
is replaced by that of finding u ∈V such that

E (u)=min
v∈V

E (v) . (2.4)

It should be emphasised that other least-squares formulations of the
first-order system (2.1) are possible. For instance, one sometimes uses
Sobolev norms to measure some components of the residual f − Lv.
Another possibility would be to use some weighted inner product on R

M

for the integrals. The results and techniques in this paper can be adapted
to cater for many such variations. Our purpose in choosing this simple set-
ting is to facilitate the exposition of the main ideas.

For the discretisation, we introduce a partition Th of Ω into simplices
κ. Here, h measures the coarseness of the partition. For an integer r � 2,
we define the finite element space

V r
h ={v ∈C(Ω) : ∀κ ∈Th, v|κ ∈Pr(κ)

}
,

where C(Ω) is the space of real-valued continuous functions defined on Ω

and Pr(κ) is the set of all polynomials of degree less than r defined on the
simplex κ. Set

Vh =V
r1
h ×· · ·×V

rN
h (2.5)
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for some choice of rn, 1�n�N . The finite element approximation uh ∈Vh

of u is then constructed by minimising E over Vh, i.e.

E(uh)= min
v∈Vh

E(v) . (2.6)

We end the section with a brief discussion of the main theoretical
issues associated with this least-squares method. We shall assume that the
problem (2.1) and (2.2) has a unique solution.

Let us define a bilinear form (·, ·) : V ×V →R by

(v,w)= 1
2

∫

Ω

〈Lv,Lw〉 dx + 1
2

∫

∂Ω

〈Bv,Bw〉 ds.

It follows from the uniqueness of the solution of (2.1) and (2.2) that the
bilinear form is positive definite; hence it defines an inner product on V
with corresponding norm

‖ · ‖=
√

(·, ·) .

We call this norm the least-squares norm. Note that

∀ v ∈V, E (v)=‖u − v‖2 . (2.7)

The least-squares finite element approximation uh defined via Eq. (2.6) is
therefore the best approximation in Vh in the sense of the least-squares
norm:

‖u −uh‖= min
v∈Vh

‖u − v‖ . (2.8)

Hence, the following Galerkin orthogonality property holds:

∀ v ∈Vh, (u −uh, v)=0 . (2.9)

One of the practical consequences of this property is that uh can be com-
puted by solving a linear system of equations that involves a symmetric,
positive definite matrix. This is a very attractive feature of least-squares.

Given a PDE problem, the main difficulty in designing a least-squares
method is to find a first-order system formulation with a least-squares
norm that provides a useful measure of the error. For instance, when deal-
ing with elliptic PDEs, one may be interested in obtaining approximations
that are accurate in the sense of a product H 1(Ω) norm, say

‖v‖H 1 :=
[

N∑

n=1

‖vn‖2
H 1(Ω)

]1/2

,
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where vn is the nth component of v. In this case, it is desirable to design
a first-order system with the property that there exist constants c and C

such that

∀ v ∈V, c ‖v‖H 1 �‖v‖�C ‖v‖H 1 (2.10)

with c ≈C ≈ 1. Such an equivalence between the least-squares and target
norms is often very hard to achieve; lack of it can result in poor conver-
gence rates with respect to the target norm.

Indeed, as pointed out by Deang and Gunzburber [10], while there is
a vast and growing literature on the mathematical analysis of finite ele-
ment least-squares methods, most of the results available so far assume
an idealised setting (e.g. a smooth solution, a convex polygonal domain)
and concern asymptotic convergence rates that hold in the limit as h→0.
Our particular focus in this paper is precisely the opposite! We seek effec-
tive methods for solving difficult problems with rough solutions, using rel-
atively coarse meshes. Some of the practical difficulties associated with the
least-squares methodology will be illustrated in Sections 6 and 7, where we
consider specific examples.

3. THE MESH MOVEMENT ALGORITHM

A rough description of our approach is as follows. Given an initial
mesh, we seek new positions for the vertices such that the least-squares
norm of the error is reduced. One iteration of the algorithm consists of a
sweep through the vertices. For each vertex, say xj , we compute a “descent
direction”, say −Φ(xj )∈R

d , and move the vertex in that direction, holding
every other vertex—and the mesh topology—fixed.

It is an elementary fact of Calculus that the descent direction for the
vertex xj that would produce the largest reduction of E(uh) locally is

− ∂

∂xj

E(uh) .

In order to compute this direction, however, one requires the discrete solu-
tion uh. Hence, if we were to choose this as the descent direction, we
would have to solve the global discrete problem (2.6) repeatedly as the
position of the vertex xj changes. Although this approach has been fol-
lowed by some authors (see [11], for instance), it is not practical for any-
thing but very coarse meshes.
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The key features of our approach are:

• We choose as the descent direction

−Φj (xj )=− ∂

∂xj

E(uh),

where uh is an approximation of u obtained by setting up and solv-
ing a PDE problem that is purely local. Note that h appears as a
superscript to distinguish uh from the global discrete solution uh.

