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Abstract We consider the solution of —V - (v(x)Vu) = 0 by a non-overlapping optimized
Schwarz domain decomposition method, where the subdomains do not align with jumps in
the coefficient v(x). Such a decomposition can be of interest when the jumps are geometri-
cally complex and/or an artifact of the measured data, in which case one would often prefer
a simpler decomposition that disregards the location of the discontinuities. For analysis pur-
poses, we focus on a model problem where the diffusivity is piecewise constant, and we ana-
lyze the convergence of optimized Schwarz for the two-subdomain case. We consider using
either a constant Robin parameter along the whole interface, or a parameter that is scaled
proportionally to the local diffusivity. We show that the convergence rate is not robust with
respect to the heterogeneity ratio when a constant Robin parameter is used; however, using
a scaled Robin parameter restores robustness. We then derive optimal scaling parameter and
the corresponding convergence factor. Numerical examples show that this choice also leads
to robust convergence behaviour for cases not covered by the analysis.

Keywords domain decomposition methods - optimized Schwarz methods - heterogeneous
problems - discontinuous coefficients
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1 Introduction

Optimized Schwarz methods (OSM) first gained interest among researchers three decades
ago, when Lions used Robin interface conditions to overcome the non-convergence of clas-
sical Schwarz methods when the subdomains do not overlap [20]. The method was then ex-
tended into a class of Schwarz methods called optimized Schwarz methods, where more gen-
eral transmission conditions are considered on the artificial interfaces. Optimized Schwarz
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methods have been analyzed for the diffusion equations, Helmholtz equations, convection-
diffusion equations, etc.; see [24, 25, 19, 12, 9] and references therein. More recently, the
methods have also been applied to nonlinear problems [4, 2, 3, 17], and optimized trans-
mission conditions have been used to design a nonlinear preconditioner for dealing with
problems with strong local nonlinearities [16].

The choice of Robin parameters in the optimized transmission conditions has a huge
impact on the speed of convergence of the algorithm. Indeed, much work has been devoted
to analyzing the optimal choice of parameters for specific model problems, see for instance
[12, 1, 7]. In this paper, we are particularly interested in elliptic problems of the form —V -
(v(x)Vu) = 0, where the diffusivity v can be discontinuous and/or highly oscillatory. When
Vv is piecewise constant, a natural idea is to align the subdomains with the discontinuity to
obtain a nonoverlapping domain decomposition; see the systematic analysis in [10, 26] for
the OSM applied to the diffusion problem. More generally, the authors of [15] analyzed the
case when the diffusivity consists of piecewise countinuous functions v~ a(x) and v a(x)
respectively, where o/(x) € L”(Q) is a continuous function bounded away from zero. See
also the analysis in [22, 23] for the diffusion equation and [14] for the advection-diffusion
equation.

We point out, however, that there are situations where it is impractical or impossible to
align the subdomains boundaries to discontinuities in the diffusivity. One example is in oil
reservoir simulation, where Vv is often highly oscillatory and given by data that is piecewise
constant per control volume/element [5]. The discontinuities are thus numerous, geometri-
cally complex, and may not represent meaningful changes in solution behaviour. In these
problems, it seems more reasonable to ignore the discontinuities and use a geometrically
simpler decomposition, such as into strips or an orthogonal subdivision into M x N subdo-
mains. In these cases, it is natural to let Robin parameters to vary along the interface, in
order to adapt to jumps in the diffusivity within the subdomain.

For analysis purposes, we consider in this paper a diffusion problem with piecewise
constant diffusivity v~ and v (where we assume without loss of generality that v— < vT).
To model subdomains that do not align with discontinuities in v, we consider a decom-
position into two subdomains with an interface that is perpendicular to the discontinuity.
We then apply Robin transmission conditions to communicate subdomain errors. Note that
the convergence of optimized Schwarz methods, even with more general positive definite
transmission conditions, has been proved in the sense of H I_norm; see [6, 8] and references
therein. Moreover, it was proved in [21] that for two subdomains separated by an interface
with essentially arbitrary geometry, a Robin parameter choice of & (h‘l/ 2) leads to a con-
traction factor of 1 — &((H /h)~"/%). However, when the diffusivity v(x) varies in space, the
constant hidden in the big-O notation generally depends on the heterogeneity ratio vt /v—.
In this paper, we will derive the convergence rate for two possible choices of the Robin pa-
rameter: 1) a uniform Robin parameter along the artificial interface, 2) a spatially varying
Robin parameter, scaled so that it is proportional to the diffusivity along the artificial inter-
face. We will show that the first choice is not robust with respect to the heterogeneity ratio
vt /v, whereas with the second choice, one can achieve the classical contraction factor of
1 — &((H/h)~"/?) with a hidden constant that is independent of the heterogeneity ratio.

The rest of this paper is organized as follows. We introduce the model problem and de-
rive the discrete formulation in Section 2. We then derive in Section 3 the convergence rates
of the zeroth order optimized Schwarz method with two different choices of Robin parame-
ters separately; we also provide asymptotic expressions for the optimal Robin parameter for
these two choices. In Section 4, we extend our analysis to three dimensions, where we will
see that the same asymptotic expressions as those derived in two dimensions hold in the 3D
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case. In Section 5, numerical examples show that the proposed scaled Robin parameter is
also robust for more general heterogeneous problems not covered by the theory. We finally
conclude our work in Section 6. A few useful lemmas involving Sobolev-type estimates are
included in Appendix A; these lemmas will be used in the analysis in Sections 3 and 4.

2 Model Problem for Convergence Analysis
2.1 Continuous and Finite Element Formulation

Let H>0and Q = (—H,H) x (—H,H) be a domain in R?. In this paper, we consider the
following model problem

{v. (V)Vu) = inQ, )

u=g onl =0Q,

where
v in(~H.H)x (0.H),
YO =0 i (CHH) X (—H.0),

with v > v~ > 0. We look at a decomposition of the physical domain into two non-
overlapping subdomains

Q= (~H,0)x (~H,H), Q= (0,H)x (~H,H).

In this way, the artificial interface is across the discontinuity of the diffusivity rather than
being aligned with it, which leads to subdomains with non-conforming heterogeneities.

Given a set of initial guesses “(1) and ”(2) on £ and €2, respectively, we solve (1) by the
zeroth order optimized Schwarz method:

~V-(vx)Vu ) = f in Q;,
u?“ =g onT, ?)

(v(x)% +p,>(x)> u?“ = (v(x)ain —l—p,-(x)) Wi, onI'=Q,N,

where n; is the unit outer normal vector on the artificial interface of €;, and p;(x) is the
Robin parameter for €2;, allowed to vary along the artificial interface. Since the underlying
problem is linear, it suffices for us to consider the homogeneous case, i.e., f =0 and g =0,
and to look at the convergence of {u!} to zero.

We now derive the formulation of the zeroth order optimized Schwarz method for (2) at
the discrete level. Using Green’s formula for the governing equation in (2), we have

n+1

/ v(x)Vuf“‘Vl,l/dx—/v(x) a’n wdl =0, forall y € H'(€;) suchthat w =0onT.
fo r i

Imposing the boundary condition, we obtain

/ v(x)Vu?H~Vl//dx+/ pi(x)ul'-H’ll//dF:f/ v(x)Vug'_i-Vllldx+/ pi(x)uj_,wdl .
Q r I r

3

3—i
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Fig. 1 Centrosymmetric triangular mesh.

