archives-ouvertes

Spectral discretization of Darcy’s equations coupled
with the heat equation

Christine Bernardi, Sarra Maarouf, Driss Yakoubi

» To cite this version:

Christine Bernardi, Sarra Maarouf, Driss Yakoubi. Spectral discretization of Darcy’s equations
coupled with the heat equation. 2014. <hal-01085011>

HAL Id: hal-01085011
http://hal.upmec.fr/hal-01085011
Submitted on 20 Nov 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.archives-ouvertes.fr
http://hal.upmc.fr/hal-01085011
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Abstract: In this paper we consider the heat equation coupled with Darcy’s law with a nonlin-

ear source term describing heat production due to an exothermic chemical reaction. Existence
and uniqueness of a solution are established. Next, a spectral discretization of the problem
is presented and thoroughly analysed. Finally, we present some numerical experiments which
confirm the interest of the discretization.

Résumé: Dans cet article, nous considérons I’équation de la chaleur couplée avec la loi de Darcy
avec un terme source non linéaire décrivant la production de chaleur due & une réaction chimique
exothermique. L’existence et I'unicité d’une solution sont établies. Ensuite, une discrétisation
par méthode spectrale du probléeme est décrite et analysée en détail. Enfin, nous présentons
quelques expériences numériques qui confirment 'intérét de la discrétisation.
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1 Introduction

Many works study heat convection in a gaseous or liquid medium with its motion described
by the Navier-Stokes equations coupled with the heat equation (see for example [8, 15, 14])
under the Boussinesq approximation, proposed in 1903 by J. Boussinesq [9]. In this work we
study distribution of the temperature in a fluid running through a porous medium modeled by
a convection-diffusion equation coupled with Darcy’s law, which leads to the following system

au+ Vp = F(T) in Q,
V-u=0 in Q, (1.1)
— AT+ (u-V)T =h in Q,

where Q is a bounded open set in R?, d = 2 or 3, with a Lipschitz-continuous boundary 9

divided in two parts I'y and I'y = OQ\T',. The unknowns are the velocity wu, the pressure p
and the temperature T of the fluid. The function h represents an external heat source. the
parameters « and A are positive constants which correspond to the permeability of the medium
and diffusion coefficient respectively. This system of equations is supplemented by the boundary
conditions

u-n=>0 on 09,

T - T* on F*, (1.2)
T

gn = Oy on Ly.

The first and second equations of motion of (1.1) are written under the Boussinesq approx-
imation and quasi-stationary approximation. The Boussinesq approximation signifies that the
density of the fluid is everywhere constant except for the buoyancy term, this appears the right
hand term in the first equation of (1.1). Quasi-stationary approximation in the Darcy law,
though often used for fluids in porous medium, should be verified for the problem of heat ex-
plosion (for instance see [3]).

We first write an equivalent variational formulation of system (1.1)-(1.2) and we prove the
existence of the solution. In fact, we establish two results : In the first one we assume some
conditions on the data; the second one is less restrictive than the first one, we just make some
assumptions on the geometry of the domain.

Next, we are interested in approximating this problem. We propose a discretization by spectral
methods when the domain is a square or a cube. We propose a discrete problem and perform
its numerical analysis. The main tool here is the theorem of discrete implicite functions due
to F. Brezzi, J. Rappaz and P.-A. Raviart [11]. We prove a priori error estimates for both the
velocity, pressure and temperature.

Finally, we propose an iterative algorithm for solving the nonlinear problem and prove its conver-
gence under some conditions. We present some numerical experiments that confirm the interest
of the model and its discretization.

The paper is organized as follows :

e Section 2 presents the problem setting and its analysis.



Section 3 is devoted to the description of the discrete problem using a spectral method.

In Section 4, we perform the a priori analysis of the discretization and prove optimal error
estimates.

Finally, we describe some numerical tests in Section 5. These preliminary tests were
realized with FreeFem3d and are in agreement with our theoretical results.

page

2 Analysis and well-posedness

2.1 The variational formulation

From now on, we assume that

(i) the intersection I'y N T} is a Lipschitz-continuous submanifold of 9;
(ii) T, has a positive (d — 1)-measure in 9€2;

(iii) the function F' is continuously differentiable on R with bounded derivatives and there
exists a real number T where F' vanishes.