• The same local PDE problem is used to update the approximation
uh locally as the vertex is moved. Hence, no separate global solution
step is required.

• Although in general

uh 	=uh

the resulting algorithm has the monotonicity property, i.e. the least-
squares functional is reduced as the vertices move.

We now turn to the details of defining the descent direction, and the
recipe for updating the approximation as each vertex is moved. Let Th =
{κi}Ii=1 be the current mesh with vertices {xj }Jj=1. We denote by Ωj the
union of those cells that share the vertex xj . We say that x̂ ∈ Ωj is an
admissible position for xj if a partition T̂h ={κ̂i}Ii=1 may be obtained from
Th by substituting x̂ for xj (cf. Fig. 1). The corresponding finite element
space will be denoted by V̂h.

Let uh,old be some given element of Vh := Vh(Th). The algorithm for
updating the vertex xj will depend on the particular choice of uh,old, but

(a) (b)

Fig. 1. (a) The old triangles κi in Ωj and the descent path. (b) The triangles κ̂i =κi

(
x̂
)

for
the admissible location x̂.
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we shall postpone the precise definition. For the moment, one may simply
think of uh,old as an approximation of u on the current mesh which is not
necessarily the global solution uh of the discrete problem (2.4). In order to
emphasise this important distinction, the notation uses h as a subscript in
the case of the global discrete solution uh, and as a superscript in the case
of the approximation uh,old.

Furthermore, we shall suppose that, for every admissible position x̂,
an approximation ûh ∈ V̂h is defined in such a way that

1. ûh =uh,old for x /∈Ωj :=Ωj ∪ ∂Ωj .
2. For x̂ =xj , ûh =uh,old.

The first condition does not characterise ûh fully; there are a few degrees
of freedom associated with the elements contained in Ωj that remain to
be determined. Different strategies can be used to determine them, and we
shall in due course consider two possible choices.

We shall seek a new admissible position x̂ = xnew
j for the j th vertex,

with corresponding ûh =uh,new ∈ V̂h =Vnew
h , such that

E(uh,new)�E
(
uh,old) (3.1)

with equality if and only if xnew
j = xj . Suppose for the moment that xnew

j

is given and such that

xj (t)= txnew
j + (1− t)xj

is admissible for all 0 � t � 1. For each t ∈ [0,1], we shall use Th(t), κ(t),
Vh(t) and uh(t) to denote T̂h, κ̂, V̂h and ûh for x̂ = xj (t), respectively,
although we shall often omit to indicate explicitly the dependence on t . As
is well-known [2], in each cell κi(t)∈Th(t), we have

duh

dt
= u̇h − (ẋj ·∇uh)φj . (3.2)

In this expression, u̇h is the element of Vh(t) obtained by differentiating
the coefficients in the representation of uh(·, t) in terms of the standard
(Lagrange) finite element basis, φj (·, t) denotes the piecewise linear func-
tion which equals unity at xj (t), and zero at all the other nodes, and the
operator ∇ is applied to uh componentwise. We shall make use of the fol-
lowing lemma, whose proof may be found in [17].
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Lemma 3.1. For each 0� t �1, let F(·, t)∈C1(κ(t)) and suppose that
F is continuously differentiable in t . Then

d

dt

∫

κ(t)

F (x, t) dx = ẋj ·
∫

∂κ(t)

F (x, t) φj (x, t) n ds +
∫

κ(t)

∂F

∂t
(x, t) dx .

Now, by construction, uh(0)=uh,old. We then have

E(uh,new)=E(uh,old)+
∫ 1

0

d

dt
E(uh(t)) dt . (3.3)

Our plan is to choose xnew
j in such a way that the integral on the

right-hand side of the last equality is as negative as possible, so that the
least-squares error is minimised. With this in mind, we denote, for each
admissible x̂ in Ωj , the counterpart of φj (t) by φ̂j , and introduce the d-
dimensional vector

Φj

(
x̂
) =

∑

κ̂⊆Ωj

{∫

∂κ̂

[
1
2

∣∣∣Lûh − f
∣∣∣
2
φ̂j n−

〈
A∗ ·n

(
Lûh − f

)
,∇ûhφ̂j

〉

∗

]
ds

−
∫

κ̂

〈
L∗
(
Lûh − f

)
,∇ûhφ̂j

〉

∗
dx

}

−
∫

∂Ω∩∂Ωj

〈
B∗B

(
ûh −g

)
,∇ûhφ̂j

〉

∗
ds . (3.4)

In this expression, 〈·, ·〉∗ denotes the usual inner product in R
N , n∈R

d is
the unit vector normal to ∂κ and pointing outward,

A∗ ·n :=
d∑

i=1

niA
∗
i ,

A∗
i , B∗ and C∗ are the (N ×M) matrix transposes of Ai , B, and C, respec-

tively, and L∗ is the formal adjoint of the partial differential operator L.
More precisely, if v is a function with values in R

M , then

L∗v =C∗v −
d∑

i=1

∂

∂xi

(
A∗

i v
)

.