We use the P! finite element method to discretize (3), obtaining

Ay thi= Ay + L)W =B, i=1,2, )
where Ay ; is the stiffness matrix for the first term in (3), L; is assumed to be a diagonal
matrix with its entries being zero everywhere except for those corresponding to the nodes
on the artificial interface, due to the second integral in (3), and the matrix B; assembled from
the right-hand side of (3) extracts Robin contributions from the neighbouring subdomain.
We note that the assumption for L; makes sense if the second integral in (3) is computed
numerically by a lumped integration, see [18, §7.3.2]. In [13], the authors showed that with
this lumped integration rather than the consistent one (the one with accurate integration),
optimized Schwarz methods achieve faster convergence. Once lumped integration is applied,
the non-zero entries of L; are exactly Robin parameters at the nodes on the artificial interface.
Let R; be the restriction operator from the set of degrees of freedom in € to that in €2;, and
let RiT be the corresponding prolongation operator. Then we have the following concrete
expression of B;:
Bi = hLiR,‘R3T_i *RiRg_iAvJ—i;

see also details in [11].

2.2 Symmetry Assumptions and Substructured Formulation

To facilitate analysis, we make some additional geometric assumptions on our model prob-
lem, so that the iteration (4) can be rewritten in a substructured form that simplifies in our
convergence analysis later. We assume that our problem is discretized using a centrosym-
metric triangular mesh; see possible choices in Figure 1. Since the mesh and the underlying
problem are symmetric with respect to y-axis, it is possible to order the local nodes in a
symmetric way so that

Ay=Ay1=Ayy, L=L=1L,.

Moreover, we can order the unknowns in u} and uj in order to separate the interior nodes
(nodes not on the y-axis) from the interface nodes (nodes on the y-axis), so that
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and

)

Ay Avir 00
Ay — ) o L= %
v [Av,rl Avrr 0L

where the subscripts I and I" correspond to the interior and interface nodes, respectively, and
L is a diagonal matrix with size equal to the number of interface degrees of freedom, and
whose entries correspond to Robin parameters at the interface nodes. Then the iteration (4)
can be written as

ugfi,l

“gfi,r

Avin Avir
Ayri Ayrr+hL

uf’jl |0 0
ll,’»',ltl —Ayr1 —Avrr+hL
Note that the first block row says

Av,nll?jrl +Avﬁlru?}1 =0,

which is valid for n = 0,1,2,... and i = 1,2. Therefore, for n > 1, we can eliminate the
interior degrees of freedom u}; and obtain

(hiz‘FSv)uthl = (l’li,—Sv)uglfiI’

where Sy = Ay rr _AV,FIA;‘}IAV,IF is the Schur complement. Thus, to study how u} con-
verges to zero, it suffices to study the spectral radius of the matrix

My = (hL+Sy) "' (hL—Sy). o)

Assuming that the diagonal entries of L are positive (so that L'/? exists and is invertible),
we see that

p(My)=p (i“/zsv(hprSv)“i‘/2£—1/2(h1:—SV)S;‘i'/Z)

=p ((hi1/25;1z1/2 + 1) (nL 2S5 —1)) —p ((1— G)(H—G)’l) ,

where G = hlL!/ 2s; 11.1/2 is symmetric positive definite, and hence has positive eigenvalues.
We are now ready to state a first convergence result.

Theorem 1 Let the initial guesses “(1] and “(2) be given. The subdomain solutions u} gener-
ated by the optimized Schwarz method (4) converge to zero provided that all the non-zero
entries of diagonal matrix L are positive.

Proof Since My, has the same spectral radius as (I — G)(I+G) ™!, it suffices to show that the
eigenvalues of (I — G)(I +G)~! are less than 1 in absolute value. We have seen that all the
eigenvalues of G are positive; let A; > 0 be the i-th largest eigenvalue of G, fori =1,2,...,n.
Then the i-th largest eigenvalue of (I — G)(I+G)~', denoted by u;, is given by

=i,
1+ln+l—i’

i

since A,41-; > 0, we must have |y;| < 1 for all i, so p(My) < 1.
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3 Optimization of Robin Parameters

In order to study the choice of Robin parameters along the interface, let us further classify
the interface nodes as follows:

1. interface nodes on the top half of I" (indexed by the subscript ‘1’);
2. interface node at (0,0) (indexed by the subscript ‘x’);
3. interface nodes on the bottom half of I" (indexed by the subscript ‘2”).

Partitioning the matrix Sy correspondingly yields

S11 81+ S12
Sv=Avrr *AV,FIA;A}]AV,IF = [Su1 Siux Si2
$21 82+ S22

3.1 Two Choices of L

We have proved the convergence of the discrete zeroth order optimized Schwarz method. In
this section, we will discuss two choices of .. Note that different choices lead to different
convergence rates.

One possible choice is that we use uniform Robin parameter everywhere along the arti-
ficial interface I', i.e., L = pl. In that case, G = hpS; ', so it is simply a scaled version of
the inverse of the Schur complement.

We now introduce another possible choice of L. In [10], authors proved that for prob-
lems with constant diffusivity, the optimal Robin parameter should be proportional to the
diffusion coefficient. For our model, we can observe that in each half of the physical domain
£, i.e., in the top half or in the bottom half of €2, the diffusivity is constant. This observation
gives us an idea of choosing the Robin parameter to be proportional to the diffusivity, i.e.,

where v* is the Robin parameter for the node at the discontinuity and will be discussed later.
In both cases, our aim is to choose the parameter p to minimize the spectral radius of
(I—G)(I+G)~", which means that we need to consider the min-max problem of the form

1—hphi(Z™1)

TEhph(Z )| ©

minmax
P

= minmax
P

1-24(G)
IJF)Li(G)‘

where Z =S, for L= pI, and Z = D Y28,D" 12 for [, = pD.

Theorem 2 Let [Bmin, Bmax] C (0,0) be any interval containing the spectrum of Z. Then the

choice
P* _ \Y ﬁm;:Bmax (7)

leads to a convergence factor of

— (B 1/2
p(MV) < 1_’_ Eg:iz;g:z;lﬂ <I- V ﬁmin/ﬁmax- (8)
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Fig. 2 Determining the optimal parameter p for given eigenvalues S, and Brax of the matrix Z.

Additionally, if Bmin = Amin(Z) and Bmax = Amax(Z), then the first inequality in (8) is tight,
and the choice (7) is the optimal one that solves the min-max problem (6).

Proof The argument is classical and similar to the one for determining the optimal param-

eter for Richardson iterations, see [27, Example 4.1]. The eigenvalues of (I — G)(I+G)™!

all lie between 1 —hp/Amin(Z) > 1 —hp/Buin an 1 —hp/Amax(Z) < 1 —hp/Biax This
1+hp/Amin(Z) — 1+ hp/Bumin I+ hp/Amax(Z) — 1+ hp/Brax

1—nh i 1—nh
suggests that we choose p that minimizes max ‘ P/Bmin , P/ Brax ,i.e., when
I+ hP/Bmin 1 +hp/[3max
. 1 7hp/[3min _ 1 *hp/ﬁmax ©)
1 +hp/ﬁmin 1 + hp/ﬁmax ’

hp*  hp*

see Figure 2. The solution p* of (9) satisfies P Bp = 1, so plugging this solution into
min 'max

the maximum leads to the estimate (8). Moreover, if the interval [Bpin, Bmax] is tight, then

any other choice of p will lead to an increase in the maximum, so the choice in (7) is optimal
and solves the min-max problem (6), as required.

O

Theorem 2 implies that the smaller the condition number k(Z) = Amax(Z)/Amin(Z) of Z,
the faster the Robin iteration converges to the exact solution. Therefore, if we can estimate
the condition number of Z for our two choices of L, i.e., for Z =S, or Z = D~1/25,D~1/2,
we can deduce the speed of convergence of our Robin method. We now state the two main
results of this section.

