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Abstract. ParaOpt is a time parallel method based on Parareal for solving optimality systems arising in optimal
control problems. The method was presented in [M.J. Gander, F. Kwok and J. Salomon, SIAM J. Sci. Comput.,
42 (2020), A2773-A2802] together with a convergence analysis in the case where implicit Euler is used to discretize
the differential equations governing the system dynamics. However, its convergence behaviour for higher order
time discretizations has not been considered. In this paper, we use an operator norm analysis to prove that the
convergence rate of ParaOpt applied to a linear-quadratic optimal control problem has the same order as the Runge-
Kutta time integration method used, provided that a few auxiliary order conditions are satisfied. We illustrate our
theoretical results with numerical examples, before showing an additional test case not covered by our analysis,
namely, a nonlinear optimal control problem involving a Schrodinger type system.
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1. Introduction. Time parallelization algorithms for solving ordinary differential equations
(ODEs) or partial differential equations (PDEs) have reached a certain maturity since their emer-
gence in the early 2000s [11, 29]. Current research on this class of algorithms mainly focuses
on their use in conjunction with other types of procedures, such as data assimilation [9, 30, 7],
multi-grid [18, 10, 35, 32, 15, 4], or control [25, 1, 34, 28, 21, 2, 5, 23, 27, 26].

In the recent paper [14], the authors introduced ParaOpt, a way of parallelizing the solving of
the discrete Fuler-Lagrange equations arising from an optimal control problem. The strategy con-
sists of dividing the time interval into several sub-intervals, on which subdomain control problems
can be defined. The original “global problem” is then equivalent to the continuity of the state and
adjoint variables across time interval boundaries, and these continuity conditions can be expressed
in terms of the subdomain solution operators. The algorithm is essentially a multiple shooting
method and has the dual advantage of reducing the number of primary degrees of freedom to those
of the state and adjoint at a few time points, while allowing the sub-interval problems to be solved
in parallel. The main drawback is that even when linearized, the resulting Jacobian matrix is
expensive to calculate explicitly and to solve by factorization. The idea of ParaOpt, inspired by
Parareal [24, 12] for initial value problems, is to replace the expensive solve by a cheaper one that
uses a coarser discretization in time. For an implicit Euler discretization, [14] contains a theoretical
convergence analysis of the algorithm for linear dissipative problems: the convergence rate is found
to be essentially an affine function of At, the time-step size for the coarse approximation. This
first analysis of convergence of ParaOpt is based on a study of an eigenvalue problem. However,
additional numerical results have shown the efficiency of ParaOpt for problems that are not of the
dissipative type.

The goal of this paper is to investigate what happens to the convergence rate of ParaOpt
when higher order discretizations is used for the optimal control problem. Unlike previous works
which are mainly based on eigenvalues problems, our approach is based on operator analysis. Our
framework is that of Runge-Kutta methods, where the approximation orders are central parame-
ters. We will see that under appropriate assumptions, ParaOpt converges with a contraction factor
proportional to At*, where At and k are the time step and order of the coarser of the two time
integration methods involved in the ParaOpt. In other words, ParaOpt performs better as an
iterative method when higher order discretizations are used.

Our approach is strongly inspired by works dealing with the time discretization of optimality
systems. In this field, an early work by Hager [16] on the convergence rate of discrete controls
towards the continuous one showed the importance of using the same integrator for the objective
function and the ODE under consideration. Otherwise, difficulties can arise if the discrete objective
function is “incompatible” with the ODE method, as reported in [8], where a second-order approach
is detailed. A more general analysis is presented in [17], where higher order Runge-Kutta methods
are studied. In these works, a higher order discretization is required for the objective function
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to obtain solutions as accurate as can be expected when using Runge-Kutta. This introduces
additional degrees of freedom to the control, which makes the discrete problem even larger and
computationally more expensive to solve. Parallelization strategies, as the one of this paper, are
therefore a must. Beyond accuracy, in some cases it is necessary to use specific Runge-Kutta
methods to ensure that optimization leads to a physically correct solution. An example is given by
the control of Schrodinger-type equations (such as discussed in  Subsection 5.3) or transport-type
equations (see [22]), for which a norm is preserved at the continuous level. If this norm is not
preserved at the discrete level, the optimization method can take advantage of this property to
artificially decrease or increase the norm in order to optimize the functional under consideration.
This leads to non-physical solutions or numerical explosion and prevents the problem from being
solved. One can overcome this issue by choosing a numerical scheme that preserves the norm, such
as Crank-Nicolson. Having a sufficiently wide choice of numerical schemes is therefore a crucial
property for the numerical coupling of solvers.

Our paper is organized as follows. In Section 2, we introduce our optimal control problem
together with a corresponding general Runge-Kutta time discretization. Section 3 provides a
detailed exposition of the ParaOpt procedure in this discrete framework. In Section 4, our main
results are stated and proved. We conclude in Section 5 with some numerical experiments which
include a nonlinear example.

2. Optimal control problem and its discretization. We consider the linear-quadratic
optimal control problem associated with the following cost functional

o 1 s a [T 2
(2.1) 3W) =5 1Y) = yell” + 5 ; [l ()]|7dt,
where « is a regularization parameter, y;, is a target state and v : [0,7] — R™ (m is a positive
integer) the control, which is assumed to be in L?([0,T],R™). The evolution of the state function
y : [0,T] — R" (r is a positive integer) is described by the system of ordinary differential equations
(ODEs):

(2.2) y(t) = Ly(t) + Br(t)

with initial condition y(0) = y;, where £ € R™" and B € R™*™. The ODEs system (2.2) may
arise from a semi-discretization in space of a time-dependent partial differential equation (PDE)
and ||| is derived from the standard inner product (,-) of R". It is well known (cf. [33, Ch. 4])
that for any initial state y;,, the problem of minimizing J(v) subject to (2.2) and y(0) = y;,, has a
unique solution v* € L2([0, T|],R™), with the corresponding optimal trajectory y* € H'([0,T],R")
and therefore absolutely continuous. Moreover, the unique optimal control v* is characterized by
first order optimality conditions that can be obtained formally from the Euler-Lagrange equations.
To write them, we introduce the Langrangian

Sy, v) = 3(w) - / D). 3(0) — Ly(t) — Bu(t)) dt,

where ) is the adjoint state function. Differentiating with respect to v and setting the derivative
to zero leads to the relation

1
(2.3) vH(t) = —aBT)\(t),
where A\* is a solution of the adjoint equation
ANt) = =LTAt), te(0,T)
AT) =y (T) — prg-

The adjoint A* is therefore a C*° function in ¢, and so is v* thanks to the relation (2.3). This in
turn implies y* € C*°([0,T],R"). These smoothness properties motivate the use of higher order
Runge-Kutta discretizations, which we will present in the next section.

Substituting the optimal control (2.3) into (2.2) leads to the following reduced optimality
system

y(t) = Ly(t) — éBBTA(tL At) = =LTX1), te(0,T)
Y(0) =yin, MT) =y(T) — ytq-

(2.4)
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2.1. Time discretization. Given My € N, My > 0, the time interval [0, T] is discretized by
My +1 grid points tg =0, ... ,ty, = T with 6t = T /My and t,, = ndt. We follow [17] and augment
the ODE system ¢ = Ly + Bv to include the integral term in the objective function J as follows:
we define Y : [0, 7] — R™™1 Y = (y°, y!, ..., y")T, such that

3°(t) = Sl @)l y(0) =0,
(2.5) yi(t) y! y1(0)
D= | B, N
y"(t) y" y"(0)

Then y'(t) = y*(t) for i > 1, and minimizing J is equivalent to minimizing C(Y(T')), where

V(D) = 5y (1) — g 4500,

From now on, we identify y!"(¢) with y(t) to lighten the notation. We now apply an s-stage
Runge-Kutta method of order p > 1 to the augmented system (2.5). Suppose its Butcher table is
given by

c|A
(RK) al
with coefficients A = [a; ;]7 ;_;, b = (bj)5-; and ¢ = (¢;);_;. Concretely, by applying this Runge-

Kutta method to (2.5), we obtaln the following discrete Optlmal control problem:

. . 1
(2.6a) minimize IIyMD Yegll® + Y,

(2.6b) subject to  kp; =L | yn + 0t Z Qijkn; | + Brni, i1=1,...,s,

j=1
2 0 O‘—‘st billvmi1? - My —1
(GC) Ynt41 = yn+ Z ”l/nl” n*()a"'a 0 )
(2.6d) yn+1—yn+5t2bkm, n=0,...,My—1.