We show in Appendix A that

d

dt
E
(

uh
)

=
∫

Ωj

〈
Luh − f,Lu̇h

〉
dx +

∫

∂Ωj ∩∂Ω

〈
B
(

uh −g
)

,Bu̇h
〉
ds

+ẋj ·Φj

(
xj (t)

)
. (3.5)
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In order to deal with the u̇h term in this expression, we now need to
specify how ûh is defined in Ωj .

One possibility is to choose ûh in such a way that the coefficients in
its expansion with respect to the Lagrange basis functions are independent
of x̂ (and so equal to those of uh,old). This scheme would define ûh com-
pletely and, recalling that uh is ûh for x̂ =xj (t), would yield u̇h ≡0, so that
the terms involving u̇h in Eq. (3.5) drop out. This scheme, however, does
not make optimal use of the degrees of freedom available in the definition
of ûh.

A better way of defining ûh is to set up a local version of the discrete
PDE problem (2.9): find ûh ∈ V̂h such that ûh =uh,old for x /∈Ωj and

∫

Ωj

〈
Lûh − f,Lv

〉
dx +

∫

∂Ωj ∩∂Ω

〈
B
(

ûh −g
)

,Bv
〉
ds =0 (3.6)

for all v ∈ V̂h with support in Ωj .
We emphasise that, given uh,old, the computation of ûh involves only

the determination of very few unknowns. Furthermore, this method of
construction leads to the desired simplification in Eq. (3.5). Indeed, uh

agrees with uh,old outside Ωj . It follows that u̇h has support in Ωj . Since
uh solves the local problem (3.6), we obtain

d

dt
E
(

uh
)

= ẋj ·Φj

(
xj (t)

)
, (3.7)

and Eq. (3.3) becomes

E
(

uh,new
)

=E
(

uh,old
)

+ ẋj ·
∫ 1

0
Φj

(
xj (t)

)
dt . (3.8)

The significance of the map Φj is now apparent; Eq. (3.7) shows that

Φj (x̂)= ∂

∂x̂
E(ûh) .

When xj is a vertex inside Ω, it is therefore natural to seek xnew
j along the

direction of “steepest descent”, i.e.

xnew
j =xj − τ Φj (xj ) for some τ ∈ [0, αj τmax

j ], (3.9)

where 0<αj <1. In this expression,

τmax
j = sup

{
τ >0 :xj − τ ′Φj (xj ) is admissible ∀0� τ ′ � τ

}
.

Given uh,old ∈Vh, the algorithm for updating xj is as follows:
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• If Φj (xj )=0, set xnew
j =xj .

• Otherwise, let τ ∈ [0, αj τmax
j ] be the number nearest to zero such

that

Φj (xj ) ·
∫ τ

0
Φj

(
xj − τ ′Φj (xj )

)
dτ ′

is maximised either locally or globally.

When xj is a vertex on the boundary of Ω, then the vector Φj

(
xj

)

in Eq. (3.9) must be replaced by its projection on the boundary; other-
wise, the algorithm is the same, given that the boundary condition (2.2) is
applied “weakly” through the use of the boundary integral in the residual
functional E.

A complete iteration consists of a sweep through the vertices in the
mesh. We can choose to update the vertices simultaneously at the end of
each sweep, or one by one as soon as each new location is computed. By
analogy with the well-known relaxation methods for the solution of linear
systems, we shall refer to the former choice as a “Jacobi sweep” and to
the latter choice as a “Gauss–Seidel sweep”. It follows from the foregoing
calculation that the functional E(uh) must decrease after a Gauss–Seidel
sweep, unless the initial mesh is locally optimal. By contrast, the Jacobi
approach does not generally enjoy this monotonicity property.

4. A SIMPLE ONE-DIMENSIONAL EXAMPLE

It is instructive to consider a very simple one-dimensional example,
namely

du

dx
=f, x ∈Ω := (0,1) (4.1)

with the boundary condition u(0) = u0. For the discretisation, we use
piecewise linear polynomials on a partition with vertices

0=x0 <x1 < · · ·<xN =1,

and impose the boundary conditon uh(0) = u0 strongly. Equation (2.9)
then yields

∫ 1

0

duh

dx

dφj

dx
dx =

∫ 1

0
f

dφj

dx
dx, 1� j �N, (4.2)
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where

φj (x)=






x−xj−1
xj −xj−1

if xj−1 �x �xj ,
xj+1−x

xj+1−xj
if xj �x �xj+1,

0 otherwise.