Theorem 3 For the choice L. = pl with the Robin parameter satisfying

v-vt

the contraction factor of the method is bounded by

v=h
— 11
et (11)

where C > 0 is independent of the mesh parameter h, the size of the domain H, and the
diffusivities v, vT.

pMy)<1-C
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Theorem 4 For the choice L= p-diag(v—I,v*,v*I), let v* be chosen such that v~ +v* <
C.V* for some constant C, independent of the mesh parameter h and the coefficients v=, v.
Then choosing the optimal parameter p = p}, to have the asymptotic expression

1
=0 — 12
pV (\/ﬁ)’ ( )

leads to a contraction factor of the method that is bounded by

[ h

where C > 0 is independent of the mesh parameter h, the size of the domain H, and the
diffusivities v=, vT.

In other words, choosing the Robin parameters to be proportional to the diffusivity
makes the Robin method robust with respect to the contrast in coefficients, which is not
the case for a uniform Robin parameter. The remainder of the section is devoted to prov-
ing these two results, with the help of Sobolev-type estimates applied to discrete harmonic
extensions. A list of useful Sobolev estimates is given in Appendix A.

3.2 Spectral Analysis

Since our analysis will rely heavily on discrete harmonic extensions, we introduce here
various notations related to such extensions. Let  C R? be a bounded region with boundary
:=00. (Later on, O will be part of the domain Q, and I" will be the interface between
© and the rest of the domain.) Consider the bilinear form defined on H' (),

a(u,v):/Qa()c)VwVvdx7

where 0 < amin < a(x) € L”(Q). Let u and v be piecewise linear finite element functions
defined on €2, so that they can be represented by the vectors u and v of their degrees of
freedom at the nodes.' Then a(u,v) = v’ Au, where

A= |4 A
Apr Apr
is the stiffness matrix corresponding to a(-,-), suitably partitioned to distinguish the bound-
ary nodes (those on I") from the interior ones (everything else).
Now let up be the trace of a finite element function on I", and up be its associated vector.

Then a vector u = (uf ,uf)" is called the discrete a(x)-harmonic extension of uy into Qif

Anll] JrAIﬁllﬁ =0.

Note that since A is invertible, there is a unique discrete a(x)-harmonic extension for any
given up, which we denote by % (up). The main tool that will be used repeatedly in our
analysis is the fact that discrete harmonic extensions has the smallest energy norm among
all finite element functions that have the same boundary trace up:

I Tn the rest of this paper, we will use normal letters, e.g., u, to denote finite element functions or their
traces on the boundary, and use bold letters, e.g., u, to denote the vector corresponding to . We will often
switch between normal and bold letters.
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Fig. 3 Notations for different portions of the subdomain and the interface, in the continuous and discrete
settings.

Lemma 1 ([28], Lemma 4.9) Ler u = J¢,(up) be the discrete a(x)-harmonic extension of
up. Let $:= Aﬁf —Aﬁ,AfllAer be the Schur complement ofA after eliminating the interior
nodes. Then
u = argmina(v,v) = argminv’ Av,
st. vePY vr=up,

and
T&u. —ul A
upSup =u Au

Next, we return to the centro-symmetric model problem and introduce some notation related
to the geometry of the subdomains, see Figure 3.

1. The top half and the bottom half of Q; are denoted by 0 and Q,, respectively. The
corresponding artificial interfaces are denoted by I} = 09, NI and I = 0, N T,
respectively. Denote 7. = 0.Q; N dQ,.

2. The nodes that lie on the top half of the artificial interface are plotted in red. The corre-
sponding set of interface nodes is denoted by I3. The nodes that lie on the bottom half
of the artificial interface are plotted in blue. The corresponding set of interface nodes is
denoted by I}). The node that lies in the middle is plotted in purple and is denoted by I3.

Note that for our model, the iterates are always zero on the physical boundary. As long
as we are given a trace function ur on the artificial interface I, we know the whole trace
on dQ;. Therefore, we will omit the nodes on dQ; \ I" and still use the notation %, (ur)
to denote the discrete harmonic extension. The subscript a will change based on the inner
product considered.

3.2.1 Spectrum of Z~' = S,
First, consider the homogenous case a(x) = 1. The inner product becomes

ay(u,v) = A Vu-Vvdx. (13)
1

Denote the stiffness matrix associated to the scalar product in (13) and the corresponding
Schur complement matrix by A; and S, respectively. Given a trace ur on I, we define
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u; = J4 (ur) as the discrete 1-harmonic extension of up associated with the inner product
defined in (13). Then by Lemma 1 we know that

u; = argmina; (u,u) = argminu’ Aju,
st. u€P', ulr=ur,

and
uIT—Slur = ulTA]ul.

Next, consider our model a(x) = v(x), where V is piecewise constant on each of Q; and
£2,. The inner product becomes

av(u,u):/ V()c)Vqudx:v_/~ Vu-Vudx—}—v"'/~ Vu-Vudx. (14)
.Q| Ql .Qz

Note that v~ a; (u,u) < ay(u,u) < v*aj(u,u) for any P; function u. Similarly to the above,
we denote the stiffness matrix to (14) and the corresponding Schur complement matrix by
Ay and Sy, respectively. By the same reasoning as above, for any trace function ur on the
interface, the discrete v-harmonic extension u, = J%, (ur) satisfies

u, = argminay (u,u) = argminu’ Ay u,

st. u€P', ulr=ur, (15)

and
u1T~Svur = ugAvuv.
We are ready to show our first main result.

Theorem 5 Let ur be the trace of a finite element function on I', and let ur be the vector
corresponding to ur. Then their exist constants ¢ and C, independent of h and H, such that

cvthflultur < u1T~SVur < Cv+u1T~u1—, (16)

where h is the diameter of the element, and H is the diameter of ;. Thus, there exists a
constant C' independent of h, H, v~ and v such that

,VYH

K(Sy) <C el

a7

Proof Let u; = 57 (ur) be the discrete 1-harmonic extension of ur into 2, and let u, =
,(ur) be the discrete v-harmonic extension of up into ;. For any vector ur, since
ui|lr = uy|r = ur, we have by the energy minimization property

T _ T _ + _ T _ T
urSyur =u,Ayuy —av(uv,uv) Sav(ul,ul) <v al(ul,ul) =V u Ajuy =viurSiur,
and

Tg —uAvn, — Sy Sy —vulAjuy = v-uls
urSyur =w,Avuy =ay (uy,uy) > voai(uy,uy) > v ai(u,u) =v ujAjuy = v upSiur.

Combining both inequalities, we have v-ul.Sjur < ulSyur < vtulSjur. Using Lemma
5, we estimate the terms involving S; to obtain

e H ' ||ul|E <ulSyur < viaull%, (18)
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for some constants c¢; and Cy, independent of #, H, v~ and v*. Then by Lemma 3 on the
equivalence of the discrete and continuous L? norms, we have

cv-hH 'aFur <ulSyur < cvtulur,

where we have substituted n = 2 in the Lemma for our two-dimensional case. Therefore,
there exists a constant C' = C/c, independent of &, H, v~ and v, such that
vVtH
K(Sy) < C'—.
(Sv) v—h
O

The above result leads to an estimate on the eigenvalues of Sy, which in turn allows us
to prove the convergence rate of the Robin iteration stated in Theorem 3.

Proof (Theorem 3) By Theorem 5, the spectrum of Z = Sy, lies within [} min, Bi max], Where
Blmin = 6‘\/7/’11171 and Bl,max =Cv™.

Hence Theorem 2 suggests choosing the parameter

1 vt
p=pi= VCVhHl-Cv+:ﬂ( vy )

T h Hh

This choice leads to the condition number of Z = S, being bounded by x(Sy) < Ci,"th ,

Theorem 2 implies that the asymptotic expression of the convergence factor satisfies
[ v=h
M,)<1-— .
p ( V) — C'vtH

3.2.2 Spectrum of Z7' = D*I/zS\,D’l/2

SO

We now analyze the spectrum of Z~! = D~1/28,D~1/2 in order to deduce the convergence
of the method for the case of spatially-varying Robin parameters. To do so, we need to
provide upper and lower bounds for the quantity u%D’l/ 25,D~'/2ur for any given trace
ur-. For analysis purposes, we will define the scaled trace wr := D~'/?ur, as well as the

discrete v-harmonic extension of wr into €21, which satisfies
wy = argminay (w,w) = argmianA\,w7 (19)
st. weP, wlr =wr.