We set

v = sup|F'(¢)|.
CeR

1
We perform the change of variable § = T'— T and we set f(0) = —F(T'), so that the function f
v

vanishes at 0 and is continuously differentiable on R with the norm of its derivative < 1. With
this change, the equations (1.1) are written as

au+ Vp=~Ff(0) in Q,
V-u=0 in Q, (2.1)
— MO+ (u-V)0=h in Q.

So if we look at the boundary conditions (1.2), it is seen that only the boundary condition on
the temperature is changed by the change of variable: The equations (1.2) is now replaced by

u-n=20 on 0f),
0=0,=T,—1Ty on Iy, (2.2)
% = 04 on I

In what follows, the scalar product defined on L?(Q) or L?(Q)? is denoted by (-, -). As usual,
H?*(Q2),s € R, denotes the real Sobolev space equipped with the norm || - || ;s(q) and semi-norm
| |5 () (see for instance [2, Chap. III and VIIJ).



1 1
We introduce the dual space (HOQO(Fﬁ)), of Hj)(T'y) (see [17, Chap.1, §11] for the definition
1 1
of this Space), and denote by < -, >, the duality pairing between (H@O(Tﬁ))/ and Hgy(Ty).
Thus, we consider the space

HI(Q)={peH(Q), ¢=0 on I.}.

Assumption (i) implies that D(Q UT) dense in H}(Q) (sufficient conditions for this are given
in [5] for instance).

To write Darcy’s equation (2.1) in variational form, we introduce the pressure space defined as
follows:

HY(Q) = {q e HY(Q); /Qq de =0 } (2.3)

We denote by ¢, the constant of the Poincaré-Friedrichs inequality. We recall from Bernardi et
al. [7, Chap. XIII] and Achdou, Bernardi and Coquel [1], that Darcy’s equations admit several
variational formulations. We have chosen here the formulation which enables us to treat the
boundary condition on u as a natural one. In the following, we assume that

1
he L), 6,eH3(T,) and 6 € (HZ(T,) (2.4)
The equivalent variational formulation reads

Find (u,p,0) € L*(Q)% x H}(Q) x HY(Q) such that

=6, on T4,

and that,

Vo € L2(Q)%, a/u'vdw—l—/v-Vpdcc—’y/f(ﬁ)'vdzc, (2.5)
Q Q Q

Vg € HL(Q), /u-Vq dx =0, (2.6)

Q

Vo € HY(Q), )\/VG-Vgod:c+/(u-V)0g0dw:/hgpd:c+)\<9ﬁ,cp>pu. (2.7)

Q Q Q

it is readily checked from the density of D(Q2 UT}) in H}(£2) that this problem is equivalent to
(2.1)-(2.2) (in the distribution sens).

One of the key points for the study of this problem is the inf-sup condition, its proof consists
in taking v equal to Vq (see [16, Chap I, Cor 2.4]).

Proposition 2.1 The following inf-sup condition is satisfied

/ v-Vqdx
Vg € HY(Q), sup £

> |IVq . 2.8
ver2@)? 1vllzz ) IVallzz . 28)

2.2 A priori estimate

We consider the space
V(Q) = {v e L2(Q), Vg e HA(Q), / v-Vqdr = 0} :
Q

3



which is characterized by
V() = {UGLQ(Q)d, V-v=0inQ and v-n=0indQ}.

Thanks to the inf-sup condition (2.8), problem (2.5)-(2.6) is equivalent to: Find w in V(Q)
solution of

Vv € V(Q), a/gu-vdm:'y/ﬂf(ﬁ)-'vdm, (2.9)

We see that the couple (u,6) in (V(Q) N L3(Q)%) x H(Q) is solution of (2.9)-(2.7).

Proposition 2.2 For any data h,0, and 04 satisfying (2.4), there exist two positive constants
c1, ¢ such that any solution (u,0) in (V(Q) N L3(Q)%) x H(Q) of Problem (2.9)-(2.7) satisfies

Ielzaqe < er (Wellzzy + 1040+ 1080 ) (2.10)
100y < e2 (Wellzcay + 104y 0005 ) (211)

Proof. 1) We take v equal to u in (2.9), we obtain

allelZz s < YNF O p2yellul 2oy,

The properties of the mapping f and the mean value theorem imply that for any real number

¢,
[FOI=1£(C) = F(O)] < [¢].