=1

Note that since the stage equations for the zeroth component y? are particularly simple, we have
written the recurrence relation for this component separately in (2.6¢). From (2.6a) and (2.6¢), we
see that the discrete objective function to be minimized can be written as

a5t Mot s

- 1
(2.7) Jst(v) = §||yMo Yigll® + —- Z Zb (291

n=0 j=1

We have thus discretized the integral in (2.1) in a way that is consistent with the Runge-Kutta
method. Moreover, one can express the k,, ; in (2.6b) as the solution of a linear system. Substituting
this solution into (2.6d), we obtain

£yn+BVn,1
Yni1 = Yo+ 0t (b1l bol - bI ) (T—0tA® L) : 7
‘Cyn+BVn,s

and where I and Z are identity matrices of R"*" and R"**" respectively. Then, denoting by W
and W; the matrices

(28) Wj = Z biZiJ', W .= ij’
i=1
where the matrices Z; ; are the blocks of the inverse of 7 — §tA ® L, we get

(2.9) Yns1 = (I + WLy, + 6t > W;Buy ;.
j=1
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TABLE 1
Order conditions for Runge-Kutta methods for optimal control. We assume c; = ijl aij, dj = > 71 bjagj.
Order IVP conditions Optimal control conditions
1 Dl bi=1
2 Dl di = %

s _ 1 s 2 1 s 2 o1
3 21:1 cidi = 5 Zi:l bic; = 3 Zizl d; /b = 3
s 3 _ 1 s o, 1 s 3 /12 1 s o1
4 Do bici = 4, Zi,j:1 biciaijc; = g, i di /b =g, Zi,j:1 diaijd;/bj = R
s 2 _ 1 s s s — L s A2 /b — L s coasids b — 2
Zizl dicz‘ — 120 ZZ i=1 dlalJC] — 24 21:1 Czdi /bl — 12> Zz i=1 blczaljdj/bj — 24

To obtain the first-order optimality conditions, let us introduce the discrete Lagrangian

Mp—1 s
Lst(y, A\, v) = Jse(v) — Z (Ant1,Ynt1 — (L + WLy, — 5fz W;Buy, ;).
n=0 j=1

The discrete Euler-Lagrange equations then become

Yni1 = (I + WLy, + 6t > W;Buyj,

7j=1
(2.10) Ao = (T 4+6WL)T N1,
A]\40 = yMo - ytg7
Ckijn’j = —BTWJT)\nJrl.

We now use the last equation to eliminate the control and to obtain the following discrete version
of the reduced optimality system (2.4):

6t [ 1
(2.11) Uni1 = (I + WLy — — > FWjBBTWjT Ani1
j=1"7
(2.12) Ao = (T +6WL)T N1,

with the initial and final conditions yo = ¥, and Ay, = Yar, — Yeg respectively.

For any given (not necessarily optimal) control function v € C*([0,T],R"), if we let v, ; =
v(tp+c;6t) in (2.6b), then the implicit function theorem implies that the system (2.6b) has a unique
solution (ky ;)1<i<s for dt sufficiently small, and the initial-value problem (IVP) order conditions
(see Table 1) imply that Y,, converges to Y (¢,) with order p. However, if one is free to choose
the values v, ; to minimize (2.7) in the discrete sense, it does not automatically follow that y,
and v, ; converge to y*(t,) and v*(t, + ¢;0t) with order p. Indeed, Hager showed in [17] that
additional order conditions are required for convergence of the the discrete state and adjoint at the
correct order. We therefore assume that our Runge-Kutta method satisfies all the order conditions
in Table 1 up to order p, both in the IVP and in the optimal control sense. In section 4, we will
adapt Hager’s proof of consistency in [17] to our linear-quadratic problem in order to bound the
norms of certain matrices, which in turn will allow us to estimate the convergence rate of ParaOpt
for these higher order discretizations.

3. Time Parallelization using ParaOpt. The solution of the coupled forward-backward
system (2.11)—(2.12) can be parallelized using the ParaOpt method [14]. A simplified version for
the discrete linear-quadratic control problem is given below. Let us consider the subdivision of
[0,T] into L sub-intervals [Ty, Ty4+1] with uniform length AT that satisfies Ty = (AT, ¢ =0,...,L,
and AT = Mdt, These quantities are illustrated (among others that will be introduced later)
on Figure 1.

We start by eliminating interior unknowns in [Ty, Ty4+1], i.e., the unknowns that are not located
at T, T1,...,Tr. For 0 <nj <ng < M, (2.12) implies that

(3.1) Mgon = [(I + WL\,
and combining (2.11) and (2.12), we obtain

5t ngfnlfl

1
(32)  yn, = (I +0WL)™ "y, — — Sod+stwoyr [ > b—joBBTWjT Any—n-
n=0 j=1



Substituting (3.1) into (3.2) then leads to

yn2 :(I + 6tw£:)n2—n1ynl

(3.3) . w1 n
- SToI+swor (> b—joBBTWjT (I + WL | A,
n=0 Jj=1

Furthermore, setting n; = (¢ — 1)M, ny = (M and introducing the notation Y; := ysp and
Ay := Agpy into (3.1) and (3.3) yields

Yo = vo
1
(3.4) ~PstYe_1 + Y, + ER&AZ =0, 1<(<L,
(3.5) Aoy —PhLA =0, 2<(<IL,
(3.6) =YL + AL = —yig,
where
(3.7) Psi = (I +stWL)M,
M-1 s 1
(3.8) Ror =0t Y (I+5WL)™ [ > ;ijBijT (I +6twe)T]m.
n=0 j=1 7
In matrix form, this system reads
(3.9) MsgX =1,
with
I 0 Y(
. . .0 Yin
—Pst - Rt/ - : 0
' ' 0 :
. —Psy I Rst/a | YL .
M(St = I Pg; 7)( == A1 B f =
. =P : _O
—1 I A Ytg

The matrix blocks Ps; and Rs; can be interpreted as follows.
e P, represents the forward propagator that maps Y; to the discrete Runge-Kutta approximation
of y(T;41) in the following initial value problem:

y=~Ly onl[l;Ti], y(T;) =Y.
Note that this continuous problem can be solved explicitly to give
(3.10) y(t) = " TTY; = y(Tipy) = 2TEY; = oY,

where AT = T;,, — T;. Here, the notation e** denotes the matrix exponential operator of tL,
so that e'£Y; is defined by

1
tL _ n
LY, = Y —(t0)"Yi.

n=0

° ’Pg;, the transpose of Ps;, can be interpreted as a discretization of the backward propagator
that maps the adjoint A;11 to the discrete Runge-Kutta approximation of A(7;) in the adjoint
problem .

A= —ﬁTA on [Ti7Ti+1]7 )\(EJrl) = Ai+1,

provided that the optimal control conditions in Table 1 are satisfied, see [17]. This continuous
problem has an exact solution given by

(3.11) Alt) = €(T"“7t)£TAi+1 = \NT;) = €ATETA1'+1 =Py Ait1.
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AT = NAt, AT = M5t

Tegr = trrym S > > Ty =ty
+ e+1 At At = Nost At
————————— — — — — e 1
—
5t st 5t

Fi1G. 1. Hierarchy of the time parallel discretization: sub-intervals [Ty, Ty4+1] of length AT, coarse grid with
time step At and finally fine grid with time step dt.

e Ry represents the backward-forward propagator that maps A;11, the adjoint at T;41, to the
discrete Runge-Kutta approximation of —y(T;41) in the following coupled forward-backward
problem:

j=Ly—BB"A on [T}, Tital, y(T;) =0,
)'\ = —ETA on [TZMTH—I]’ A(Tz-i—l) = Ai+1-

This problem is of the same form as (2.4), but constrained to the interval [T}, T;+1] and with
a = 1; since the problem is linear in A;y1, an explicit division by « as in (3.4) brings us back
to the correct operator for the original problem. By substituting the exact solution for A(t) in
(3.11), we can integrate the ODE in y to obtain

t t—T;
y(t) = — / eIEBBTA(T) dr = — / eUT=NLBRYN(r 4+ T;) dr
T; 0

which implies
AT -

(3.12) —yY(Tiy1) = / eAT=EBBTAT=TE dr | Ay =t Rolitr.
0

Note that R is symmetric positive semi-definite (and possibly positive definite), just like R;.