Here, wr is the trace of the finite element function corresponding to wr. With these defini-
tions, we see that
uIT—D’I/szD’l/zur =wrSywr = ay(wy,wy) = WyAywy.

Before we prove our second main result, we first show how the matrices A; and A, are
related. Let us rewrite A in block form as:

A Ay O
A= |Ap Ay Ap |, (20)
0 Ay Ax

where the subscripts 1, ¥ and 2 correspond to the nodes above, on and below the x-axis,
respectively. For A, with the same ordering, we have the following lemma.
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Lemma 2 Assume that the triangular mesh is centrosymmetric; see examples in Figure 1.
Then the block structure representation of the stiffness matrix Ay is

Avi1Avly O VTAIL VAl 0
-4yt
Av=|Avyt Avyy Avp | = |V A Y5Ay viAp | 1)
0 AyvoyAv 0 V+A2y VTAy

Proof Since the diffusion coefficient is v~ in €, and is v* in &, the expressions for all
sub-blocks except Ay, yy are obvious. For the sub-block Ay 4y, we can split it into Ay yy =
AV 71 T Ay yy2, Where Ay 41 and Ay 4o are partially assembled stiffness matrices in A, and
9, respectively. Then we can easily see that Ay yy1 = V" Ayy; and Ay ypp =V Ayﬁ, where
we have used a similar splitting for A,y. If the mesh is centrosymmetric, we will immediately

-yt
have Ay 4, = Y O

Now we are ready to present our second main result.

Theorem 6 Let v* satisfy v~ + vt < C.v* for some constant C,, independent of v~ and
v*. Then there exist constants ¢ and C, independent of h, H, v~ and v™, such that

cthlulzur < ulZDfl/szDfl/zur < Cultur. (22)
Consequently, there exists a constant C' independent of h, H, v~ and v such that

/
k(D~'25,D71/?) < % (23)

Proof We first derive the lower bound. To do so, we first split the term uIT~u1~ into a sum
of two traces from the upper and lower parts of the interface. Using the definition of the

v-harmonic extension wy = J&,(wr ), we obtain

+
ulur —uITﬂ/uF/ +u1~2u1—2 < c1 HWVHLZ(F1 +c1 ; HWVHLZ ) 24

where the conversion from the discrete #2 norm to the continuous L2 norm uses Lemma 3,
with constants ¢ and c’1 independent of i, H, v and v*. For the first term on the right hand
side of (24), we have

' ' 2
bl < e (vl Himlg ) = e lwlbes) - @)

Since wy vanishes on the physical boundary, then by Lemma 8 and Lemma 6, we know that
there exist constants ¢, and c3, independent of 2, H, v~ and v, such that

- Hv~ Hv™
2 2 2
617||wV||Lz(ml) <cier Wylginga,) < 6162637\%\,,1(@[). (26)
Similarly for the second term, we have
+ , Hv Hv*
2
0117\|WV‘|L2(3522) <dh—— h |WV|HI/2 %)) = cherds h |WV|H1<_(§2)7 27

for some constants ¢/, ¢} and ¢, independent of 2, H, v~ and v*. Combining (24) and (27),
we have

H
ulur < max{cicye3,¢] c’zcg}ﬁszvwv. (28)
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Finally, letting C = max{cjcac3,¢}chcs } and using the fact that wy is the v-harmonic exten-
sion of wr, we conclude that
CH

CH CH
- wlA,w, = 7w?SVwF = 7u?D—‘/ZSVD—‘/Zur. (29)

Therefore, there exists a constant ¢ = 1/C, independent of #, H, v~ and v, such that
chH 'uFur <uFD~'28, D7 ?ur. (30)

We now derive the upper bound. Using the energy minimization property of harmonic ex-
tensions, we see that for any finite element function u with u|r = ur, we have

ulD7 28,07 2ur <u”H7'/2A, D7/, 31)

where
v
D= VAT
vt

is a diagonal matrix having the same size and block structures as A; and Ay, but with zero
off-diagonal blocks. The matrix D12A,D'/2 can be computed as follows.

1 L g
N _ Vv . Vv .
D~124,D71/2 = N Ay N
1 1
i el el
Al ALy
- -yt
= |V ¥ An YAy YrAn
YAy Ap

The remaining work is to construct an appropriate vector u that agrees with ur on the in-
terface, so that there is a constant C independent of i, H, v~ and v for which the inequality
uTD*1/2AVD’1/2u < Cu’u holds. Concretely, we construct the vector u as follows.

1. Let uy = J¢,- ((uIT_],,O}T,*)T) be the discrete v~ -harmonic extension of (ulT_l,,O}T,*)T into
Q, associated with the inner product a, (u,v) = v~ Ja, Vu-Vvdx.

2. Let uy = J&+ ((ug,,()}T,*)T) be the discrete vt-harmonic extension of (uIT:Z,,())T,*)T into
©,, associated with the inner product a,+ (u,v) = v |, 5, Vu-Vvdx.

3. Let u, be zero extension of u, ¢, into Q, where u, = ur|r; is the function value of ur
at the node I, and ¢, is the basis function at the node I.

The vector u is then constructed to be u = RlTul + Rg u + u,, where RlT is the extension
matrix from £; to 24, and Rg is the extension matrix from €2, to ;. Then for any vector
norm || - ||, the triangle and Cauchy-Schwarz inequalities give

2
2 2 2 2
[~ < (IlRlTul|\+||R§l12\|+|\u*ll) §3(|\R1Tu1|| + IR wa* + [lu.| ) (32)
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We now use the fact that D~1/24,D~1/2 is symmetric positive definite, so that the mapping
visvID~ Y 2AVD*1/ 2y defines a norm; therefore, (32) becomes

u'D12A, D7 ?u <3 (ulTRlﬁ’l/zAv[)’l/leTul

+ ulR,D'2A, D" 2R uy + uID_l/ZAV[)_l/zu*)
v +vt
<3 (ulTAulh +ujApuy + Z—C*L&AW>

2 v +vt
<3 (|M1 B @y Tl g, + Wuﬂ‘l’*zl(gl)) :

By Lemma 6, Lemma 7 and Lemma 3, we know that
1. there exist constants Cy, C; and C3, independent of 4, H, v~ and v, such that

cC
2 2 1L2 2
‘“1|H1({2]) < Cl‘u1|Hl/2(9f21) < h ||M1||L2(1—1/) < C1C2C3u17:l,url/. (33)

2. there exist constants C}, C and C}, independent of &, H, v~ and v, such that

C/ /
2 2 1%2 2 T
‘u2|Hl(Q2) < CH“2|H1/2(9_(')2) < TH“Z”LZ(Q/) < CiCéCgqu/qu/. (34)

3. By direct calculation, we see that |9, ?11 @) < (Y for some constant C} independent of
hand H.

Combining (31), (33), (34) and the condition for v*, we conclude that there exists a constant
C, independent of z, H, v~ and v, such that
ulD~'28, D7 ?ur < Culur. (35)

This proves the upper bound in (22). The proof of the theorem is therefore completed
by noting that the condition number estimate (23) follows immediately from (22). O

Remark 1 We observe from the proof that the lower bound in (22) is actually independent
of the choice of v,. However, the upper bound does depend on V,, so the overall condition
number depends on V.. This phenomenon can also be observed from the numerical experi-
ments in Table 1 in Section 5.