This gives
aflullz2 @y < YN0l L2(0)- (2.12)

2) We refer to Hopf lemma, see [16, Chap. IV, Lemma 2.3], for the following result: For any
€ > 0, there exists a lifting 0, of 0, wich satisfies

1.0y < Nl ) a0 1Belzoge) < MOl (213)

We set § = 6 — 6, and take ¢ equal to 0 in (2.7), we see
NIV e < Izl 2y + MOl 3 [0y
Hgo ()
+ AIVO 220yl VO 200y + 1wl L3 ()2 VO L2l Ol Lo (02)-
Inserting (2.13) yields

AIVOIZ2 e < I1PllL2@ 10l 220y + AHQﬁHH

3
oo(Fﬂ

),”9~HH1(Q)

+ T84 20y 1900 2q0pe + el el 0l e 10213 -

We choose e = —————— and, using the Poincaré—Friedrichs inequality, we obtain
HUHL3(Q)d
MIVOll L2 ya < epllllz2) + A1+ ;)2 ng”Ho%o(Fﬁ)/ HANVO 2y + 10y s

whence (2.11). By combining (2.11) and (2.12) and using Poincaré-Friedrichs inequality on 6,
we obtain (2.10).



2.3 Well-posedness result
We refer to [7, Chap. XIII, Th. 1.9] for the next result.

Proposition 2.3 For any 0 in L?*(Q), there exists a unique (u,p) in L?(Q)% x H(Q) solution
of problem (2.5) — (2.6).

The regularity properties of the solution (u, p) with respect to the space variable are easy to
prove.

Theorem 2.4 Let

if  Qis convex,
othewise.

|

We assume that § belongs to H'(Q). Then, the solution (u,p) of problem (2.5) — (2.6) belongs
to the space H®(Q)? x H*T1(Q). Moreover, there exists a positive constant cr such that,

N =

wll s ()2 < crllfllm(q)- (2.14)

Proof. Let the space

d(d—1)

Xr(92) = {'v e L2(Q)¢, V-vel*), curlvel?Q) 2 and v-n=0 sur 89} .

1
We recall that this space is embedded in H*(Q)? such that s = 3 (see Costabel [12]) and s =1
if Q is convex (see Amrouche et al. [4, Thm 2.17]). By applying the curl operator on the first
equation of (2.1), we obtain
curlu =y curl f(0) in Q.

d(d—1)

Since curl f(6) belongs to L2(2)~ 2 , u belongs to X7(2), whence the desired result.

1 1 d—2
Remark 2.5 Since H*(Q)4, s > 3 is imbedded in L1(Q)? such that p ]

5g we deduce
that w belongs to L3(Q)<.

The next result is a direct consequence of Lax-Milgram theorem [10, Chap. VIII]

Proposition 2.6 We assume that data h,0, and 6y satisfy (2.4). For any divergence-free func-
tion u in L3(Q)¢, Problem (2.7) admits a unique solution 6 in H'(9).

We are in a position to state the main result.

Theorem 2.7 We assume that h, 0, and 0y satisfy (2.4) and

<1. (2.15)

C2CR o\ 1
T+ (Wl + 10603 o+ 1001 )

Then, Problem (2.5)-(2.6)-(2.7) admits at least a solution (u,p,0) in L3(Q)4 x HL(Q) x H ().



Proof. Let the mapping Fj : § — wu, such that w is the part of (u, p) solution of (2.5)-(2.6) which
we have exhibited in Proposition 2.3. This mapping is continuous from H*'(2) into L3(Q2)? from
Theorem 2.4. Thus, we introduce the mapping Fo from L3(Q)¢ into H'(f2), which associates
with any w in L3(Q)d the solution 6 of (2.7). We set F = Fao Fi. Let 01,04, 0, and 05 in HY(Q)
and w1, us in L3(Q)? such that

According to (2.14), we have

w1 — uzl|p3(qya < crllbr — ol H1(q)-

On the other hand,

/\/ V(él — 9~2)V<pdw + / (u1 . V)éupdm — / (’U,Q . V)égg@ dr =0
Q Q Q

Taking ¢ = él — 9~2,
AV (01 = 02) 172 < llwr — walla)a102]l g1 (@) V (01 = 0a)l| 2
As 0; — 0y is equal to 0 on I'y, we deduce

~ ~ l ~
M1 = 02l () < (1+ )2 102l ol — wal| s q)e-

Owing to (2.11) and (2.15), we use the fixed point of Banach theorem to conclude.