The solution of Eq. (4.1) is of course

u(x)=
∫ x

0
f (x′) dx′ .

By noting that

u(xj )−u(xj−1)

xj −xj−1
= 1

xj −xj−1

∫ xj

xj−1

f (x) dx, (4.3)

it is relatively easy to see that the discrete solution uh is exact at the verti-
ces xj , i.e.

uh(xj )=u(xj ), 0� j �N .

It follows that, if uh,old is the global discrete solution on the old
mesh, then, for every xj−1 � x̂ � xj+1, the solution ûh of the local prob-
lem (3.6) is also exact at x̂, and so equals the global discrete solution on
the mesh with x̂ as j th vertex. We emphasize that this is a very special
case; generally, the approximation ûh obtained by solving the local prob-
lem will differ from uh. Our purpose in considering this special case is to
gain some insight into the asymptotic behaviour of the mesh movement
algorithm.

Now, Eq. (3.4) gives

Φj (x̂) = 1
2

∣∣∣∣
dûh

dx
(x̂−)−f (x̂−)

∣∣∣∣
2

− 1
2

∣∣∣∣
dûh

dx
(x̂+)−f (x̂+)

∣∣∣∣
2

−
∫ x̂

xj−1

(
dûh

dx
−f

)
dûh

dx

dφ̂j

dx
dx +

∫ xj+1

x̂

(
dûh

dx
−f

)
dûh

dx

dφ̂j

dx
dx .

As noted earlier, ûh equals u at the vertices, and so it follows from
Eq. (4.3) that the last two integrals vanish. Hence, we obtain

Φj (x̂)= 1
2

[∫ x̂

xj−1

x −xj−1

x̂ −xj−1

df

dx
dx

]2

− 1
2

[∫ xj+1

x̂

xj+1 −x

xj+1 − x̂

df

dx
dx

]2

. (4.4)



230 Tourigny

Clearly, Φj (xj−1) < 0 and Φj (xj+1) > 0. So the new location xnew
j

solves the equation

Φj (x
new
j )=0 .

It is interesting to consider the particular case where f (x) = x in more
detail. Then

Φj (x̂)=−xj+1 −xj−1

8

(
xj−1 −2x̂ +xj+1

)
.

Hence

xnew
j = xj−1 +xj+1

2
.

Let us suppose for simplicity that we sweep through the vertices in the
lexicographic order. Then the vertices xk

j of the mesh generated after k

Gauss–Seidel sweeps satisfy the recurrence relation

xk+1
j = 1

2

(
xk+1
j−1 +xk

j+1

)
, 1� j �N −1, xk

0 =0, xk
N =1 . (4.5)

The limiting mesh is uniform, i.e. x∞
j = j/N , and we have

max
0�j�N

∣∣∣xk
j −x∞

j

∣∣∣=O
(
�k

h

)
as k →∞,

where

�h = max
0<�<N

cos2 (�hπ) .

The recurrence relation (4.5) is familiar; it arises when one applies
the Gauss–Seidel relaxation method to solve the linear system resulting
from the three-point finite difference discretisation of the one-dimensional
Laplace equation. It is well-known that, although the first few iterations of
the Gauss–Seidel method are very effective in reducing the error—particu-
larly on coarse meshes—the sequence eventually “stalls” because the con-
traction factor �h is close to unity for h small [7].

The mesh movement algorithm that we have described exhibits a sim-
ilar behaviour; unless the mesh is very coarse, there is no practical advan-
tage in performing more than a few sweeps.
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5. SOME IMPLEMENTATION DETAILS

In this section, we make a few remarks on the practical implementa-
tion of the Gauss–Seidel version of the algorithm, with emphasis on the
two-dimensional case.

Clearly, the results depend on the way the vertices are ordered. For the
numerical experiments in this paper, we order the vertices according to the
value of |Φj (xj )| before each sweep.

The monotonicity property holds provided that the descent direction
is computed exactly. In practice, some quadrature rule is required to eval-
uate Φj (xj ). In the next sections, we use Gaussian quadrature rules with
three points for the triangles and five points for the line integrals.

The parameter αj in Eq. (3.9) and the sequential nature of the algo-
rithm make it possible to control the geometrical quality of the simplices.
For triangles in R

2, we follow Bank and Smith [4] and use the quality
measure

q (κ)= 4√
3

|κ|
∑3

i=1 �2
i (κ)

, (5.1)

where |κ| denotes the area of κ, and �i(κ) is the length of the ith edge.
Note that q takes values in the interval [0,1] and equals unity if κ is equi-
lateral. Let qmin ∈ (0,1) and suppose that

min
κ∈Th

q(κ)�qmin . (5.2)

Then, it is an easy matter to select αj in such a way that this inequality
holds after the vertex xj has been moved.