In order to solve (3.9) numerically, we consider another time step At with AT = NA¢ such

that §t < At < AT as shown on Figure 1. Applying the ParaOpt (see [14]) to (3.9) gives the
following iterative linear solver

(3.13) Mg (XFH — XF) = f — Mg XP,
or equivalently
(3.14) XEH = My, (May — M) XF+ MRIE.

The matrix My is defined the same way as Myg;, except that its constitutive blocks Pa; and Ray
are obtained via a discretization with time step size At instead of d¢. If the iterative method (3.14)
converges to a vector X, then we have

X = (T - MxzMst) X + M f <= MiMsX = M,

meaning that the matrix M a; is a preconditioner for solving the linear system (3.9). Consequently,
when At equals dt, we have Ma; = Mg, and the iteration (3.14) becomes a direct solver for the



linear system (3.9). In the more general case where 6t < At, a convergence analysis is presented
in section 4.

The computational cost of solving (3.14) at each iteration is, of course, affected by the numerical
method considered, in the expected sense, i.e., for a given §t, the numerical solution of the evolution
equations involved in the problem will be, for example, twice as costly for an second order Runge—
Kutta method as for an Euler method. A related question is whether one can exploit the structure
of specific discretizations to speed up the computation of the matrix-vector product with Ma;
or the construction of the preconditioner, using for example diagonalization or spectral deferred
correction techniques [13, 6]. However, this question goes beyond the scope of our article, since
the answer will depend specifically on the discretization scheme in consideration; a detailed study
will be the subject of future work.

4. Convergence factor analysis. In this section, we analyze of the convergence factor of
(3.14) by estimating the operator norm of the iteration matrix Mx; (Ma¢ — Ms;). To do so, we
must first define the vector space on which this matrix acts, as well as the vector norm on this
space. Let us introduce the discrete vector spaces Eg and E;, defined by

L
Ei={Y = (V)= : VP €R", |[Y|Rp = AT |Ve|?}  fori=0or1.
=i

We consider each element of E; to be a block column vector and write E := Ey x E;. Given the
structure of the matrices Mgs; and Ma¢, one readily sees that the first and the last block rows of
X € E lies in the range of Ma; — My,
then its first and last block rows must vanish, meaning that Yy = Ay, = 0. Thus, if we let II be the

projector on E defined by II (X) = (0,Y{, ..., Y AT ... AT |, 0)T, we obtain

the matrix Ma; — Mgy vanish. In other words, if X =

(4.1) My (May = M) = MTH(Mar = May).
Let us endow the vector space E with the following weighted L?-norm ||.|,
L L
(4.2) IXIZ = 1Y a7 + a2 [Al 3y = AT <Z IYell* +a72 ||Az2> )
=0 =1

where the purpose of the a-dependent weighting will be apparent later. The corresponding matrix
norm is then given by

Maell, =inf{oc e R: |[MaX]|, <o|X|, VX € E}.

Our convergence analysis will require the following two ingredients, whose derivation will be the

content of the next two subsections.

1. Truncation error estimates: We use the order conditions in Table 1 to obtain bounds on ||Ps; —
Poll and |Rst — Ro|| as a function of . We can then use the triangle inequality to estimate
IAP|| and [|AR||, where AP := Par — Pst and AR := Ras — Rt This in turn can be used to
estimate ||[Ma; — Mg, since the only blocks that appear in this difference matrix are scalar
multiples of AP and AR.

2. Stability estimate: we first estimate ||MZ\%HH* Then from (4.1), we deduce that

[Mat(Mar — Ms) ||« < [[Ma I, [Mar = Mall,
which, when combined with step 1, immediately yields a convergence estimate for ParaOpt.

4.1. Truncation error estimates. Our first task is to estimate the local truncation errors

Pst — Po and Rsr — Ro as a function of §t. Our argument is essentially based on [17], but with two

major differences:

e In [17], Hager shows that the local truncation error is bounded by ¢§t? with a constant ¢ that
depends on the exact solution and its derivatives, without explicitly specifying these dependen-
cies. Here, we show explicitly how the truncation error depends on the initial data Y; or final
data A;11, which enables us to bound the operator norms of Ps; — Py and R — Ro.

e In [17], Hager considers a general problem of convex minimization under nonlinear ODE con-
straints, so additional assumptions are needed to ensure well-posedness and regularity of the
solution. Here, we exploit the linear-quadratic structure of the problem, so these assumptions
are automatically satisfied. Moreover, we have explicit formulas for the exact solution, which
further simplify our proof.
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THEOREM 4.1. Let T > 0. For any AT € (0,T), let Psi, Rst, Po and Ro be defined as in
(3.7), (3.8), (3.10) and (3.12) respectively. If the Runge-Kutta method (RK) satisfies both the IVP
and optimal control order conditions in Table 1 up to order p, then there exist constants cp > 0
and cg > 0, which are independent of 6t and AT (but can depend on T, L, etc.), such that

(4.3) IPs: — Poll < cpdt?  and ||Rst — Roll < erdt?,
where || - || denotes the spectral norm, i.e., the operator norm associated with the Fuclidean norm
in R".

Proof. Since the ODE system is time-invariant, we can assume without loss of generality that
we are working with the time sub-interval [0, AT, where AT = Mdt. For given Yo, Aar € R", we
define

t
y*(t) _ et£YO _ (/ e(t—T)LBBTe(AT—T)ﬁT dT> AAT;

0
A (t) _ e(AT—t)L:TAAT7
so that
y*(AT) _ P()YO lf AAT = O7

_ROAAT if YO =0.

Then z(t) := (?\* Eg) is the solution of the initial value problem
o[£ —BBT _ Yo

(4. (=g o |00 0= (anety, ).

Let t;, = kdot. By [17, §3], the Runge-Kutta method (2.11), (2.12) can be written in the form

D1 = 2k + 0t Y bigi(te, 2k, 01),

i=1

where g; is the ith stage of the Runge-Kutta method; note that each g; is linear in zj, since the
problem (4.4) is linear. We now define

Cr(8t) = 2(tx) + 6t Y bigi(tr, (1), 0t),

i=1

so that the local truncation error can be written as

n(6t) = 55 (2(ths1) — G(00).

A standard argument (cf. [19, §I1.3]) then gives the error estimate

B KAT B
- Jo(6) =l < €57 (1120) = 0l + AT (60

< KT B
< o7 (I:0) ~ ol + T s (o) ).

where K > 0 is a Lipschitz constant for the g; with respect to the second argument, which is
independent of z(0) in our case because the problem (4.4) is linear. It remains to show that

(4.6) 7 (88)]| < 8P (Cy[|Yol| + CollAaz])  for all 0 < k < AT/8t = No,

from which we immediately deduce the bounds (4.3) by letting Aar = 0 and Yy = 0 respectively.
To prove (4.6), we compare the Taylor expansions

5 D
2(tps1) = 2(te + 6t) = 2(t) + 662" (b)) + - + Fz@) (tr) + -+,

Co(6t) = Co(0) + S1CL(0) + -+ + %@i”)m) .
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Since 7, = O(t”) by the order conditions, we deduce that 2(9)(t;) = ¢(9(0) for ¢ = 0,1,...,p. By
expanding 0t7g (0t) = 2(tg+1) — Ck(St) up to order p — 1 and writing the pth order remainder term
in integral form, we deduce that

et + 80 — @)1 20 (1, + ) — ¢ ()
(6] = A =L [ D S ey
p—2 ot
s(]‘jt_m / 12t + ) — ¢ ()] diy
p—2 ot ot
(47) s%(/ 12 (1 + ) — =) (1) | dy + / IIC(p)(n)C(p)(O)IIdTI)-

Let A be the matrix that multiplies z(¢) in (4.4). Then for any integer ¢ > 0, we can write
Z(q)(tk + 77) — qu(tk + T’) — Aqe(tk+n)AZ(0)_

By letting ¢ = p+ 1, we see that z(® (tx +n) is differentiable, and therefore Lipschitz with respect
to 7, so there exists K; > 0 such that ||z (¢, + 1) — 2P (ty)| < Kin|/2(0)|| for all 0 < n < 6t.