Condition (2.15) is a little restrictive. So we now prove another result of existence of the
solution which only requires some hypothesis on the geometry of the domain.

Theorem 2.8 We assume that Q is a bounded open set with a Lipschitz boundary of R?, or a
conver set or a polyhedron of R®. The problem (2.5)-(2.6)-(2.7) admits a solution (u,p,0) in
L3(Q)? x HY(Q) x H(Q).

Proof. The existence of (u,p) is exhibited in Proposition 2.3. We introduce the mapping F
from H'(£2) into~L3(Q)d which associates with any 6 in H'(2) the solution w in L3(Q)7 of (2.5).
Taking 0 = 6 — 0,, we define the mapping ¢(6) by

Vo € HXQ), < ¢(0),¢ >:)\/V§~Vg0dm+/(.7:(5+§*)‘V)9~godcc—/hgod:r:
Q Q Q

— A<, >r, +)\/Vé*-chda:Jr/(]:(éJré*)-V)é*wdw-
Q Q

This mapping is continuous in H} (). By taking ¢ = 6 we have

I A _
<0(0),0> > s |00 @) — (bl + ANl s
00

+ All6
(1+c2) /

) ata) 10llm @

— ecr(Bllmy + el g IO @l0al



A
2cr(1+cp) [0+ 1

Then, we choose € = , this yields that < qb(é),é > is nonnegative on the

H2 (T'y)
sphere of H!(Q) with radius
2(1+¢) c
= ——2(||h All6 A1+ Z(1+c2))e :
p= T Ay £ MOy A S DI )

2) As D(QUIy) is dense in H}(£2), there exists an increasing sequence (W,,),, of finite dimensional
subspaces of H) () such that U, W,, is dense in H}(2). Moreover, the properties of the mapping
¢ established above still hold with H!(Q) replaced by W,,. Thus applying Brouwer’s fixed point
theorem (see [16, Chap. IV, Cor. 1.1] for instance) yields that, for each n, there exists 6,
satisfying 3 .

Von € HAQ), < o(0)on>=0 and [Gullmq) < p-

3) Since (0,)y, is bounded in H}(9), there exists a subsequence still denoted (0)n for simplify,
which converges to 6 weakly in H(£2). For m < n, 0, satisfies

V(pm €Wy, < ¢(0~n)7 om >= 0.
Passing to the limit on n is obvious for the linear terms. Recalling that F is continuous from

1
H'(Q) into H*(Q)4, it is readily checked that H*(Q)?, s = 1 if Q is convex and s = 3 +e,e>0

if Q is a polyhedron (see [4, Prop. 3.7]), is compactly imbedded in L? (Q)?. Thus, there exists
a subsequence still denote (6y,), which converges to 6 weakly in H 1(Q), so that the sequence
(F(0,))n converge strongly to F(6) in L3(2)%. We obtain

[ #0900 i
Q Q

< 1FOn) = F Ol Laallfnll @)l @) + /Q(J'"(@) V) (0 = 0) o dex.

So, (F(6,,)V8,), converges weakly to F(9)VA. Finally, thanks to the density argument 6 = 646,
is a solution of (2.7).

Remark 2.9 If the data h,0, and 0y satisfy (2.4) and (2.15), then the solution exhibited in
Theorem 2.8 is unique.

3 The discrete problem

From now on, we assume that the domain € is the square or the cube ] — 1,1[¢, d = 2 or 3, T,
and I'y are union of whole sides in dimension d = 2 or whole faces in dimension d=3 of 0. and
that all data h, 64 and 6, are continuous on ©, I'y and T, respectively. We first describe the
discrete problem.

For each nonnegative integer n, we introduce the space P, (£2) of restrictions to € of polyno-
mials with d variables and degree with respect to each variable < n.