In practical applications, mesh movement should be combined with
adaptive algorithms that optimise the topology of the mesh; for instance,
with mesh refinement algorithms such as those studied in [1,5]. In this
paper, we illustrate the combination of mesh movement and “local edge-
swapping” [13]. In brief, for every edge in a partition of triangles, we con-
sider the quadrilateral formed by the triangles that share the edge. The
edge is a diagonal connecting two of the vertices. If the quadrilateral is
convex, then an alternative triangulation is obtained by making the edge
lie along the other diagonal. In the context of least-squares, we can choose
to “swap” the edge if it leads to a reduction of the least-squares func-
tional. The approach we use in this paper is analogous to that described
in [17].

Finally, let us address the question of the computational cost of the
algorithm. If we assume that the quadrature rules are fixed, and that the
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topology of the meshes is such that the number of vertices is always pro-
portional to the number of elements, then the computational complexity
of a single Gauss–Seidel sweep is

O(J )=O(h−d) as h→0 .

On the other hand, the computational cost of solving the gobal discrete
problem is

O(h−γ d) as h→0,

where γ depends on the particular solver. For the ideal solver—an opti-
mally efficient multigrid method—we have γ = 1 and so, in that case, the
cost of a sweep is proportional to the cost of solving the global discrete
problem. However, in this paper, we have found it more convenient to use
the preconditioned conjugate gradient method; for this choice, we have,
when d =2,

γ =5/4 .

Hence, in this case, the relative cost of performing a fixed number of mesh
movement sweeps decreases as the meshes are refined.

6. A CONVECTION-DIFFUSION PROBLEM

Let

Ω = [0,1]× [0,1], f ∈L2(Ω), a :Ω →R
2 and ε >0 .

We consider the problem of finding a function u :Ω →R such that

−ε∆u+a ·∇u=f, x ∈Ω (6.1)

with the boundary condition

u=0, x ∈ ∂Ω . (6.2)

For small ε>0, the solution can have a large gradient near the “out-
flow boundary”

{x ∈ ∂Ω : a ·n(x)>0} .
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In order to obtain a method that is accurate uniformly in ε, we use
the first-order system reformulation proposed by Fiard et al. [12]. First, we
introduce functions α1, α2 :Ω →R

2 such that
(

∂α1

∂x1
,
∂α2

∂x2

)
= 1

ε
a .

Using the convenient notation

α+ = α1 +α2

2
and α− = α1 −α2

2
.

Equation (6.1) may be written in the form:

−eα− ∂

∂x1

[
e−α1

∂u

∂x1

]
− e−α− ∂

∂x2

[
e−α2

∂u

∂x2

]
= 1

ε
e−α+f . (6.3)

Set

u =



u

e−α1 ∂u
∂x1

e−α2 ∂u
∂x2



 .

Then Eq. (6.1) can be recast in the form (2.1) with

A1 =





−e−α+ 0 0
0 0 0
0 −eα− 0
0 0 −e−α−



 , A2 =





0 0 0
−e−α+ 0 0

0 0 −e−α−

0 eα− 0



 ,

C =





0 eα+ 0
0 0 e−α−

0 0 0
0 eα− ∂α1

∂x2
−e−α− ∂α2

∂x1



 and f =





0
0

1
ε

e−α+f

0



 .

The first two equations express the defining relationship between u and the
other two unknowns; the third equation corresponds to Eq. (6.3), and the
last equation essentially states that

∂2u

∂x2∂x1
= ∂2u

∂x1∂x2
.

The boundary conditions are

u= e−α1
∂u

∂x1
=0 for x2 =0, 1 and u= e−α2

∂u

∂x2
=0 for x1 =0, 1 .
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Using the same scaling as for the PDE, this can be expressed in the form
(2.2) with g =0 and

B = 1
ε

e−α+





1 0 0
0 b22 b23
0 0 0
0 0 0



 ,

where

b22 =
{

1 if x2 =0 or 1
0 otherwise

and b23 =
{

1 if x1 =0 or 1,

0 otherwise.

For the numerical experiment, we follow one of the examples in [12]
and take

a = (−1,0) and ε = 1
32

,

choosing f so that

u=x1x2(1−x1)(1−x2) e− x1
ε .

Thus, u has a boundary layer at x1 = 0. The components of the corre-
sponding solution u are plotted in Fig. 2.

For the least-squares method, we use a discrete space Vh such that
every component of v ∈Vh is piecewise linear. The global discrete problem
is solved by a preconditioned conjugate gradient method.

The meshes shown in Fig. 3 were obtained as follows: starting with a
coarse uniform mesh of 64 triangles (here h is half the square root of the
number of triangles in the mesh), we computed the global discrete solu-
tion, and then performed 10 sweeps of the mesh movement algorithm. The
resulting mesh was then refined uniformly, and the procedure repeated on
the refined mesh. For this case, no edge-swapping was performed. We used
the constraint (5.2) with

qmin = 1
2

.