Similarly, when 4t is small enough, (;” )(77) is a rational function of 1, since ((dt) is the solution

of a linear system of the form (2.6b), with ¢ entering linearly into the coefficients of the linear

system. Moreover, ,ip ) (n) is defined everywhere on [0, §t], and is thus Lipschitz there; it is also

linear in z(t), so there exists Ko > 0 such that [|¢®)(n) —¢®)(0)| < Kanl|lz(th)|| = Kanllet*A2(0)|
for all 0 < n < ét. Substituting these inequalities into (4.7) leads to the required inequality

I7(58)]| < CtP||z(0) || < ot (C1]|Yoll + Cal|Aar]),

where C) and Cy can be made independent of AT by taking the maximum over all AT € (0,T].
Finally, to bound ||z(0) — z||, we note that since the first component of z is exact, we have

T
12(0) = zoll = 27" Aar — ol

where )g is obtained by a pth order Runge-Kutta method applied to the backward linear ODE
A= —LTX\, MAT) = Aar. Tt follows that )\ is linear in Aar, and since we use exact final
conditions to compute Ao, a similar argument to the above shows that

||€AT£TAAT — >\0|| S C35tpHAATH

for some C3 > 0, where we can again make C3 independent of AT (but still dependent on T).
Substituting this and (4.7) into (4.5) with k = M yields

H(A AT — yM>H—| (tar) — zum| < 687 (52T CLAT||Yy || + 2T (CoAT + Cs) | Aar )

< 5tP (XTI T || Yol + 5T (CoT + Cs) [[Aarl]),
N—— N———

cp CR

with ¢p and cr independent of AT. We finally obtain the bounds (4.3) by letting either Y5 = 0
or Aar = 0. O

Next, we define the operators
AP :=Ppr —Ps;, and AR :=TRar — Rse,

which appear as subblocks of the matrix Mg; — Ma;. We recall that 6t and At are the fine and
coarse time steps and that At = Nydt for some integer Ny > 2, so that the fine grid can be viewed
as a refinement of the coarse grid. Then by the triangle inequality, we have

(4.8) AP < |Pat — Poll + |Pst — Poll < cp(ALP + 5tP) < 2epAtP,

and similarly for [|AR||. The following theorem allows us to bound the norm of Mg — Ma.

THEOREM 4.2. Let AT be fized. Let May and Mgy be the ParaOpt matrices (3.9) obtained
from the system (3.4)—(3.8) with time steps At and §t respectively. Then there exists cpq > 0
independent of At and Ny such that

||MAt — M&H* S CMAtp.
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o (1) 5o ()

for some F' € R"+1 and G € R™ such that (Ma; — Ms;) X = E. We will bound || E||. in terms
of || X||«. Writing the block rows of (Ma; — Ms;)X = E explicitly leads to the componentwise
system

Proof. Let X, FE € E with

FO = 07
(4.9) —~APY,_ 1 + éARAg =F, (=1,...,L,
(4.10) ~APTApy1 =Gy,  £=1,...,L—1,
G =0.

Taking norms in (4.10) and using the definition of matrix norms immediately yields
(4.11) IGel® < IIAPI* |Agyal®,  €=1,...,L—1.
Doing the same for (4.9) and applying the triangle inequality, we get, for £ =1,...,L,
[ < IAP|(Yemrll + a7t AR [|Ac-

Taking squares on both sides then yields

2 2 2 - 2 2 _

[l < AP [Yemr |l + a2 [AR]T [ Ac]l” + 227 AP JAR] | Vo1l [|Ac]| -
We now bound the last term on the right hand side using the arithmetic-geometric mean inequality
_ 2 2 - 2 2

207 AP AR [Ye-1 ]| |Aell < JARIT [Ye-r]” + ™2 AP [|Acl)

in order to obtain

(4.12) IE? < (JAPI? + IARIZ) (IYe-1l® + a2 Acl) -

We now have all the ingredients for bounding || E||2, which by definition (4.2) is given by

L L
IEIZ = IFIAr + o ?|GllAr = AT <Z 1E]® + a2 IIGe|2> :
£=0 {=1

The terms in F' can be bounded using (4.12):

L L
SOIEN < (1API + 1ARI) S (I¥e-al® + a2 A1)
/=1

=1
which, together with Fy = 0, implies that
(4.13)

L L
IFIAr < AT (1API° + |AR?) <Z 1Yol +a72 Y ||Az|2> = (1Pl + 1ARI) |12,
=0 =1
Similarly, we can bound the terms in G using (4.11) and the fact that G, = 0:

L—1 L

(4.14) IGllar < IAPIFAT Y S HlAesa | < IAPIFAT Y [IAdl” = AP Al
=1 =1

Combining (4.13) and (4.14) therefore leads to

IENZ = IFIlAr + o ? [Gllar

< (AP + |ARIP) IXI2 + =2 | AP A A7

< (21AP1° + ARIP) X2
But thanks to Theorem 4.1 and the triangle inequality, we know that (cf. (4.8))

AP < 2ep AtP, |AR| < 2crAtP.

Hence, by defining cpq = \/m, we can write

[E]x = [[(Mae — Ms) X ||« < emAt”|| X O
which finally leads us to conclude that ||[(Mat — M) |« < cmAtP, as required.
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4.2. Stability estimate. We keep the notation of the previous section and now turn our
attention to bounding ||MEHH* Let X = MZ%HE, where X, F € E satisfy

Y F .
X:<A> and HE:(G) with Fy = G, = 0.

In other words, we have Ma;X = IIE, and we wish to bound || X, in terms of ||IIE||., which is
always less than or equal to | F||.. Using the definition of Ma; in (3.9), we can write down the
block rows of Ma; X = IIFE explicitly to obtain the componentwise system

(4.15) Yy =0,
(4.16) —PaYi1 + Y+ a ' RaA = Fy, (=1,...,L,
(4.17) Ap 1 —PAA=Gpq, £=2,... L,
(4.18) AL —Y, =0.

We first show that one can transform (4.15)—(4.18) into an equivalent system involving Y7, as the
only unknown.

LEMMA 4.3. Let (Yy)l, and (Ao)k, satisfy (4.15)(4.18). Then for £ =1,...,L, we have

L—1
L—¢ j—¢
(4.19) Ae=(PR)" Y+ (PR) G,
j=t
‘ ‘ I L-1 i
(4.20) Y=Y PaS | F—a Rae [ (PR) YL+ (PR) ' Gi ||
Jj=1 k=j
where Y7, satisfies the equation (T + a~U)Y = S with
L L L—1 -,
(421) U= PRI Ra(PA) S=DY P F—a' > Ra(PR) G
=1 =1 j=¢
Moreover, we have |YL|| < |IS]].
Proof. The recurrence (4.17) can be unrolled to obtain
Ap1=Gr_1 +PrAL
Ap—o=Gr s+ Pr(Gr-1+ PAAL)
L—1 A
Ae= (PRI AL+ > (PR ‘G, €=1,...,L—1,
j=t

Replacing Ay, in the above by Y7, which is equal to Ay by (4.18), yields the expression (4.19),
which is also valid for £ = L because the sum would be empty in this case. Next, we solve the
forward recurrence (4.16) starting from Yy = 0 to obtain

4
(4.22) Y, =Y PLI(Fj—a'Rashy),  £=1,....L.
j=1

Substituting the expression of A; from (4.19) into the above leads to (4.20). In particular, when
{ =L, we get

L ) L-1 .
Y=Y P |Fj— o "Ray (PL) v+ > (PL)" ™ i
j=1 k=j

Moving all terms containing Y7, to the left-hand side leads to the system (I+a~'U)Yr = S, with U
and S as defined in (4.21). Finally, since Ra; is symmetric positive semi-definite (see the sentence
immediately after (3.12)), so is U; we thus have

IYel* < (Ve Vi) + a7 Ve, UYL) = (Y1, 8) < [[Yi | 1IS])-
Dividing both sides by || Yz leads to ||YL| < ||S]|, as required. d
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We will also need the following lemma.