Proof (Theorem 4) By Theorem 6, the eigenvalues of zl=pV ZSVD’I/ 2 are contained
in the interval [By min, Bv,max), With
Bv,min = ﬁ(h/H) and ﬁv,max = ﬁ(l)y

respectively. By Theorem 2, we deduce that if we choose the optimal parameter p to follow
the asymptotic expression

P=PpPyv= A Hh

(o i _ (1Y

then the convergence factor is bounded by

p(My) <1—1/Bymin/Bymax = 1 —C(h/H)'?,

where C is some constant independent of 4, H, v~ and v*, as required. a
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Remark 2 Theorem 6 indicates that if the Robin parameters are scaled along the artificial
interface provided that v~ + v < C,v* for some constant C,, independent of h, H, v~
and v, then the convergence rate of the discrete zeroth order optimized Schwarz method
is independent of the diffusivity. Therefore, we can expect the algorithm to have the same
convergence rate as for the constant-coefficient Laplacian. Without this scaling, i.e., if the
Robin parameters were the same everywhere, the convergence rate would deteriorate as the
heterogeneity ratio vt /v~ increases.

Moreover, Theorem 6 also indicates that the optimal parameter p7, is independent of the
heterogeneity, which is of importance in the numerical study. In practice, it is easier for us
to find the best parameter p}, on the scale of 1/ vV Hh. However, if we use the uniform Robin
parameter everywhere, we may have to find the optimal Robin parameter on an extremely
small or large scale since pf = O(vVv—v™) p}.

4 Analysis for Three Dimensional Problems

Consider the problem

V. (VWu)=0 inQ,
u=g onl =0Q,

where H >0, Q = (—H,H)x (—H,H) x (—H,H) is decomposed into two non-overlapping
subdomains

Q) =(—-H,0)x(—H,H)x (—H,H), £,=(0,H)x(—H,H)x(—H,H),

and
_Jv™ in(-H,H)x(—H,H) x (0,H),
VIVt in (—H H) x (—H,H) x (—H,0).

Without loss of generality, we still assume that v© > v~ > 0.

The analysis for three dimensional problems is similar to that for two dimensional prob-
lems, thus we still use A; and A, to denote the stiffness matrices, L to denote the diagonal
matrix containing the Robin parameters, and S;, Sy to denote Schur complement matrices
after eliminating the interior nodes. The difference is that the matrix A, is now defined by
Ay = Ay + h2L, since the artificial interface is now a surface. If we mimic the derivation in
two dimensions, we obtain

p) =p (1-G)1+6)™"),

where G = h?L'/28;'[.}/? and L is a positive diagonal matrix. The convergence of the op-
timized Schwarz method is still guaranteed, so we focus on the two possible choices of the
diagonal matrix L:

() L=pl,

(i) L= pD = p-diag(v_I,,,v*I,,,v*1l,) with appropriate sizes nj, ny and n,.

Here we use similar notations to those introduced in Section 3.1, see Figure 4. The difference
is that in three dimensions, I, is a line segment from (0, —H,0) to (0, H,0) rather than being

anode. Since the matrix G depends on A2 rather than £, the statement analogous to Theorem
2 is as follows:
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AN
gz e F*
a, N

Fig. 4 Notation for different portions of the subdomain and interface for the 3D problem.

Theorem 7 Let Z be a symmetric positive definite matrix whose eigenvalues are contained
in the interval [Buin, Bmax] C (0,00). Then for G = h*pZ~", the choice

p= p* _V ﬁn;;l;ﬁmax (36)

leads to the convergence factor

_ . 1/2
pwnsvjigyﬁxms«ﬂﬁgm;, 37

where My = (I — G)(I+ G)~! is the iteration matrix.

Note that the above theorem does not mean that the Robin parameters have a different
scaling in the 3D case, since the bounds B, and Bnax on the Schur complement spectrum
will also have a different scaling as a function of %. In fact, the next theorem shows that for
the choice L = pl, i.e., the same Robin parameter everywhere, then the optimal parameter
has exactly the same scaling as in the 2D case:

Theorem 8 For the 3D problem (4) with uniform Robin parameter L = pl, the choice

vyt
—p =0
P =D ( Hh)

~h
mMn31c( LH)

for some constant C > 0 independent of h, H, v~ and v.

leads to the convergence factor

Proof By an argument that is essentially identical to the one in Theorem 5, we obtain the
spectral estimate
— 21T T +.T
cv h"H "uprur <upSyur <Chv'urur, (38)

where the only difference with (16) is the scaling in £, due to the problem now being posed
in 3D. Hence, the matrix Z = S;l has eigenvalues lying inside the interval [ﬁl,mim B max)
where

ﬁl,min = ﬁ(v*th*I) and Bl,max = ﬁ(VJr]’l)7
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so Theorem 7 says we should choose

*—\/m_ﬁ< V‘v+).

P = "2
The estimate for the convergence rate now follows from (37). a

Our second main result in three dimensions deals with the case of the scaled Robin
parameter L = pD = p - diag(v~ Iy, V*I,,,vT1,,). Recall that the variables corresponding
to v* is no longer a single node, but a line separating the upper and the lower parts of the
interface, see Figure 4.

Theorem 9 Let v* satisfy v~ + vt < C.v* for some constant C,, independent of v~ and
v*. Then there exist constants ¢ and C, independent of h, H, v~ and v™, such that

cthflulT—up < uFDfl/szDflﬂuF < Chultur. (39)
Consequently, there exists a constant C', independent of h, H, v~ and v, such that

/A
x(D~'25,D71/?) < % (40)

Proof Since ch*ulur < [lur|? 2(r < Ch*ulur (see Lemma 3), we can derive the lower

bound by mimicking Theorem 6.
For the upper bound, let u; = %, ((u’,,07)7) be the discrete v -harmonic extension

ur Oy
of (u F,,OT ) into @1, let uy = %, ((u F,,OT )T be the discrete v -harmonic extension of
(u F,,OT )T into Q,, and let u, be the zero extension of ¥, 1 us(x:)¢.(x,) into Q;, where
X, is a node on I}, u.(xi) = ur|,, and ¢.(x.) is the basis function at x,. We construct

u = RTu; + RYuy + u., where R is the extension matrix from ©Q; to Q;, and R} is the
extension matrix from €2, to £2;. Then we have

ulthl/zSVDfl/zur < uTD”/zAvD*l/zu
<3 <|”1|H1 +|u2|H1 )+ 2C* Ayyu*)

3
2 2
<C; |M1 |H1/2(3fll) +Ci \u2|H1/2<8_(~22> + *C*UZAy'yu* 41

2
C1C2 1G5 2
< 2 oy + L2l +

3
EC*uZAWu*

< C1GC3hulay +C[C)Cihul Sl A

< CiGGhuyu +Ci GGy Uzuz+§ KW Ayl
where we have mimicked Theorem 6 for the second inequality, and we have used Lemma 6,
Lemma 7 and Lemma 3 at the third, the fourth and the fifth inequality, respectively.

We now estimate the term u*TA},yu* as follows. Since all the nodes on I lie on a line,
we can order them contiguously as xi,...,xy, so that x; and x; are neighbours whenever
|i — j| = 1. By doing so, we see that for any non-neighbouring nodes i and j, the supports of
their nodal basis functions do not overlap, so we have

1(9i,9;) :/ V§i-Vojdx=0 whenever|i — j| > 2.
2



18 Yaguang Gu, Felix Kwok

For |i — j| < 1, we have by direct calculation a; (¢;, ¢;) < C}h. Therefore, defining for nota-
tional convenience the two ghost values u (xp) = u(xy+1) = 0, we have

N N

uApl = Y Y a(9i, 9))u (i) (x))

i=1j=1

N
< 1Y (foe i) e ) () o ) 1)) 42)
i=1

N
<31 Y |u ()|
i=1

g Tl
= 3C1 hu* u,.

Combining (41) and (42), we have for some constant C, independent of 4, H, v~ and v*
such that
u?D’l/szD’I/zur < ChuIT—ur.