Let N be a fixed positive integer, we introduce the discrete spaces

Xy =Pn(Q)?, Yy =Pn(Q), Y{=Pn(QNHI(Q), Yi=Py(Q)NH(Q). (31



We recall that there exist a unique set of N +1 nodes §;, 0 < j < N, with {§g = —1 and {y =1,
and a unique set of NV 41 weights p;, 0 < j < NV, such that the following Gauss-Lobatto formula
holds

Vo € Pon_1(~1,1), / o(C ¢<5@>z (3.2)

We also recall [7, Chap IV, Cor. 1.10], the following property, which is useful in what follows

V(ZSNGPN(_LU? H¢N”L2 -1,1) <Z¢ fz Pz§3H¢NHL2 (-1,1)° (3'3)

We introduce the grid

- ) {&&); 0<i,j<N} in dimension d = 2,
T {8 &); 0<1i,5,k< N} in dimension d = 3.
We denote by IN the Lagrange interpolation operator at the nodes of the grid = with values in

Py (€2), and by ik iy the Lagrange interpolation operator at the nodes of ZNT, with values in the
space of traces of functions in Py (£2) on T',.

(3.4)

Finally, we introduce the discrete product which is a scalar product on Py (Q2) from (3.3),
defined for all continuous functions u and v on Q by

N N

Z fwfj fufg)/)zpj if d=2

NN (3.5)
Z

w(&, &5, k) v (& &y k) Pipj Pk if d=3.
i=0 j=

.

(u,v)y =

Mz
Mz

o
B
Il

0

On each edge or face I'y of (), we define a discrete product: For instance, if I'y is the edge

{—1}x] —1,1[¢!

N
Zu €0,&5) v(€0, &)py it d=2,
(U’U)lj:f = N ON (3.6)
ZZU 6076]5616 507§ja§k)p]pk if d=3.
Jj=0 k=0

A global product on I'y is then defined by

()3 = D (w0

el

where £ stands for the set of indices ¢ such that I'y is contained in I'y. The discrete problem is
built from problem (2.5)-(2.6)-(2.7) by the Galerkin method with numerical integration. It is
written as

Find (un,pn,0n) € Xy x Y& x Yy, such that
On =iny0. on T,
Yoy € Xy, alun,vn)y + (vn, Von )y = 7(F(On),vN) 5 (3.7)
Van € Y, (uN,VqN)N =0,
Von € Y, AMVOn,Von)y + ((un - V)On,on)
= (hv‘PN)N + )‘(Hﬁv‘PN)JF\/P

The well-posedness of this problem will be established later on with the a priori error estimates.



4 A priori error estimate

To apply the theorem due to Brezzi, Rappaz and Raviart [11], we need to write another formu-
lation of both the continuous and discrete problems.

4.1 Another formulation

We define the linear operator 7, which associates with any data f in LQ(Q)d, the solution

U = (u,p) of the following problem
Yo e L2(Q)4, a/u-vdm+/v-Vpda::7/f~vda:, (4.1)
Q Q Q
Vg € H:X(Q), /u-Vq dx = 0.
Q

It is readily checked that problem (4.1) has a unique solution, see [7, Chap. XIII, Th. 1.9]. We

1 ,
introduce the linear operator £ which associates with any data (h, 0y, 0,) in L*(2) x (H&(Ty)) x
H%(F*) the solution § in H(Q) of problem

=6, on T,

Vo € HH(Q), )\/VG-Vgod:c:/hgod:n+)\<¢9ﬁ,g0>pﬁ. (4.2)
Q Q

Thus, it is readily checked, when setting U = (U, #) and assuming that u belongs to L3(€Q)?,
problem (2.5)-(2.6)-(2.7) can be writing equivalently as

1
f(U):U-(OT %)<52§5§>=0 (4.3)
with GH(U) = £(6) and G*(U) = (h— (u-V)0),0;,0,).

We now define the discrete operators Ty and Ly as follows:
For any datum f in L?(Q)¢, we set
Tn(f) =Un = (un,pn),

where (uy,py) is the solution of the following problem
Von € Xy,  a(un,vn)y + (vn, VDN)N = / f-on de,
Q

Vgn € Yy,  (un,Van)y =0.
Next, we introduce the discrete operator £y which associates with any data h in L?(1), By in

1 _
Hg,(T'y)" and 6, continuous on I',, the solution #x of problem

On = il;v*ﬁ* on I,

(4.4)
VQON EY}(V, )\(V@N,V(pN)N:/Qh(pN dil?+/\<9ﬁ,g0]\[ >Fﬁ .