LEMMA 4.4. Let T > 0 be fized. Then for all 0 < AT < T and At > 0 small enough, there
exist positive constants C1,Cy independent of AT (but which can depend on T) such that

(4.23) [Patll <1+ C1AT  and  ||Rael| < C2AT.

Proof. We start by proving that there exists Cy > 0 such that |Py|| < 1+ CoAT. Indeed, by
Definition (3.10), we have Poyo = y(AT), where y(t) is the solution of §y = Ly, y(0) = yo. We

therefore have
AT

AT
Pan=w+ [ itdt=u+ [ Lot
0 0
But y(t) = e'“yo, so ||Ly(t)|| can be bounded uniformly by Cy|lyol| with Co = max;e(o 7 [|Le™ .
We therefore have

Poyoll < llwoll + CoAT [lyol,

which implies ||Po|| < 14 CoAT. In fact, by replacing AT with a general t in Py = eAT%, we have
actually shown that [[e**|| < 1+ Cyt for all 0 < ¢t < T (where Cy depends on T), a fact that will
be used to bound ||R .|| later.

We now recall the result of Theorem 4.1, which asserts that ||[Pa; — Po|| < cp AP for some
constant ¢p. By choosing At small enough such that cp At? < CyAT, we obtain

[Pacll < [[Poll + [[Par — Poll <1+ 2CoAT,
which is the first bound in (4.23) with C; = 2Cy. For the bound on ||Ra¢||, we again go through
IRo||, which by Definition (3.12) is given by
AT AT
Ro = / e(AT_T)LBBTe(AT_T)LT dr = / eTLBBTeTLT dr.
0 0

Having shown earlier that |[et“|| < 1+ Cot for all 0 <t < T', we deduce

AT
IRoll < [BB7| [ (1+ Cot)* ar
0

(1+ CoAT)? — 1
3C,

We therefore have ||Rol| < KAT with K = ||[BBT|| (1+ CoT + §C2T?). Finally, we choose At
small enough so that cr At? < KAT, where cr is defined in Theorem 4.1. This theorem then
allows us to conclude that

= |1BB™| -

2 2
= AT||BBT|| (1 + CoAT + C°§T ) .

IRadll < [Roll + [I1Rar — Roll < 2KAT,
so the second bound in (4.23) holds with Cy = 2K. ad

We are now ready to state and prove the following theorem.

THEOREM 4.5. Let AT =T/L and > 0 be given. Then, there exists cypq—1 > 0 independent
of At such that

Mz, <

Proof. The proof consists of three steps.

T (1+a b.

1. Estimation of ||YL| in Lemma 4.3. By Lemma 4.3, it suffices to estimate ||S|| for the vector S
defined in (4.21). We first observe that S = S; + a~1S5, where

L L L1 -
S =3 Pk F, and  Sp:=-3 % Pk Rac (PL) Gy
=1 =1 j=¢

To bound ||.Sy||, we use the first inequality in (4.23) and then the Cauchy-Schwarz inequality to
obtain

L
—
[S1]] < Z [Pacll™ = I |
—1

L /2 , 1/2 an N 1/2
2(L—0) 2 _ ((+CAT) [ F|[aT
<Zz_:1 (1+CAT) ) (ZW” ) ( 1+ CIAT)? — ATUZ

(=1
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Applying the inequality 1 4+ C;AT < e“*AT to the numerator, we deduce that

e2C1LAT _ 1/2 1 G201 _ 1 /2
[|S1]] < 20 AT? 1 C2AT® | Fllar < AT\ o0, | Fllar-
1

We now bound Ss again using (4.23) and Cauchy-Schwarz:

L L—-1
L—¢ j—¢
182/l < IRael DY IPacl“ | PEN ™ 1G5
(=1 j=¢
L L-—1 1/2 L L-—1 1/2
< GAT [ Y51+ C1AT)2E+H-20 SN G
=1 j=¢ (=1 j=¢

1/2

Mh

caar (3

=137

| /\

1 =1 j=1

1/2 L L
(14 CLAT)AE=D (ZZ G512

= C,ATL <Z(1+01AT) (L— f>> > IGsI?
(=1 j=1
—eop (A CAD)E - 1N [Glar
2\ (I+GAT) - AT2
CoT (AT — 1\ '/
<2 IGlar.
AT 4C
Finally, combining the bounds for ||S1|| and ||S2|| yields
(4.24) Yol < ISl = £ (”F”AT +a  Gllar)
20T _ 1\ 2 ACIT _ 1\ 2
1 — 2 1 _ 2
where es = { (o) e () }
2. Estimation of ||A¢|| and ||Yz|| in Lemma 4.5. From (4.19), we get
L—t = j—¢
_ i
IAell < 1P 1YLl + Y2 PR lies)
j=¢
L—-1
< (L+GAT) YL+ ) (1 + GAT)Y Gy
j=¢
L
< (1+ O AT) Pyl + 3 (1 + Gl aT) |Gyl
j=1

—

. L 1/2
< L+ AT v+ 22 (3 16512)

j=1

N>

T1/2

(4.25) _ (14 CLAT) <YL|| e ||G||M>

where the inequality (%) is due to Cauchy-Schwarz. Likewise, from (4.22) we get

¢ [ ,
Vel < STIPE] T IE I+ o IRadl S PR 11451
Jj=1 Jj=1
? 1/
(1+ CLAT) 7 |Fj|| + a7 'CoAT Y (1 + CLAT)FH2 <|YL||+
j=1

||G||AT)

"MN

~
I
-

1/2

L
|G|AT> > 1+ CLAT)H D),

Jj=1

T
(1+ CLAT) T ||Fy|| + a L CoAT (|YL|| +

Mh

1

<.
Il
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Just as in the calculation for bounding ||S1]|, we have

QClT _ 1 CS

L
(1 AT)HE= J><7<7
2 (1+G 23C,AT = AT’

j=1
from which we deduce that

1/2 1/2
c _ T
Vil < S IPllar + a7 Cacs (I¥all+ K 1Glar ).

Applying the inequality (a + b)? < 2(a? + b?) then gives

2
2cs

T1/2
2 —
(1.26) IVilP < 225 T + 2072Ced (1Yl + 5 [Glar )

3. Estimation of || X||« = H./\/IEHEH* By the definition of |-||,, we have

L L
IX1Z = IV A7 + @ ?|Al 27 = AT (Z IYell* + a2 IIAe|2> :

£=0 =1

Substituting (4.25) and (4.26) into the above leads to

2s L T/2 2 L
X2 < == 5 7 1Flar + (IIYLII + ATGIIAT) 2LATa C5cs +a *AT Y (14 CLAT)* 0
=1
2Tcs 1/2 ?

