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Governing equations

o Conservation laws:

9t @Z };Oa 2)+ V- anpa Z x'page = 0 (mass balance of comp. i)

V- (o — bpl) + f =0 (momentum balance)

® Constitutive models:

Vo = — km:j“)n - (VPa — pag) (multiphase Darcy’s law)
Pa = Pa(ParX.), tha = tta(pa, X)), (fluid properties)

Pa = p+ pS(S.), (capillary pressure)
A¢ = bAe,(u) + (b ;(%)Aﬁ, (porosity model)

o =Cy : Viu 5 (linear elasticity)
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Multiscale methods
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Why multiscale solvers?

® Tightly coupled PDEs

e Strongly discontinuous properties

e High fidelity/resolution requirements

® Multiscale nature of the problems

Robust and scalable solvers are in demand!

Cap Rock..........
Sand Wedge........
Thick Shale...........

Sleipner CO, storage problem [Cavanagh (2013)].

(a) 6 Million-Cell Modecl (b) 166 Million-Cell Model
m Solver m Solver
M Jacobian M Jacobian
© Updates » Updates
m Wells m Wells

Figure 1.1: Performance breakdown lor a simulation of 37 years of production using a
compositional model on 720 Westmere cores and 5,640 Wesumere cores, performed by
Sandi ARAMCO's in-house reservoir simulator, GigaPOWTERS™,

Manea, PhD Thesis [2015]
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Multiscale methods

Image courtesy of lvan Lunati

upscaling

multiscale ( up/down scaling)

.

iterative strategy

Y computational cost

fine-scale
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>

accuracy

Upscaling Methods
Effective Coefficients
Pseudo Functions
Volume Averaging
Homogenization methods

Multiscale Methods
Heterogeneous Multiscale Methods
Variational Multiscale Method
Multiscale Finite Element Method
Multiscale Finite Volume Method
Multiscale Mixed Finite Element Method
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Governing equations

o Conservation laws:

9t @Z };Oa 2)+ V- anpa Z x'page = 0 (mass balance of comp. i)

V- (o — bpl) + f =0 (momentum balance)

® Constitutive models:

Vo = — km:j“)n - (VPa — pag) (multiphase Darcy’s law)
Pa = Pa(ParX.), tha = tta(pa, X)), (fluid properties)

Pa = p+ pS(S.), (capillary pressure)
A¢ = bAe,(u) + (b ;(%)Aﬁ, (porosity model)

o =Cy : Viu 5 (linear elasticity)

June 7, 2021 Multiscale solvers for flow and transport in porous media 8



MultiScale Methods for Flow & Transport:

AMSFV: Flow Problem
AMSFV: IMPES: Adaptivity of Flow & Transport

AThree-Phase Flow with Interphase Mass
Transfer

ASequential Fully Implicit (SFI)
AWells

ACompressible Multi-Phase Flow
ANonlinear Transport: Adaptivity
ACompositional Flow & Transport
APoro-Mechanics



Multiscale Finite Element Method (MSFE)

® Super-element method: Fedorenko (1976)
® Special /generalized finite element method: Babuska (1983, 1994)

e Multiscale finite element method: Hou & Wu (1997)

® Extensions and related work:
> Multiscale mixed finite element method (Chen & Hou, 2003)
> Multiscale mortar method (Arbogast et al., 2007)
> Use of limited global information (Efendiev & Hou, 2007)
> Application to vector problems (Efendiev & Hou, 2009; Buck et al. 2013)
> ...and many other
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Multiscale Finite Element Method (MSFE)

A coarse mesh is introduced (7") along with new basis functions (N/):

-
) -
-
|—l

v RV T F =0,
‘;b:ga

> We want to solve:

in €
on 0f
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Multiscale Finite Element Method (MSFE)

A coarse mesh is introduced (7") along with new basis functions (N):

V- |k(x)VN]] =
N (x)) =

/

> The coarse basis functions satisfy:
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Multiscale Finite Element Method (MSFE)

Permeability (K) [mD] Permeability (K) [mD]
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[Mgyner & Lie, 2016]

June 7, 2021 Multiscale solvers for flow and transport in porous media



MSFE basis functions

fine-scale

grid (7

coarse-scale

grid (7T)
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MSFE basis functions
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MSFE basis functions

e Computed solving local problems on each coarse element

® Solutions of reduced-dimension problems on boundaries used as boundary

conditions (localization assumption)

Given S" = span {Nj‘(Q),j -1,.. .,nh}, find NM -
S" — R? such that:

\ (ﬁ;(x)VNf’) =0 inT/
V- (ﬁ:(x)V” Nf’) =0 ondT/
NP (&) =06; Vje{tl,... "}
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MSFE basis functions

homogeneous case

June 7, 2021

heterogeneous case
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MSFV flow dual basis functions

heterogeneous
permeability field
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AMS
Algebraic MultiScale

Multiscale solvers for flow and transport in porous media
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flow dual basis functions - algebraic construction
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coarse scale grid
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flow dual basis functions - algebraic construction
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flow dual basis functions - algebraic construction
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flow dual basis functions - algebraic construction
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Prolongation and restriction operators

Downscaling Upscaling

restriction operator

prolongation operator

e P takes vectors on 7/ and * R takes vectors on 7 "and
defines their analogue in 7" defines their analogue in 7"
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Prolongation and restriction operators

June 7, 2021

R

I |:| :
pH
P

“I

B =1
A, o fH

Solve for p, then compute pf,c = Pp"

Approximate fine-scale solution

Multiscale solvers for flow and transport in porous media

25



MSFV
Conservative Fine-Scale
Velocity

26



MSFV flow dual coarse grid

coarse scale grid
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fine scale grid
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MSFV flow dual coarse grid

coarse scale grid
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fine scale grid

vertex cell

edge cell
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MSFV flow dual basis functions