So, taking Uy = (U, 0y), problem (3.7) can be equivalently writing as

Fn(Un) =Un — ( ZN OEN ) ( g%ggx; > ; (4.5)

with

where the components G5 (Ux), G (Un) and 6y are defined by

VW € Xy X Yy, < QN( N), VN >= (f(On),vN)N,
Yon € Yy, < GX(UN), on >= (hyon)n — ((un - V)N, on) N
and < Oy, o8 >= (03, <PN)

We recall the stability properties and error estimates of the linear operators from [7, Chap.
V & XIII].

Proposition 4.1 There exists a nonnegative constant ¢ such that
(i) For any datum f in L*(Q)?,

ITN (P 2 @ixmr @) < cllfllz2@)e- (4.6)
(ii) For any datum h in L*(2),

1£n (7, 0,0l 20 < cllbllL2 (o) (4.7)

Proposition 4.2 For any datum f continuous on Q, we assume that the solution T (f) belongs
to H*(Q)? x H**1(Q), s > 0. Thus we have

1T =T ()@ < N IT(llme(@poxaesia) (48)

For any data h, 03 and 0, continuous on Q and fﬁ and T, resp., we assume that L(h,0,0,)
belongs to H5+1(2), s > 0. Thus we have

(£ = L) (h, 0y, 0. 1) < eNTZL(A, Oz, 00) | rs+1(0)- (4.9)

4.2 Preliminary lemmas

To apply the theorem due to Brezzi, Rappaz and Raviart [11], we need some further lemmas. Let
us choose an approximation U, = (U, 0%,) with U$ = (u$, p%) of (u,p,0) in Xy x Y& x Yy
which satisfies for real numbers £, s such that 0 </ <'s

[ = on | gegaye < N5l sy, (4.10)
Ip = an | o1 () < N5 pll e (), (4.11)
10 — O [l rev1 () < ENT5(10] e ). (4.12)

The existence of such an approximation is stated in [6, Thm. 7.4] (see also [7, Chap. III, Th.
2.4 & Chap. VI, Th. 2.5)).

10



From now on, we denote by
W = L3(Q)¢ x H}X(Q) x HY(Q),

and
WN:XNXY?VXYN.

We also denote by D the differential operator with respect to (u,p,#).

Asumption 4.3 The solution (u,p,0) of problem (2.5)-(2.6)-(2.7)
(i) belongs to H*(Q)? x HF(Q) x HT1(Q), s > ¢,
(ii) s such that DF(U) is an isomorphism of the space W.

In a first step, we must prove the analogue of part (ii) of Assumption 4.3 for the discrete
operator. Let us denote by £(W) the space of endomorphisms of W.

Lemma 4.4 Assume that the mapping f(-) is of class C* with bounded derivatives. If Assump-
tion 4.3 holds, there exists a positive real number Ny such that for all N > Ny, the operator

DFn(UR,0%) is an isomorphism of Wy and the norm of its inverse is bounded independently
of N.

Proof. We have

o -ors (T 1) (220)
(FLEREE)

+ Tv 0 DQI(UN) - nglv( UR)
0 Ly DG?(U%) — DG, (UY) )
It suffices to prove that the last three terms in the right side tend to 0 when N — 0. So, let
Wy = (wn, pn,(n) be in the unit spher of Wy. We proceed in three steps.

1) We have
< DG(U) - Wy ) _ < F(0)Cn )
DG*(U) - Wy (=(u-V)¢n — (wn - V)6,0,0)
We deduce from (4.6) and (4.8) that, if K is compact of L?(92)¢, we have the convergence
A}gﬂmfcgg”(T = TN)fll2@)ax (@) = 0
So, the image of the unit ball of Wy by the fonction

(wN’pNvCN) — f/(e)CNv

is compact of L2(Q2)?. On the other hand, (u-V)(y+(wx-V)6 belongs to a compact subsequence
of L2(Q)?. This yields

w70 ™ e ) (5o )

11

=0.

£(W)



2) For the next term, we prove the convergence of

(£'(0) = £(6%))Cn  and  ((u—wug) - V) — (wy - V)(0 - 0%).