Now we have proved (39), from which we obtain (40). O

The above theorem implies that the matrix Z = D~'/25,D~'/2 has eigenvalues within the
interval [cth ’I,Ch}. Theorem 7 can now be used to determine the optimal parameter p
and the resulting convergence rate.

Theorem 10 Consider the 3D problem (4) with the scaled Robin parameters
L=p-diag(v L,VL,,v'l,),

where ni, ny and n,, are the number of degrees of freedom in I, I) and I, respectively, see
Figure 4. Then the choice

1
P:PT/:ﬁ(\/T—}J (43)

p(My) < l—C\/g, (44)

with the constant C independent of h, H, v~ and v™.

leads to the convergence factor

5 Numerical Experiments

In this section, we will illustrate our theoretical results by applying the optimized Schwarz
method to some numerical examples. In particular, we will also consider examples where
the analysis assumptions do not hold, in order to see whether our recommended Robin pa-
rameters would make a good heuristic choice in more general cases. We will show numerical
results for the optimized Schwarz method both when used as a stationary method, and when
used as a preconditioner for GMRES.

For each test below, we generate a random initial guess between —1 and 1 so that the
initial error contains as many frequencies as possible. We discretize the problem using the
P! finite element method and solve the resulting system with a tolerance TOL < 107° for
both stationary iteration and GMRES method.



Optimized Schwarz for non-conforming heterogeneities 19

Test 1: Model Problem

In the first set of tests, we consider our model problem

T T T
V.- (VWu)=0 inQ=(——,- -, =
(W) =0 in@= (2. 2)x(~2.2), )
u=0 ondQ,
where i .
., T T 0 F
. Vi in( 272)><(,2)7
T T
in(——, =~ ——,0).
v in (=3, 5) % (~5,0)
.. . . . T T T
The domain is decomposed into two nonoverlapping subdomains 2| = (— 7 0)x (— 7 5)

and @ = (0,3) x (=5, 2).

First of all, we look at the eigenvalues of the Schur complement matrix S, with v; =1
and H = m. We discretize the problem by the P! finite element method and construct S,
and D~1/25,D~1/2 by eliminating the interior nodes. We report the minimum and maxi-
mum eigenvalues in Table 1. We can observe that the numerical results match the theory,
especially in the following aspects:

1. For the smallest and the largest eigenvalues of Sy, i.e., B min and B max, We have
Bi.min = O(h) and B max = O(v7). Numerical results match both estimates well since
we can see that for a fixed heterogeneity ratio, the smallest eigenvalue B min decreases
linearly as we refine the mesh, while the largest eigenvalue Bj max is independent of
the mesh size; for a fixed mesh size, the largest eigenvalues increase as we enlarge the
heterogeneity ratio.

2. For the smallest and largest eigenvalues of D28,D71/2 je., By min and By max, we
have By min = O (h) and By max = O(1), provided v; + v» < C,v* for some constant C,
independent of v; and v;. To choose such v*, intuitively we have two choices: v* =
V‘JZF—VZ or v* = v,. We report the results for both two choices. We can observe from the
table that the preconditioners are very robust as long as v* is chosen to be one of these
two numbers, and the corresponding numerical results perfectly match the theory. We
also list the results when v* = v;. In that case, the condition for v* is not satisfied. As a
result, the robustness of this preconditioner is deteriorated.

Next, we show the convergence results of OSM applied to the model problem. We refer
to (10) to find the best Robin parameter when it is uniform along the artificial interface, and
to (12) to find the scaled parameter.

Recall that we have two ways of computing the integral along the interface in the weak
form (3). One way is to use the lumped numerical integration, from which we can obtain
the diagonal matrix discussed in this paper. The other way is to use consistent integration
(i.e., exact integration), which yields a tri-diagonal matrix. We test (45) by OSM with the
scaled Robin parameter, with or without lumped integration along the interface, and report
the results in Table 2. We can observe that OSM with the lumped integration converges
faster than that without lumped integration. This is consistent with the discussion in [13]. In
the remaining tests, we will use the lumped integration.

In Table 3, we report the linear iteration counts needed by OSM with and without Krylov
acceleration for (45). For each mesh size, we also compare the results of OSM with the
scaled Robin parameter and with the uniform one. We can see that the results for the scaled
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Table 1 The smallest and the largest eigenvalues of S, and D‘l/zsvD‘l/2 with different mesh sizes, v* and
heterogeneity ratios.

h Vl/VZ ﬁl,min ﬁl,max v* ﬁv.min ﬁv,max
Vi 0.1671 9.5691
1/10 02735 | 2.7881e+01 [ (Vi 7 v2)/2 0.1560 28176
V2 01441 277885
i Vi 0.1691 | 8.3267e+01
r 1/100 02872 | 2.7879e+02 [ (Vi ¥ v2)/2 0.1560 78176
20 v 0.1416 27879
Vi 0.1693 | 8.2076e+02
171000 02885 | 2.7879¢+03 [ (vi 7 v2)/2 0.1560 28176
V2 0.1414 27879
v 0.0847 95633
1710 0.1425 | 2.8170e+01 [ (vi 7 v3)/2 0.0816 2.8255
2 0.0783 28170
i Vi 0.0852 | 83187e+01
r 17100 0.1497 | 2.8169e+02 [ (Vi 7 v2)/2 0.0816 2.8255
40 v 0.0776 28169
Vi 0.0853 | 8.1994c+02
171000 0.1504 | 2.8169e+03 [ (Vi 7 v2)/2 0.0816 7.8255
2 0.0776 78169
i 0.0426 95617
1/10 0.0729 | 2.8254e+01 [ (Vi 7 V2)/2 0.0418 2.8276
V2 0.0400 38054
Vi 00427 | 831656401
i 1/100 0.0766 | 2.8254e+02 [ (Vi T v2)/2 0.0418 2.8276
L ) 0.0407 38254
80 Vi 00428 | 8.1971e+02
171000 0.0769 | 2.8254e+03 [ (Vi 7 V2)/2 0.0418 3.8276
V2 0.0407 28054

Table 2 The number of linear iterations needed by OSM with the scaled Robin parameter for the model
problem.

Optimized Schwarz method as an iterative method
Vi/Va
With Lumping / 1/10 1/100 1/1000 1/10000
T No 39 69 73 74
20 Yes 31 31 31 31
T No 51 52 63 64
40 Yes 44 44 44 44
T No 65 81 82 82
80 Yes 63 63 63 63

Robin parameter are better than those for the uniform Robin parameter. In addition, the
number of linear iterations remains unchanged as we increase the heterogeneity ratio when
we use the scaled Robin parameter. In contrast, the iteration count grows proportionally
to the square root of the heterogeneity ratio when we use the uniform Robin parameter,
thereby illustrating the deterioration of the convergence factor. When a Krylov method is
applied, we can observe great improvements in terms of the number of linear iterations
needed by two versions. But we can still see that the results for the scaled Robin parameter
outperforms those for the uniform one. Besides, we observe that the linear iteration counts
needed by Krylov accelerated OSM with the scaled Robin parameter remains approximately
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Table 3 The number of linear iterations needed by OSM with the scaled or the uniform Robin parameters

for the model problem.

Optimized Schwarz method as an iterative method
OSM Version | - vi/v2 1/10 1/100 1/1000 1/10000
20 71 225 713 2256
uniform p 40 105 334 1059 3348
80 147 464 1470 4648
20 31 31 31 31
scaled p 40 44 44 44 44
80 63 63 63 63
Optimized Schwarz method with Krylov acceleration
20 22 30 31 31
uniform p 40 28 40 47 48
80 34 52 65 66
20 14 15 15 15
scaled p 40 18 18 18 18
80 22 22 22 22

unchanged when the heterogeneity ratio increases, whereas the number needed by Krylov
accelerated OSM with the uniform Robin parameter grows with the heterogeneity ratio.