The meshes obtained when mesh movement is used in combinition with
edge swapping are qualitatively similar.

The value of the least-squares functional at each refinement level is
given in Table I. It is apparent that

‖u −uh‖=
√

E (uh)=O(h) as h→0,
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Fig. 2. The components (a) u1, (b) u2 and (c) u3 of the solution of the first-order system
for the convection-diffusion problem.
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(a) (b)

(c) (d)

Fig. 3. Optimised meshes at successive refinement levels for the convection–diffusion
problem: (a) h=1/4, (b) h=1/8, (c) h=1/16, and (d) h=1/32.

Table I. E (uh) as h Decreases for the Convection-
diffusion Problem

h Uniform Optimised With swapping

1/4 2.96e-2 1.91e-2 1.92e-2
1/8 1.08e-2 6.03e-3 5.94e-3

1/16 3.17e-3 1.59e-3 1.44e-3
1/32 8.31e-4 4.00e-4 3.60e-4
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whether or not the mesh is optimised. However, mesh movement reduces
the least-squares functional by a factor of about two.

It would have been interesting to experiment with yet smaller values
of the parameter ε. Fiard et al. [12] use a multigrid solver on meshes that
are graded within the boundary layer and report results for ε = 1/256.
But we were unable to calculate the discrete solution by a preconditioned
conjugate gradient method on uniform meshes for ε <1/32. This suggests
that, despite the rescaling of the original equations, the global discrete
least-squares problem becomes increasingly ill-posed as ε →0.

7. A PROBLEM OF STOKES FLOW

Let Ω = [−1,1]× [0,1]⊆R
2. We consider the problem of finding three

scalar functions u, v and p such that

−∆u+ ∂p

∂x1
= 0, (7.1)

−∆v + ∂p

∂x2
= 0, (7.2)

∂u

∂x1
+ ∂v

∂x2
= 0, (7.3)

in Ω, with the boundary conditions

u=u0, v =v0, x ∈ ∂Ω, (7.4)

where u0 and v0 are given.
The unknowns u and v represent the horizontal and vertical compo-

nents of the velocity field of a very viscous incompressible fluid, and p

represents the pressure field. The pressure is only determined up to a con-
stant by these equations; we select the particular solution such that

p =0 at x = (−1,0) . (7.5)

Various least-squares methods for the numerical solution of the
Stokes equations have been studied in the literature. Deang and Gunz-
burger have carried out an interesting survey of this research area, with
a particular focus on the practical performance of the methods [10]. Here,
we describe the widely used velocity–vorticity–pressure formulation.

This approach consists of introducing the vorticity

ω= ∂v

∂x1
− ∂u

∂x2
(7.6)
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as additional unknown. We then have

∂ω

∂x2
+ ∂p

∂x1
= 0, (7.7)

− ∂ω

∂x1
+ ∂p

∂x2
= 0, (7.8)

∂u

∂x1
+ ∂v

∂x2
= 0. (7.9)

So we set

u =





u

v

p

ω





and rewrite these equations in the form (2.1) with

A1=





0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0



 , A2 =





0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



 , C =





0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1



.

Hence, the first-order system consists of four equations for four
unknowns. The boundary condition (7.4) can be expressed in the form
(2.2) by defining the vector g and the matrix B as follows:

B =





0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0



 and g =





u0
v0
0
0



 .

Let us now remark that the functional E, as defined in Eq. (2.3),
uses the L2 norm to measure every component of the residual. However,
in the present case, the mathematical analysis of the least-squares method
indicates that one should ideally measure the last two components of the
residual in the H 1 norm. Following Bochev and Gunzburger [6], we can
use the mesh-dependent inner product

〈x,y〉=x1y1 +x2y2 +|Th|x3y3 +|Th|x4y4, (7.10)

where

|Th|=# {κ ∈Th}=O(h−2) as h→0,
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to mimic the use of the H 1 norm for the last two components. Note that
the inner product depends only on the number of elements in the mesh,
so that the calculations in Sec. 3 remain valid. In order to ensure that the
boundary condition contributes to the total residual, we also use the mesh
dependent weight in the boundary integral. Finally, for the discretisation,
we use piecewise linears for every unknown and, again, solve the resulting
system by a preconditioned conjugate gradient method.

For the numerical experiment, we take

u0 := 3
2

√
r [cos(θ/2)− cos(3θ/2)] ,

v0 := 3
2

√
r [3 sin(θ/2)− sin(3θ/2)]

for x ∈ ∂Ω, where r =|x| and θ = arc tan(x2/x1) denote the familiar polar
coordinates in R

2. This somewhat artificial boundary condition has the
advantage that an exact solution is given explicitly by u≡u0, v ≡v0,

p =− 6√
r

cos(θ/2) and ω=− 6√
r

sin(θ/2), x ∈Ω .