T
< T FTAr + = (1%l + T lGllar ) (27C3G + cs). '

Inserting the bound (4.24) into the above then gives

2

2Tcs aleg a~ITY2 4 o= 2¢g
112 < 2RI+ TC3E +cs) (Sgr Sl + 0 Gl ar

Applying once more the inequality (a + b)? < 2(a? + b?) and simplifying, we obtain

F 2
112 < PEIAT o7 4 20263 1 0273l

a”?|GllAr -2,3 —2m 2 4 2
+ T (4TCS -+ 4oy + 80( TC2CS + 8T CQCS)
Fl12 21|12
< IFIAr "‘A;z |Gl AT des(1+2TC2cs) (T—&-a‘%?s)
_ KATV? 4 o~ es)?| B
—_ ATz b

where K2 = 4cs(1 4 2T'C3cs). Taking square roots finally yields

1X1L, = [MRIE], < S+ a7 18],

with cp—1 = max{KT"/?, Kcs}, as required. 0
The main theorem of this paper is now simply a consequence of the results proven above.

THEOREM 4.6. Let a > 0 be fized, and suppose that the interval [0,T] is subdivided into L
subintervals of length AT, which is then further discretized with step sizes ot and At that are
sufficiently small. If a Runge-Kutta method (RK) satisfying both the IVP and optimal control
conditions of order p is used to form the matrices Mas and Mgy, then there exists a constant
¢, > 0 independent of 6t, At, AT and o such that the convergence factor p of the iteration matrix
MZ% (Mar — Msy) satisfies

cp(1+at

)
4.2 < AP
(4.27) P="""AT t
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Proof. Since the spectral radius is smaller than any operator norm, we have
p < IMat(Mae = Mse) ||« = M T (Mar = M)l < M T IMar — Ml

The result then follows directly from Theorems 4.2 and 4.5 if we define ¢, := cpcpq—1. a

Remark 4.7. Note that two different Runge-Kutta methods can be used for the coarse and
fine solvers. As an example, let us consider two different Runge-Kutta methods RK; and RK,
(see (RK)) that satisfy both IVP and the optimal control conditions up to orders p and ¢, re-
spectively. Without loss of generality, we can use RK; and RK> to discretize the optimal control
problem (2.5) on the fine and coarse grids, respectively. As a result, (4.3) holds for each grid and,
for k = min{p, ¢}, we derive the estimate corresponding to (4.8) as follows

IAP] < [|Pat — Poll + |Pst — Poll < ep (At + 6tF) < 2cp At”,
similarly for ||AR||. Consequently, the truncation error estimate of Theorem 4.2 becomes
(4.28) [Mar = M, < crAL7,

and the stability estimate of Theorem 4.5 continues to hold. Hence, under the assumptions of
Theorem 4.6, the convergence factor p of the iteration matrix ML} (Ma; — Ms;) satisfies

cp(l+a™t)
AT

Remark 4.8. In order to obtain good speedup in practical implementations, one should choose
a coarse discretization in time that is much cheaper to integrate than the fine discretization, so
as to reduce the cost of computing matrix-vector products with Pay, Pgt and Ra;. This can
be done by either increasing the time step size At, or by reducing the order of the integrator.
Moreoever, the preconditioning step requires solving a linear system with Mas: this should not
be done by assembling and factoring the matrix explicitly, but by using an inner preconditioned
iteration instead, see for instance [3] for details.

Remark 4.9. The estimate (4.27) holds for an arbitrary choice of At and ¢, as long as 6t < At.
In the specific but relatively common case of §t = At/Ny with Ny > 2, Theorem A.l shows
that [|AP| < ep(At — 6t)AtP™ and ||AR| < cr(At — 6t)AtP~!. Therefore, the error estimate
in Theorem 4.2 can be refined to give [[May — M| < ca(At — 6t)AtP~", which leads to the
following tighter estimate of the convergence factor

(4.29) p< At".

c,(1+a™t)
(4.30) P AT

One can derive a similar estimate for the case when different sets of coefficients in (RK) are used
for the fine and coarse grids.

(At — 5t) AP~

Remark 4.10. Using arguments similar to the proof of Theorem 4.2 and Theorem 4.5, we
can show that the condition number of Ma; with respect to the norm || - ||« is bounded by
v(1 + a~1)2/AT, where v is a constant that depends on £ and T, but not on At and AT. The
details of the proof can be found in Theorem A.2.

5. Numerical results. In this section, we investigate numerically the theoretical estimate
(4.27), i.e., the order of the convergence factor p with respect to At. We perform these experiments
first on a linear ODE, then on a linear PDE discretized in space, and finally on a nonlinear control
problem associated with a Schrédinger-type equation. We use MATLAB R2021b as our numerical
computing environment.

5.1. Linear ODE example. We start by considering an academic example in which the
dynamics are given by (2.2). The matrix £ and B are generated randomly as follows: we let
L = rd-rd?, where rd is a 10 x 10 random matrix with entries chosen uniformly in the interval
[0,1]. Similarly, we define B to be a 10 x 5 matrix with randomly generated entries following the
same distribution. We will discretize the ODE in time using the Runge-Kutta methods presented in
Table 2. Three of them satisfy both the IVP and optimal control conditions up to their respective
orders: RK2, then SDIRK (Singly Diagonal Implicit Runge-Kutta) with v = (3++/3)/6 (see [20]),
and finally Gauss-Lobatto (see [19]). The fourth method, namely RK3, satisfies the IVP conditions
up to order 3, but the optimal control ones are only satisfied up to order 2.

For the parameters T = 1072, a = 107!, L = 10 and AT = T/L, we use the eig function in
Matlab to compute the spectral radius p of the iteration matrix Mgi (Mar — Msi). We do this
for various At in four different cases:
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TABLE 2
Butcher tables for various Runge-Kutta methods used in the linear ODE and PDE examples, with their re-
spective IVP orders p indicated.

RK2, p=2 RK3,p=3 SDIRK, p=3 Gauss-Lobatto (GL), p =4
0|0 0 0 00 0 0 0|0 0 0
1/2(1/2 0 0 /2|12 0 0 v |y 0 1/2|1/4 1/4 0
1|0 1 0 3/4 |0 3/4 0 l—y|1-2y ~ 110 1 0
| 1/a 172 1/4 | 2/9 1/3 4/9 | 1/2 1/2 | 1/6 2/3 1/6
- Fine and coarse grids: GL 4 Fine and coarse grids: SDIRK
10 ——(At, p) 10 ——(At, p)
—o-p(At) = c- At ¢~ 1072 —o-p(At) = c- At*, ¢~ 100
108 ¢
10»8 L
Q x 108f
10-10 L
10-10 L
1072 ‘ 10712 : :
10* 108 10 104 10°
At At
2 Fine and coarse grids: RK2 5 Fine and coarse grids: RK3
10 ——(Atp) ‘ 10 ——(atp) ‘
—e-p(At) = c- AP, =107 —o-p(Al) = ¢- A0, ¢ ~ 1030
104 104
SN U
106} 10
108 ‘ ‘ 108 ‘ ‘
10 10 108 10% 104 10°
At At

Fic. 2. Convergence factor for various Runge-Kutta methods presented in Table 2 for a positive definite
operator L.

e we use Gauss-Lobatto with fixed §t = AT/2!° and At = AT/2F k=1,...,4;

e we use SDIRK, RK2 and RK3 with fixed §t = AT /2'6 and At = AT/2F,1,...,7.
The results are shown in Figure 2, where we plot p on a logarithmic scale as a function of At in
blue, with its linear regression in red. We observe that for the three methods that satisfy both
the IVP and control order conditions, namely Gauss-Lobatto, SDIRK and RK2, p behaves like
AtP for their respective orders p, which is consistent with (4.27). The behaviour is different for
RK3, which satisfies the IVP conditions up to order p = 3 but does not satisfy the optimal control
condition Y d?/b; = 1/3 (see Table 1). The order of p with respect to At is found by regression to
be 2, meaning that the optimal control conditions are necessary to get the third order behaviour.