Let Vi be in the unit spher of Wy, to evaluate the first one we use the continuous imbedding
of H'(Q) in L*(), we obtain

< (DG'(U) = DG (UR)) - Wn, Vv >< eN"*||8] o1 (@ llow || 2 (e,
also for the second one,
< (DG*(U) — DG*(UR)) - W, Vi >< [lu — uy|| 130yl V<N |22 () lon | o (o)
+ lwnl zs)a V(0 = 03 L2y llon | Lo @)
We choose £ equal to & in (4.10) for H*(Q2) to be imbedded in L3(£). Thus

)( Tn O ) ( DGY(U) — DGY(U) )

0 Lx )\ DG2(U) - DG2(U?) =0

lim
N—oo

E(W)

3) Evaluating the last term, we have
< (DG'(UR) = DG (UR)) - Wi, Viy >= / F0%) N - v da — (F'(0%)Cv, v )N
Q

- /Q FI63)Cn - v dae — (Tn (£ (03))Cx ox) -

We take N* equal to the integer part of , we introduce an approximation f . of f'(6%)

in X+ and (ny+ of (n in Y$,. Thanks to the exactitude of the quadrature formula (3.2)
< (DG (U}) — DGn(UR) - W, Vv >

< (L+3IF(6%) — fr-

+ (1437w — vl @I v lle@pallonllzz @)

+ 3£ (0%) = In(F' (0% oy lon | 2 (e

On the other hand, we introduce uy+, wy+ approximations of u$; and w$; in Xy« and @« of
0° in Yy, we see that

Lo@)ellCn |l o (o o Il L2 (o)

< (DG*(UR) = DGR (UR)) - W, Viv >
< (143 (luy — un+ |l ol V<Nl L2y + lun=ll s @)V (Cv = Cve)ll 2y
+ lwn — wn+la@)a VO L2y + w3 @)a IV (0K — On)ll L2 @)a) lon [l 2o (o)
The stability properties of the approximations [7, Chap. III] yield the convergence of the last

term

=0.
(W)

lim
N—o0

5 20 ) (538~ pedch))

Combining all this yields the desired result.

Lemma 4.5 If Assumption 4.3 holds and the mapping f(-) is of class C* with bounded deriva-
tives, there exist a neighborhood of Un in Wy and a positive constant ¢, such that the following
property holds for any Zy in this neighborhood

|DFN(VN) = DFN(ZN)|lewy < cllVN — Zn]lw- (4.14)

12



Proof. We set Zy = (zn,0n,(N), we have

DFn(US) — DFn(Zy) = (U3 — Zn) — ( ZN %N ) < DG (UY) — DGy (Zy) > ‘

with
< (DGN(UR) — DGN(ZN)) - Wi, Vi >< 341605 — ol ) In T o 1o | 2 0 e-
and

< (DG (UR) — DG (Zn)) - Wi, Vv >
< 3d(||wNHL3(Q)d”V(9§>v - 0N)||L2(Q)d + |luy — ZN||L3(Q)dHVCNHLZ(Q)d)||‘:0N||H1(Q)~

Combining all this with the stability properties of Ty and Ly, yields the desired result.
Lemma 4.6 If the assumptions of the previous lemma hold, and if the data (h,04,0,) belong to
H?(Q) x H7(T'y) x HU“'%(F*), o > 4, then the following estimate is satisfied

d_g
1PN (Ul < eN'o 7 [lul s (g
+eNT(llpll o) + 10l s @)
+ eN"/([|Pll e @) + 195l o (ry))- (4.15)

Proof. Thanks to (4.3), we have
sy =-@-vi)+ (T ™ L0 ) (e
(0" 2 ) (S0 @iy )

(

Tnv O
+(0 £N>

d
To bound the first term, we use imbedding of H*(Q) in L3() when ¢ = g combining with
(4.10), (4.11) and (4.12), we obtain

d_g -5
IU = URllw < eNo™|lull sy + N7 (lpll o) + 101 ga1@):

The second term is bounded in (4.8) and (4.9). To evaluate the third term we use the triangle
inequality and estimate (4.10) and (4.12). Finally, to prove the estimate of the fourth term we
use the same arguments in the proof of Lemma 4.4.