Test 2: Problem with Multiple Diffusivity Regions

In the second set of tests, we consider the problem

T T T T
-V (vVu)=0 inQ:(_E’E)X(_E’E)’ 46)
u=0 ondQ,
where we now increase the number of discontinuities:
voin(-3.3)%(5.5):
. T T
. V2 in (_ZE)X(O’EL
Vs in (_§7§)X(_Zvo)a
Vs in(f;g)x(—g, g).

In this set of tests, we let vi = 1, v, = 10, v3 = 1000 and v4 = 50. In comparison test,
we change the order of the diffusivity, letting vi = 1, v, = 1000, v3 = 50 and v4 = 10.
Moreover, we will decompose the domain Q into either N = 2 and N = 4 subdomains
consisting of vertical strips of equal width. In other words, we have Q; = I; x (—n/2,7/2)
with I} = (—n/2,0), L, = (0,x/2) for N =2,and I, = (—n/2,—7/4), , = (—7/4,0), etc.
for N =4.

We can see in Table 4 that results for the scaled Robin parameter always outperforms
those for the uniform one, requiring much fewer linear iterations to converge. Besides, we
can observe for both N =2 and N = 4 that the convergence of OSM with the scaled Robin
parameter is independent of the heterogeneity ratio, whereas the convergence of the uni-
form one depends on the smallest and the largest diffusion coefficients, no matter how these
coefficients are ordered.
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Table 4 The number of linear iterations needed by OSM with the scaled or the uniform Robin parameter for
the problem with four diffusivity regions and N = 2 or 4 subdomains.

Optimized Schwarz method as an iterative method
. Vi/Va/V3/Vy N=2 N=4
OSM Version| [/ 171071000750 | 171000750710 | 171071000750 | 171000750710

20 442 424 475 434
uniform p 40 595 590 652 648
80 870 843 925 877

20 37 37 40 39

scaled p 40 50 53 60 58
80 71 72 81 84

Optimized Schwarz method with Krylov acceleration

20 36 36 57 56

uniform p 40 57 54 72 71
80 74 76 85 84

20 15 15 19 19

scaled p 40 18 18 23 23
80 22 22 28 28

Test 3: Three-Dimensional Problem

In the third set of tests, we study the numerical behavior of the optimized Schwarz method
for the following three dimensional problem

TR Tn T
V- (Wu)=0 nQ=(—=,7)x(—%, =) x(—%, =
(vWi)=0 inQ=(-2.2)x (3. )x(-3.3), -
u=0 ondQ,
where
T T T Y
in (——,~ ——,=)x(0,=
v Vi ln( 272)X( 272)X(/2)7
Tw T T
in(—=,%)x(—%,%)x(—%,0
V2 ll’l( 272)X( 272)X( 2’ )v
. . . . T Tm
The domain is decomposed into two nonoverlapping subdomains Q2 = (— 5 0) % (— 7 E) X
T T T T
-, = Q=0,2)%x(—%,=) %X (=, =)
(2 a2 =05)<(-2.5)x(-2.0)

The numerical results are shown in Table 5. We observe that the convergence of OSM
with the scaled Robin parameter only depends on the mesh size A, requiring for each mesh
size much fewer linear iterations than OSM with the uniform Robin parameter.

Test 4: Problem with Unstructured Mesh

In the fourth set of tests, we will show the results when the mesh is unstructured, so that the
subdomain boundary does not cut perpendicularly to the discontinuity.
The problem we consider in this set of tests is

T T
V- (VWiu) =0 inQ= (-2, =2
(vWu) -2 iR )
u=0 ondQ,
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Table 5 The number of linear iterations needed by OSM with the scaled or the uniform Robin parameter for

the three-dimensional problem.

Optimized Schwarz method as an iterative method
OSM Version | vi/v2 1/10 1/100 1/1000 1/10000
10 59 189 600 1897
uniform p 20 86 274 868 2745
40 124 393 1245 3932
20 20 20 20 20
scaled p 40 27 27 27 27
80 41 41 41 41
Optimized Schwarz method with Krylov acceleration
10 23 33 37 36
uniform p 20 29 46 55 56
40 36 58 74 78
10 13 13 13 13
scaled p 20 17 18 18 18
40 22 22 22 22
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We construct an unstructured mesh with approximately 20 degrees of freedom in each
direction. We cut the domain into two nonoverlapping subdomains approximately along

y=0.8x+0.1. We show in Figure 5 the heterogeneity and the domain decomposition.

In Table 6, we show a comparison of two versions of OSM. Again we see the perfect
convergence behavior of OSM with the scaled Robin parameter, whereas the convergence of
OSM with the uniform Robin parameter deteriorates as we increase the heterogeneity ratio.
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Table 6 Linear counts needed by OSM with scaled or uniform Robin parameters for the problem with an
unstructured mesh. The tolerance is set to be 107°.

Optimized Schwarz method as an iterative method
OSM Version H/h vi/v2 1/10 1/100 1/1000 1/10000
20 99 312 989 3134
uniform p 40 116 377 1205 3822
80 183 563 1782 5642
20 36 37 37 40
scaled p 40 55 57 59 59
80 76 77 78 76
Optimized Schwarz method with Krylov acceleration
20 27 38 41 41
uniform p 40 33 47 54 54
80 40 61 75 78
20 21 21 21 21
scaled p 40 24 24 24 24
80 28 29 29 29

Test 5: Problem with Oscillatory Diffusivity
We now consider the problem
T T T T
V. Vu) = nQ=(—- 2 -z
(Vi) =0 in@=(-2.2)x (-2 0,
u=0 ondQ,

(49)

with v(x,y) being defined by
v(x,y) = (va—vi)cos* (S(x+y—1)) +vi,

where v; and Vv, are two positive constants. Note that the diffusion coefficient oscillates

over the whole domain. We cut the domain into two nonoverlapping subdomains Q; =
T T ﬂ)

50055
artificial interface, the Robin parameter needs to be chosen carefully in order to satisfy the
condition for v* in Theorem 6. To implement this, at each point on the interface, we choose
the largest among the function value at this node and those at the neighboring nodes. We
also show in Figure 6 a plot of the diffusivity, the domain decomposition and the mesh. The
number of linear iterations is reported in Table 7. We observe that the convergence of OSM
with the scaled Robin parameter is much faster than that of OSM with the uniform Robin
parameter for both the iterative and Krylov methods. However, when the optimized Schwarz
method is treated as an iterative method, the number of linear iterations also grows slightly
as we increase the heterogeneity ratio. The reason is that this choice of the scaled Robin
parameter only depends on the nodal diffusivity. In general, the maximum of the diffusivity
is not located at any of these nodes, so that there is a possibility that the average on a finite
element boundary on the artificial interface is larger than the Robin parameter we use for
Table 7. As a result, such nodally scaled Robin parameter may not satisfy the condition for
v* in Theorem 6.

To fix the problem, we introduce a smoothly scaled Robin parameter for the current test.
On each finite element edge I, on the artificial interface, we compute the average by

o |
“"TInl

T T
and Q, = (0, E) X (75, E) In that case, at each grid point on the

v(x,y)dx. (50)
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Fig. 6 Left: diffusion coefficient in test 5 with v; = 1 and v, = 10. Right: 2D plot of the coefficient, the left
subdomain and the mesh with 7 = 2710 on the left, glued to the right subdomain and the mesh on the right.

AU vy oenT
7

= = = = Smoothed diffusivity

Diffusivity at the finite
element nodes

° v*

Fig. 7 Construction of smoothly scaled Robin parameters for oscillatory diffusivity.