This analytical solution is plotted in Fig. 4. We note that u has a singu-
larity at the origin; it is easy to see that

p, ω∈Hα(Ω), u, v ∈Hα+1(Ω) with 0�α <1 .

Hence, we expect a poor rate of convergence on uniform meshes.
The meshes shown in Fig. 5 were obtained in a way similar to that

in Sec. 6: starting from a coarse uniform mesh of 16 triangles, we com-
puted the global discrete solution, and then performed 10 sweeps of the
moving mesh algorithm, interleaved with edge-swapping sweeps. The pro-
cedure was then repeated on a (uniform) refinement of the resulting mesh.
We controlled the mesh quality by insisting that, at each refinement level,
the quality of the mesh remain within 60% of the quality of the initial
mesh at that level. The optimised meshes are remarkably regular; there is
only a very mild clustering of triangles at the origin.

The computed errors for uniform and optimised meshes are shown in
Table II. Given a measure eh of the error, we postulate that there exist C

and γ such that

eh ∼Chγ as h→0 .
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Fig. 4. The (a) velocity field, (b) pressure and (c) vorticity for the Stokes flow.

Then

γh :=
ln e2h

eh

ln 2
→γ as h→0.

We can conclude from these results that the error is generally reduced
by optimising the mesh, though the improvement is relatively minor. It is
also apparent that these values of h are too large to reflect the asymptotic
behaviour of the errors.

We have experimented with other least-squares methods for the
Stokes problem. In particular, with the velocity-pressure-gradient of veloc-
ity method proposed by Cai et al. [8]. The analysis of the method shows
that optimal convergence rates are obtained on convex polygonal domains
with smooth solutions and, indeed, this is what we observed in practice.
However, when the method was applied to the problem of computing
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(a) (b)

(c) (d)

Fig. 5. Optimised meshes at successive refinement levels for the Stokes problem: (a) h=1/4,
(b) h=1/8, (c) h=1/16, and (d) h=1/32.

the flow over a step—with a singular solution defined on a non-convex
domain—we found that the approximation obtained was poor. In partic-
ular, because of the incompressibility condition, one expects approximate
“mass conservation”, i.e.

∫

∂Ω

(uh, vh) ·nds →0, as h→0 .

We found that, on practical meshes, the quantity on the left-hand side
converged very slowly. The issue of mass conservation in least-squares
methods for the Stokes problem has been discussed by several authors
[10].

8. CONCLUSION

In this paper, we have shown how the moving mesh algorithm devel-
oped by Tourigny and Hülsemann in [17] can be used in the context of
least-squares. This algorithm is based on the solution of local PDE prob-
lems—making it relatively inexpensive to use. Hence, it provides a useful
complement to the usual strategy of adaptive mesh refinement.

The least-squares methodology has many attractive features and, in
principle, can be used to recast any given partial differential problem as
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Table II. The Error as h Decreases for the Stokes Problem on Uniform and
Optimised Meshes

h 1/2 1/4 1/8 1/16 1/32

E(uh)

Uniform 1.28e + 1 2.62e + 1 4.65e + 1 7.58e + 1 1.20e + 2
γh – − 1.03 − 0.83 − 0.70 − 0.66

Optimised 1.03e + 1 1.99e + 1 3.03e + 1 4.49e + 1 6.70e + 1
γh – − 0.95 − 0.61 − 0.57 − 0.58

‖u−uh‖L2(Ω)

Uniform 2.74e − 1 1.80e − 1 8.47e − 2 3.75e − 2 2.52e − 2
γh – 0.61 1.08 1.18 0.57

Optimised 2.53e − 1 1.68e − 1 8.21e − 2 3.23e − 2 1.85e − 2
γh – 0.59 1.03 1.34 0.80

‖v −vh‖L2(Ω)

Uniform 3.70e − 1 2.18e − 1 1.10e − 1 5.21e − 2 2.80e − 2
γh – 0.76 0.99 1.08 0.90

Optimised 3.37e − 1 1.82e − 1 8.04e − 2 3.58e − 2 1.99e − 2
γh – 0.89 1.18 1.17 0.85

‖p −ph‖L2(Ω)

Uniform 2.68e + 0 2.13e + 0 1.61e + 0 1.24e + 0 9.74e − 1
γh – 0.33 0.40 0.38 0.35

Optimised 2.56e + 0 2.11e + 0 1.42e + 0 1.16e + 0 8.64e − 1
γh – 0.28 0.57 0.29 0.43

‖ω−ωh‖L2(Ω)

Uniform 6.60e + 0 3.98e + 0 2.47e + 0 1.65e + 0 1.18e + 0
γh – 0.73 0.69 0.58 0.48

Optimised 6.57e + 0 3.59e + 0 2.41e + 0 1.65e + 0 1.19e + 0
γh – 0.87 0.57 0.55 0.47

a minimisation problem for a computable functional (the residual). How-
ever, it is recognised that care must be taken when least-squares methods
are used for problems that are not covered by the existing mathematical
theory. In this paper, we have used the moving mesh algorithm to solve
the Stokes equations with rough data, and a convection-diffusion equa-
tion where convection dominates. For these difficult applications, we have
found that the approximation is improved when the algorithm is used,
but that the improvement does not justify the additional cost incurred in
optimising the mesh.