5.2. A linear PDE example. In this test, we tackle the optimal control problem considered
in [14], where the dynamics (2.2) are governed by the heat equation

(5.1) y— Ay = By,

with y = y(z,t) is defined on Q = [0,1] x [0,T], periodic boundary conditions along 952, and
T =10"2. We also set o = 10~!. The initial and target states are

Yin = exp(—100(z — 1/2)?),

Ytg :% exp(—100(x — 1/4)?) + % exp(—100(x — 3/4)?).
The operator B is the indicator function of the sub-interval Q. = [1/3,2/3] of Q. We consider a
semi-discretization in space of (5.1) using second-order centered finite-difference with r = 50 grid
points.
We again let L = 10 and AT = T/L. We fix 6t = AT/2'® and vary At while making sure
to satisfy the appropriate CFL condition whenever an explicit Runge-Kutta method is used. For
each of the four methods listed in Table 2, we again compute the convergence factor of ParaOpt,
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0 Fine and coarse grids: GL Fine and coarse grids: SDIRK
10 ‘ ‘
——(At, p) ——(At,p) /3
—+-p(Al) = c- At*? c~ 10114 102k —+-p(Al) = c- A*0 c~ 1086
10%
QU U
104
1010
L L " 10-6 L "
108 10° 107 103 10° 107 108
At At
102 Fine and coarse grids: RK2 10 Fine and coarse grids: RK3
——(At, p) ——(At, p)
—o-p(At) = c- A0 c = 1040 —e-p(At) = c- At?*?, ¢~ 1070
10
108
SN QU
106t
108¢
108! ‘ ) ‘ ‘
10°® 10° 107 10 10° 104

At At

Fi1G. 3. Order of the convergence factor At for various Runge-Kutta methods presented in Table 2 for (5.1).

that is, the spectral radius p of the iteration matrix Mz% (Mag — Mgy) for the various At shown
below:

e Gauss-Lobatto with At = AT/2F k=2,...,8,

e SDIRK with At = AT/2% k=1,...,6,

e RK2 with At = AT/2% k=4,...,10,

e RK3 with At = AT/2% k=4,...,10.
The results are shown in Figure 3. As in the previous section, we observe that since Gauss-Lobatto,
SDIRK, and RK2 satisfy both the IVP conditions and the optimal control conditions up to order
p, the observed order of convergence correspond to the predicted order. We also observe that this
is not the case with RK3, since the optimal control conditions are not satisfied.

Next, we use different Runge-Kutta methods in the fine and coarse grids to simulate (4.29).
For this instance, we consider three different test cases :

e we use SDIRK on the fine grid and implicit Euler (IE) on the coarse grid for At =
AT/2F k=3, ...,9,
e we use Gauss-Lobatto on the fine grid and explicit Euler (EE) on the coarse grid for
At = AT/2% k=3,...,10,
e we use Gauss-Lobatto (GL) on the fine grid and RK2 on the coarse grid for At =
AT/2% k=2,...,10.
The results are presented in Figure 4, where we observe that the order of p with respect to At is
determined by the lower order method. Our experiments are therefore consistent with (4.29).

We finally consider a case which is not covered by our analysis. In this test, the quadrature
formula and the Runge-Kutta method (RK) used for discretizing the two ODE systems in (2.5)
are independent in the sense that the coefficient b; used in the Runge-Kutta method are different
from the ones used in the quadrature part of (2.7), i.e., the formulas (2.6¢) and (2.6d) do not
use the same coefficients. We nonetheless assume that the quadrature nodes ¢; are located at the
same time points as the Runge-Kutta stages, since we would otherwise not be able to eliminate
the control from the discrete optimality system. The results are shown in Figure 5, where we use
RK2 for the quadrature formula and Gauss-Lobatto as (RK) to discretize the two ODE systems
n (2.5). We see that the order of p is the minimum of the orders of both methods. The analysis
for this case will be investigated in future work.

5.3. A nonlinear optimal control problem. In this section, we consider a nonlinear con-
trol problem involving the Schrédinger equation. More precisely, we minimize the following cost
functional

5:2) min () == —Re (0(T) ) + 5 [ (0P

subject to §(t) = —HOly(t) on [0.T],  y(0) = yin.
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Fic. 4. Order of the convergence factor when one uses two different Runge-Kutta methods on the fine and
coarse grids for discretizing (2.5), where EE represents explicit Euler and IE represents implicit Euler

Fine and coarse grids: GL & RK2
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F1G. 5. Order of the convergence factor when two different Runge-Kutta methods are used for discretizing
(2.1) and (2.2).

The dynamics involved in (5.2) are that of a system of coupled spin —1/2 particles. The complete
physical description can be found in [31]. The control v consists of magnetic fields that act
independently on one spin. We choose to focus on the case of five coupled spins whose interaction
is encoded by the following Hamiltonian:

Hlv(e)] = £+ 3 [EOI® + v 01

Y

where

£ =2mJ, (IV1® + 1019 + (1O 1+ 1O 4+ D10,

the operators Lf;k) and I;k) are (up to a factor) Pauli matrices which only act on the kth spin:

Iz( 2 7I =\ 2 >IZ: 2 )
po) e i)

and J, = 140 is the uniform coupling constant between the spin. The efficiency of ParaOpt in the
case of non-linear dynamics has been studied numerically in [14] in the case of the Lotka-Volterra
system. Here, we instead focus on the convergence behavior for a second order discretization of
(5.2).

We use the discretization setting of [0, 7] presented in Section 2.1. We use the Crank-Nicolson
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FiG. 6. The stencil on the fine grids around Ty.

method to discretize both J and the constraint in (5.2), that is, we have

Mp—1 5

I5t(v) = —Re ((Yatg. Yeg)) + 6t S (I 2

n=0 k=1

and
(I + HO(Vn)) Yn+1 = (I - HO(V’YL)) Yn,

where Ho(vn) = $6tH(vy,) and v, = v(t, + 6t/2). Introducing the Lagrange function

Mo—1

Lst = Jst(v) — Re ( D Pt T+ Ho(vn)) gnr — (1 = Ho(l/n))yn>> ;

n=0

the Euler-Lagrange equations and elimination of the control give the following optimality system:
y(0) = Yy, and

(5.3) [I + ﬂO(An+17yn+17yn):| Ynt1 = [I - 7'20()\n+17yn+17yn):| Yn, n=0,..., Mo —1,
(54) |:I+ ﬂS(Anaynayn—l)} )\n = |:I - ﬂS(An—}-layn—klyyn)] /\n+17 n = 17 .. ';MO - ]-a

(5:5) 1+ H5 0ty yvter va1a-1)] Aty = = T

where 74 is the complex conjugate of y;, and 7:16 denote the adjoint matrix of Ho defined as
follows:

7:[0(>\7L+17y7l+1a yn) -_Z*E + Zi Zlm (< n+1, a(c )(yn+1 + yn)>) Ia(ck)

‘H*Zhﬂ << nt 1 1§ (Y +yn)>) L.

With this discretization, A is located in the middle of [t,,, ¢,+1], which means the adjoint is not
defined at the interface Ty = tjs¢ of the sub-intervals. We therefore need to extend the discrete
adjoint to the interface in a way that is consistent with the continuous propagator and with the
discrete equation (5.4). To do so, we add two equations, one for each sub-interval: for [Ty_1, Ty],
we add

(5.6) Ay = {I‘Fﬁs (Af\417yfwl,yM 1)] Svas

which describes the propagation of the adjoint from the final condition A, over a distance of
0t/2 to yield )\?\21. On [Ty, Ty41], the adjoint at Ty is denoted by Q(Yz, Agy1) and is obtained by
propagating \{ over a distance of 6¢/2. We therefore add the equation

(5.7) QY Aea) = [T =5 (M.t Yo) | AL
With these additions, we can now impose the matching condition
Ay — Q(Yy, Apyr) =0,

whose equivalence to (5.4) can be seen by substituting (5.6) and (5.7) into the above.

In this numerical test, we define y;, and y;, as the first columns of IS) and 13(05) respectively.
We set T'=10/J,,ac = 1,L = 10, and fix the fine discretization step to dt = 1/80J,. We show in
Figure 7 the convergence rate of the ParaOpt for various values of the ratio r = 6t/At. The L*
error is defined as the maximum of the difference between the state and adjoint values obtained
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F1c. 8. Order of the convergence factor of ParaOpt with respect to At.

from a converged fine-grid solution, and the values obtained at each inexact Newton iteration using
the ParaOpt .