The resulting piecewise constant (i.e., P") finite element function on the artificial interface
is then interpolated linearly to a P! finite element function. Note that this function can be
regarded as a smoothed expression of the diffusion coefficient. The smoothly scaled Robin
parameter is then chosen to be proportional to this smoothed diffusion coefficient, see Figure
7. We report the data in Table 8 where we compare the results for the smoothly scaled Robin
parameter with those for the nodally scaled Robin parameter (in bracket). We can see that
the results for the smoothly scaled Robin parameter are improved, and the number of linear
iterations remains almost unchanged when the optimized Schwarz method is treated as an
iterative solver.
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Table 7 Linear counts needed by with scaled or uniform Robin parameters for the problem with oscillatory
diffusivity. The tolerance is set to be 107°.

Optimized Schwarz method as an iterative method
OSM Version | vi/v2 1/10 1/100 1/1000 1/10000
20 36 71 225 731
uniform p 40 60 187 593 1873
80 97 306 970 3066
20 31 36 37 37
scaled p 40 46 51 52 52
80 72 77 83 84
Optimized Schwarz method with Krylov acceleration
20 16 23 26 27
uniform p 40 23 31 41 45
80 29 51 73 80
20 15 16 16 16
scaled p 40 21 22 23 23
80 21 28 28 28

Table 8 The number of linear counts needed by OSM with the smoothly scaled or the nodally scaled (in
brackets) Robin parameter for the problem with oscillatory diffusivity.

Optimized Schwarz method as an iterative method
vi/va

H/h 1/10 1/100 1/1000 1/10000
20 28(31) 29(36) 29(37) 29(37)
40 43(46) 45(51) 46(52) 46(52)
80 71(72) 71(77) 73(83) 73(84)

Optimized Schwarz method with Krylov acceleration

20 15(15) 15(16) 15(16) 15(16)
40 20(21) 20(22) 21(23) 21(23)
80 25(27) 26(28) 27(28) 27(28)

Test 6: Problem with a cross point

Finally, we consider the problem of four subdomains meeting at a single coarse point. More
precisely, we consider the problem

T T T

V. Vu) = nQ=(-= 2= =z

(VY =0 in@= (-2 7)x (-3, %),
u=0 ondQ,

(S

with

V(X,y) =

The four subdomains correspond to the part of the square within each quadrant, see Figure 8.
In this configuration, each subdomain contains two subregions with different diffusivities.
Long the interfaces I, and I34, the diffusivity is discontinuous along the interface; we
therefore test our two choices of Robin parameter p, with either a constant parameter or a
scaling proportional to the local diffusivity. Along I3 and I;4, the interface is aligned with
the discontinuity in the diffusivity; we therefore follow [10] and choose p to be proportional
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Fig. 8 Test case with four subdomains meeting at a cross point at the origin.

Table 9 The number of linear counts needed by OSM with the scaled or the uniform Robin parameter for the
decomposition with a cross point and with non-conforming heterogeneities.

Optimized Schwarz method as an iterative method
OSM Version | - /v 1/10 1/100 1/1000 1/10000
20 44 133 422 1334
uniform p 40 66 206 654 2068
80 174 316 999 3160
20 25 25 25 25
scaled p 40 36 36 36 36
80 49 49 49 49
Optimized Schwarz method with Krylov acceleration
20 23 36 38 39
uniform p 40 28 48 59 63
80 37 63 89 97
20 14 13 13 13
scaled p 40 17 16 16 16
80 21 20 20 20

to the diffusivity of the neighbouring subdomain, e.g., for the subdomain £2;, we impose

2 1 P
<V287nl +p*vl> ur1l+ = (V2(971’11 +p V]) MZ on Iy

with p* ~ 2.8/v/h. The Robin parameter p at the origin is taken to be py = % Snd

with the best C determined numerically to be 0.42. The convergence of the resulting algo-
rithm is shown in Table 9. Just as in the other test cases, scaling the Robin parameter along
non-conforming interfaces leads to much lower iteration counts and a robust convergence
behaviour with respect to the heterogeneity ratio, which is not the case when a uniform
Robin parameter is used instead.
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6 Conclusions

In this paper, we have studied the zeroth order optimized Schwarz method for domains with
non-conforming heterogeneities. We have shown that the zeroth order optimized Schwarz
method with traditional uniform Robin parameter is not robust any more for highly hetero-
geneous problems. To overcome this difficulty, we propose a scaled Robin parameter which
is proportional to the diffusivity. The optimal Robin parameter is easy to find, and the result-
ing convergence rate is independent of the diffusivity. We have also tested several problems
in two and three dimensions numerically using our method. The method is shown to work
very well for all tests.
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A Useful Sobolev-type estimates

Lemma 3 ([28], Lemma B.5) Let ¢ be a basis function associated with a node of an element K C Q C R",
Then there exist constants ¢ and C, independent of h, such that

" <1192 ) < CH".

(K)

Consequently, for any ur, the trace of a finite element function on I, there exist constants c| and C\, inde-
pendent of h and H, such that

clh"_lulT-ur < |\ur\|iz(r) < Clh"_luIT—ur.

Lemma 4 ([28], Lemma A.14 and Corollary A.15) Let Q be a Lipschitz continuous domain with diameter
H. Let I' € dQ have nonvanishing measure. If u € H 1 () vanishes on I, then there exists a constant C,
independent of H, such that
2 27721,12
H“HLZ(_Q) <C°H ‘”‘Hl(_oy

Moreover, if we define

1
2 2
Ui o) gz iz e)

2
2 g
as the scaled H"-norm, then we obtain the following estimate:
2 21,12
lullz @) < (1+CO)lulin g -

Lemma 5 Let ur be the trace of a finite element function on I', and let ur be the vector corresponding to
ur. Let Ay be the stiffness matrix associated with the standard Laplacian bilinear form, and Sy be its Schur
complement after the interior nodes have been eliminated. Then there exist constants c¢ and C, independent of
h and H, such that the following sharp estimate holds:

cH ™ lur|72ry < ufSrar < Ch"ur |72 (52)
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where h is the diameter of the finite element, and H is the diameter of the subdomain. Consequently, there
exists a constant C', independent of h and H, such that

H
K(Sl)<C’;. (53)
Proof The proof is based on Lemma 4.11 in [28], where the authors have derived the upper bound. For the
lower bound, they have also proved that

2 2 2

Hlliz ) < ol oy < 6 (ol )+l )

where C; is a constant independent of /2 and H. Simplification of the above inequality gives
1
- 2 2 2 2
1 gy < (10 + gl ) = Pl o)
where we have used the definition of the scaled H'-norm (see also (4.4) in [28]). By Lemma 4, we obtain
- 2 2
H M ull2ry < Clulf g, - (54)

Since uIT—Slur = \u@] (@) actually we have finished the proof for the lower bound.

The condition number estimate is then a direct result from the spectral estimates. Note that k(S;) is none
other than the condition number of the Schur complement matrix for the Laplace operator. m]

Lemma 6 ([28], Lemma 4.10) Let Q be a domain, and let a finite element trace function ur be given on
the boundary I' = dQ. Let u = ¢ (ur) be the discrete 1-harmonic extension of ur into Q. Then there exist
constants ¢ and C, independent of h and H, such that

C|u1"|§_11/2(1—,> < ‘u‘il(gl) < Cl”F‘?]l/Z(r) . (55)

Lemma 7 ([11], Lemma 4.5) Let 2 be a domain, and let a finite element trace function ur be given on the
boundary I' = Q. Then there exist a constant C, independent of h and H, such that

C
Jur 2y < o ler il - (56)

Lemma 8 ([28], Lemma A.17) Let Q be a bounded Lipschitz continuous polygon or polyhedron with diam-
eter H. Then for any u € H'/2(9) such that the measure of the set {x € Q;u(x) = 0.} is non-zero, there
exists a constant C, independent of h, such that

H”HiZ(ag) SCH‘M‘§1/2(39)~ (57)
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