Nevertheless, we feel that the optimisation algorithm deserves further
study. Future work will focus on combining the algorithm with adaptive
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refinement strategies, and on comparing the results with those obtained by
using mesh smoothing.

Appendix A: CALCULATION OF THE DESCENT DIRECTION

In this appendix, we derive Eq. (3.5).
In view of Eqs. (2.3) and (2.7), it is convenient to express E(uh) as

E(uh)=
∑

κ∈Th

Eκ(uh)+ 1
2

∫

∂Ω

|B(uh −g)|2ds,

where

Eκ(uh)= 1
2

∫

κ

|Luh − f |2dx . (A.1)

Hence

d

dt
E(uh)=

∑

κ∈Th

d

dt
Eκ(uh)+

∫

∂Ω

〈
B(uh −g),B

duh

dt

〉
ds . (A.2)

First, we consider the sum on the right-hand side of this equation.
The simplices outside Ωj do not depend on t . Likewise, by assumption,
uh is independent of t for x /∈Ωj . Therefore,

∑

κ∈Th

d

dt
Eκ(uh)=

∑

κ⊆Ωj

d

dt
Eκ(uh) . (A.3)

Using Lemma 3.1, we obtain from Eq. (A.1):

d

dt
Eκ(uh)= ẋj ·

∫

∂κ

1
2
|Luh − f |2 φj nds +

∫

κ

〈
Luh − f,Lduh

dt

〉
dx . (A.4)

Now, Eq. (3.2) gives

∫

κ

〈
Luh − f,Lduh

dt

〉
dx =

∫

κ

〈
Luh − f,Lu̇h

〉
dx

−
∫

κ

〈
Luh − f,L(ẋj ·∇uh φj )

〉
dx. (A.5)
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We wish to take the ẋj term outside the last integral. To this end, we use
integration by parts:
∫

κ

〈
Luh − f,L

(
ẋj ·∇uh φj

)〉
dx =

∫

∂k

〈
A∗ ·n

[
Luh − f

]
, ẋj ·∇uhφj

〉

∗
ds

+
∫

κ

〈
L∗
(
Luh − f

)
, ẋj ·∇uhφj

〉

∗
dx

= ẋj ·
{∫

∂k

〈
A∗ ·n

[
Luh − f

]
,∇uhφj

〉

∗
ds

+
∫

κ

〈
L∗
(
Luh − f

)
,∇uhφj

〉

∗
dx

}
. (A.6)

Hence, we have shown that
∑

κ∈Th

d

dt
Eκ

(
uh
) =

∫

Ωj

〈Luh − f,Lu̇h
〉
dx

+ẋj ·
∑

κ⊆Ωj

{∫

∂κ

[
1
2

∣∣Luh − f
∣∣2 φj n− 〈A∗ ·n (Luh − f

)
,∇uhφj

〉
∗

]
ds

−
∫

κ

〈L∗ (Luh − f
)
,∇uhφj

〉
∗ dx

}
. (A.7)

Turning next to the boundary integral in Eq. (A.2), we readily obtain
∫

∂Ω

〈
B
(

uh −g
)

,B
duh

dt

〉
ds =

∫

∂Ω∩∂Ωj

〈
B
(

uh −g
)

,B
duh

dt

〉
ds

=
∫

∂Ω∩∂Ωj

〈
B
(

uh −g
)

,Bu̇h
〉
ds

−ẋj ·
∫

∂Ω∩∂Ωj

〈
B∗B

(
uh −g

)
,∇uhφj

〉

∗
ds .

Reporting this in Eq. (A.2) and making use of (A.7), we deduce

d

dt
E
(

uh
)

=
∫

Ωj

〈
Luh − f,Lu̇h

〉
dx +

∫

∂Ωj ∩∂Ω

〈
B
(

uh −g
)

,Bu̇h
〉
ds

+ẋj ·
∑

κ⊆Ωj

{∫

∂κ

[
1
2

∣∣∣Luh − f
∣∣∣
2
φj n−

〈
A∗ ·n

(
Luh − f

)
,∇uhφj

〉

∗

]
ds

−
∫

κ

〈
L∗
(
Luh − f

)
,∇uhφj

〉

∗
dx

}

−ẋj ·
∫

∂Ω∩∂Ωj

〈
B∗B

(
uh −g

)
,∇uhφj

〉

∗
ds .
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