® Computed solving local problems (e.g. mass balance) on each dual coarse element
® Solutions of reduced-dimension problems on boundaries used as boundary

conditions (localization assumption)

S" — R such that:
V- (k(x)VN)=0 in T,
V- (k(x)VN) =0  on 0T,

u
NSy =6; Vie{l,... n"}

Given 8" = span{Njh(Q),j =4[ nh}, find N7 -

June 7, 2021 Multiscale solvers for flow and transport in porous media
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MSFV conservative velocity reconstruction

Dual basis functions are used to:
e Compute coarse-scale transmissibility coefficients

® |nterpolate coarse-scale pressure solution

MSFV employs a second set of basis functions (primal):

® (Constructed by solving local Neumann problems using fluxes obtained from
interpolated pressure field as boundary conditions

® Used to reconstruct a locally conservative fine-scale velocity field (important for
transport problems)

June 7, 2021 Multiscale solvers for flow and transport in porous media

30



Conservative Fine-Scale Velocity
Fleld

Superposition In
Primal CV 5:
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Multiscale finite volume (MSFV)

® Multiscale finite volume method: Jenny, Lee, Tchelepi (2003)

e Extensions and related work

June 7, 2021

>

V'V ¥ ¥V V

correction functions to handle non-elliptic features (Lee et al. 2008, Lunati &
Jenny, 2008)

extension to compressible flow (Zhou & Tchelepi, 2008)

handling of wells (Wolfsteiner et al., 2006; Wang, 2015)

adaptive updating of basis functions (and transport equations)

iterative formulation with smoothers (Hajibeygi, 2008; Zhou & Tchelepi, 2012)
algebraic formulation (Zhou & Tchelepi, 2008; Wang et al. 2014)

.. and many more!

Multiscale solvers for flow and transport in porous media
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TAMS
Two-Stage Algebraic Multiscale Solver

Multiscale solvers for flow and transport in porous media
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Two-stage multiscale preconditioner

e Multiscale global operator: | Mg! = P (RAP) "R

e M ' is rank-deficient by n" — n"l
e Complement with a local smoother M ' (Jacobi, Gauss-Seidel, ILU, ...)

e Multiplicative two-stage preconditioner: Myays @ V — Z

z; = M¢c'v (stage 1)
z=2z,+M;'(v—Az) (stage 2)

Miaus = Mg + M (1 = AMGY)
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Two-stage multiscale preconditioner: scalability

Y. Wang et al. / Journal of Computational Physics 259 (2014) 284-303

301

Table 3
CPU time (sec) and iteration steps for SAMG on a patchy domain.
Problem size 32 x 32 x 32 64 x 64 x 64 128 x 128 x 128 256 x 256 x 256
Setup phase 0.12 114 12.33 157.41
Solution phase 0.14 0.76 6.33 73.02
Total 0.26 190 18.66 230.43
GMRES iterations 6 7 9 10
Table 4
CPU time (sec) and iteration steps for AMS on a patchy domain.
Problem size 32 x 32 x 32 64 x 64 x 64 128 x 128 x 128 256 x 256 x 256
Setup phase 0.29 212 17.00 147 .96
Solution phase 0.10 0.87 8.01 55.91
Total 0.39 2.99 25.01 203.87
GMRES iterations 22 21 21 18
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Two-stage multisca
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Ag 11—Speedup of setup and solve kernels of AMS for several problem sizes running on two sockets of intel Xeon Processor E5-

2690-v2.

Speedup
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-Slmn
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Speedup

16-Milion-Cell Test Case

s
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Csave|
|

1 2 ] 10 20
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[Manea, Sewall, Tchelepi, 2016]
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Multiscale poromechanics



Incompressible flow and geomechanics

Two-field fomulation: find the displacement vector, u, and pressure, p, such that:

V- (Cq :Vu—>bpl)+f=0

d
ot

Cauchy stress tensor

Z(bV-u) -V - (Evp) = q

-4

" au

fluid volume change

A >
e

Darcy’s law

(linear momentum balance)

(mass balance)

Discretization

® |Linear nodal

FE for u

® Cell-centered FV for p

® Backward Euler time integration

June 7, 2021

Matrix form

|

K B
B, C

i

h
un—|—1

h
pn+1

i

fn+1
gn+1

}
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MultiScale Mechanics
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Mechanics multiscale basis functions

Computed solving local linear-momentum balance assuming drained conditions

Given 8" = span {NﬁJ(Q),j =1,..., nh}, find
N, . :Si — R? such that:

V- (Ca:V°NJ)=0  inT/
Vi-(Ca: ViNI) =0  onoT/

N::’(g:;/aj) — 5"—*' e Vj€ {1""3’”:’} O vertex node 621—)
§1

@ edge node
O internal node
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Mec

nanics multiscale basis functions

homogeneous case

heterogeneous case

N x-component

N y-component

June 7, 2021
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heterogeneous
Young's modulus (E)
distribution
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Mechanics reduced boundary problems

K, (K, —2G) 0
Ca = | (K, — 2@) K, 0
0 0 G
- ; 5
L 0 = 0
ox ~ . T ox
A 7 . .
Vsz(V) =10 % Vsl —(V”) =1|"0 g
9 i 0 3z
R
(o (. ONY
22 Ky 8)“: =0 (axial equilibrium)
) o [ . (9/\7/" =
— | G—= | =0 (transverse equilibrium) Bl
(9X Bx B
\
" \ i
K., G: averaging procedure, e.g. max value [Buck et al., DDMSE XXI (2014)] E~
|Castelletto, Hajibeygi, Tchelepi. JCP (2017)] 5
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