Fast convergence in two iterations has been observed for r = 1, since the ParaOpt actually
corresponds to the exact Newton method. When r € {%, i, %}, the approximation of the Jacobian
becomes coarser, which explains the slower convergence. Denoting by a,,k, the slope and the
number of iterations associated with the curve of ratio » on Figure 7 and by p the convergence
factor of ParaOpt applied to (5.2), we observe that |a,| ~ (cAtf)kr, where ¢ is a positive real
constant. It follows that for p5 = |a,|, we obtain p, ~ cAt?, that is, p is of order 2 (see Figure 8).
This order is equal to the one of the Crank-Nicolson method used to discretize both J and the
constraint in (5.2). This is consistent with the result of Theorem 4.6 for a linear case problem,
meaning that our results also hold in nonlinear cases.

’ L \ # Iter \ CPU time \ Parallel computing time \ Speedup \ Efficiency ‘

1 2 571.2983 571.2947 1.0 100%
3 117.9937 117.9925 4.84 242%
4 7 42.4054 42.4046 13.47 336,75%
8 9 12.8253 12.8235 44.54 556.75%
16 13 7.6024 7.6020 75.15 469.7%
TABLE 3

Performance of ParaOpt algorithm: total computing time CPU time, parallel computing time only in seconds,
speedup (CPU time(L = 1)/CPU time(L)) and efficiency (100 x speedup/L).

We also study how well the ParaOpt algorithm scales for solving the control problem (5.2).
All computations were run in MATLAB R2021 on a Dell Precision 7780 laptop with 20 CPU cores
and an NVIDIA RTX 2000 Ada GPU. The results are shown in Table 3, where we report the total
computing time, the parallel computing time without communication, and the number of outer
Newton iterations required to reach a tolerance of 1071, The total time corresponds to running
the code implementing the ParaOpt algorithm. The parallel computing time is the time required
to run the Newton method, where the local solves on the fine and coarse grids are performed in
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parallel using MATLAB’s parfor. Our tests show very good scalability: when we double the
number of processors, the total computing time is reduced by more than a factor of two. We
obtain such efficiency because, as L increases, the local parallel solver become much faster. These
results are similar to those presented in Table 2 of [14] for an optimal control problem involving
Lotka—Volterra dynamics, solved using the implicit Euler method.

Appendix A. Additional results.

THEOREM A.1l. Let At and Ny > 2 be fized with 6t = At/Ny. Then, there exist cp > 0 and
cr > 0 independent of At and 0t such that

|AP|| < ep(At — )AL and  ||AR|| < cr (At — 5t) AP~

Proof. We consider the mapping ¢ : (0,1)2 — (0, 00) defined as follows

_ AP
(A.1) p(At, 0t) == AL ot for ot < At.
The triangular inequality applied to the right-hand side of (A.1) leads to
1
(0, At) < s (IPac = Poll + [1Pse — Poll) -

Using the inequalities in Theorem 4.1 on Ps; and Py by replacing §t by At , ||Par — Pol| < caTAt?,
so that,

cp 207:
< —— (AP 4 6tP) < — AP,
w(0t, At) < (At — o) (At 4 0tP) < (Atfét)At
Setting ot = At/Ny for Ny > 2 leads Atl_ét = At(xg—n < A%, so that,
(A.2) ©(t, At) < dep AP,

Substituting (A.1) into (A.2) gives rise to
|AP|| < 4(At — 6t)ep AtP™E,

Considering the inequalities in Theorem 4.1 on Rs; and Rq by replacing dt by At, we can proceed
analogously to obtain
|AR|| < 4 (At — 6t) cr AP,

And the proof is complete. O

THEOREM A.2. Let 0 < At < AT < 1. Then there exists a constant v > 0 depending on the
operator L and the time horizon T, but independent of At, AT and «, such that the condition
number of Ma; with respect to the norm || - ||« is bounded by

(1 +a7h)?

cond(Mar) = [Maell. [ M. < T2

Proof. To bound |[Ma¢|l«, we proceed like in Theorem 4.2: we consider X = <Y> and

A
E = (g) such that £ = Ma;X and bound || E|« in terms of || X||.. From the definition of the
. AF .
matrix Ma;, we see that £ = X + AFE, where AFE = AG satisfies

AF, =0,

1
AFZ:_PAtyvffl—"aRAtAlv €:17"'7La

AGy = —PF Ay, ¢=1,...,L—1,

AGL =-Y5.
These are almost the same equations as in Theorem 4.2, except we replaced AP and AR by Pay
and Ra¢, and that AG;, = —Y}, instead of 0. Therefore, the same calculation as in the theorem
shows that

IAF|Ar < (IPIAr + IRIAD)IXIE,
IAGIAr < IParlPIAIAr + AT YL,



22 F. KWOK, J. SALOMON, D. N. TOGNON

Combining the above inequalities gives

IAEIZ < 2I1Pacl? + IRAM) X113 + o~ AT||Yz||?
< @IPacl? + [Rael® +a72) I1X]2
< (er + a7 X,

where ¢ = 2||Pa¢|? + ||Racl|? < 3 + JAT < 3 + ¢, T is obtained using the estimates (4.23) on
Par and Raq. Therefore, ||E|« < (1 + c1 + a~1)||X|«, which implies [|Magll« <y (14 a™1) for

some constant y; > 0 depending on C7, Cy and T, but not on At and AT.

We now bound || Mx}|l.. Since M} = Mz T+ M1} (Z—TI) and we already have an estimate
of | Mxi1||. from Theorem 4.5, it suffices to estimate [|Mx}(Z — II)|.. Let X = M ;(Z —T)E,
ie., MaX = (Z —1II)E. Then the blocks of E and X satisfy the recurrence

YO = F07
_,PAt}/-Zfl +Y—Z+a_1RAtA€ :07 {= 17"'7L7
Ap_y —PLAg =0, (=2...,L,
AL — YL = GL.
Solving this recurrence using the same techniques as in Lemma 4.3, we deduce for / =1,..., L —1
that
I
(A.3) A= (PR)" AL and  Yi=P'Fy—a 'Y PL Ra(PA) FAL

k=1
where Aj, satisfies the reduced system
(I+a "U)AL = PK,Fo + G,
where U is the same matrix as in (4.21). Therefore, we have by Lemma 4.3 and inequality (4.23)
(A4) IALI < IPXFo + Gl < (1+ CIAT) (B[l + |Gl < e[ Foll + G-

We now take norms on the equations in (A.3) and use the estimates for ||Pa;|| and [|[Ra¢| in (4.23)
to get

[Aell < (1+ CLAT) AL,
4
Vel < (1+ CLAT) | Byl + o7 'CoAT Y “(1+ CLAT)* A F|[AL|
k=1
< (14 CLAT)Y|Fo|| + o~ 1CyT (1 + CLAT)* || A,

where we used (1 + ClAT)*k < 1 and /AT < T to obtain the last inequality. The definition of
the norm || - ||« finally gives

L L
X2 = AT " |[Ve|?> + a2AT > [|A)?

£=0 =1
L
< AT|FR|? +2AT Y (1+ CAT)* | Fy?
=1
L L
+2(CoT)a P AT (1 + CLAT) 2 AL + o 2AT Y (1 + CLAT)?E 72| AL||?
=1 (=1
2(6201T —1) 2 2 2 20,T 2T —1 2
<1+ —F2) AT| F TEAT(1 4 2(CoT)%e Arll”.
< (14 2 ) ATIRI? + @ AT+ 2GR Sl

Combining the above with (A.4), we deduce that

1+a™t)

.
Ix1. < 2052y,
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for a constant 5 > 0 that depends on Cy, Cy and T', but not on At and AT. This implies

Y2(1+a™t)

MAHT -TD)|. <
|| At( )” = \/A7T

Together with the result |M;II[. < &= (14a~1) from Theorem 4.5, we deduce that M [« <

73(1%;‘71) for some constant 3 > 0, which finally allows us to conclude that
_ 1 + 04_1)2
i} S 7(
IMadl Mzl < T2
with v = y17s. ]
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