4.3 Final result

Owing to Lemmas 4.4 to 4.6, all the assumptions needed to apply the theorem of Brezzi, Rappaz
and Raviart [11, Thm. 7] (see also [16, Chap.IV, Thm. 3.1]) are satisfied.

13



Theorem 4.7 Let (u,p,0) be a solution of problem (2.5)-(2.6)-(2.7) satisfying Assumption 4.3.

If the function f is of class C* with bounded derivatives and if the data (h,04,6;) belong to
H7(Q) x H?(Ty) x H”+%(Fﬁ) for any real number o > %, there exists an integer N, and a
constant ¢ > 0 such that for all N > N,, Problem (3.7) has a unique solution (uyn,pn,0n) in a
neighborhood of (u,p,0). Moreover, this solution satisfies

lu —unll s + 1P = pnllE Q) + 10 = ONllH1 (0
< CN%isHuHHS(Q)d
+ N7 (Ipll rs+1(0) + 101 541 (02))
+ e N (Allae @) + 10l ory o,y + 10l ry))- (4.16)

Estimate (4.16) is fully optimal and the assumptions which are required on the solution
(u,p, d) seem likely and are not at all restrictive.

5 Numerical experiments

We present in this section some numerical tests in order to validate and confirm the interest of our
spectral approximation of the coupled problem (1.1), from both numerical and physical points
of view. Firstly, in order to check rate convergence of the proposed spectral approximation,
we solve this nonlinear coupled problem numerically in two dimensions. Secondly, we treat a
real case, so we propose Horton-Rogers-Lapwood Problem to simulate. All the computations
have been performed on the code FreeFEM3D, spectral version, developed during the thesis of
D. Yakoubi [19] in collaboration with S. Del Pino [13]. Note that our results are obtained using
a }P’ﬁl\, x Py x Py space discretization of (u,p,0).

5.1 Iterative scheme

To solve the nonlinear coupled system, we adopt the following iterative procedure based on a
decoupled computation of the Darcy and heat equations that we present in the continuous case
for simplicity: We choose T as a solution of problem

—A\T0 =p0 in Q,
70 =T, on Iy,
or _

B 0y on Iy.
The iterative scheme reads

Find (u™,p", T") € L3(Q)? x HL(Q) x HY(Q) with T — T, € H(Q) such that

Vo € L?(Q)4, a/u”~vdw+/v~Vp” dw:/F(Tnl)-vdw; (5.1)
Q Q Q
Vg € HL(Q), /u"-Vq dx =0, (5.2)
Q
Vo € HX(Q), A/VT”~V§0 dw+/(u”-V)T”gpdm:/hgpdw. (5.3)
Q Q Q

14



1 ’
Theorem 5.1 Let h € L*(2), 6; € (HZ(Ty)) and T} € H%(F*) such that
2cR

A2(1+c2)3

(oMl + 2Tl + A0y ) <1

Then, the sequences (u™)n, (p")n and (T™), converge. Moreover, the velocity sequence (u™)y
and the temperature sequence (T™),, satisfy

n n ]' mn mn—
Ju™ T — w”|| 2 (gpa < =T Yz, (5.4)
26R _
R e a— +2\||T + Ao T — 11 )
| 1) < oR! +C§)%( AL FERS)) | *HH%(R) | uHHO%(Fu),)H | m1(0)

(5.5)

Proof. We choose v = ™™ — u™ and inject it in (5.1) in steps n and n + 1. The difference

between the two equations gives
O(Hun+1 o UnH%z(Q)d — / (F(T") _ F(Tn—l)) . (un—H o un) dx
Q
<|F(T™) = F(T" ) 2@ lu™ = " p2aye-
By the same argument, we choose ¢ = T"t! — T" we obtain
NIV(T" =T || 2(pe < ™™ = || s @al| T 1 (0
Since (T™),, is bounded, see (2.11), we obtain

NIV =Ty < eallz + 10l + 10603 ) = sy
00

Thanks to (2.14)

[ = w3y < crRIT™ = T 1(0)-

Combining the last two inequalities gives the desired result.

5.2 Accuracy test

In this test, we are interested in the convergence of the solution with respect to polynomial
degree N for the triplet (u,p,T) based on an analytic solution in dimension 2 defined in a
square 2 =] — 1,12 by

ui(z,y) = —sin(wz) cos(my), ug(z,y) = cos(mx) sin(my)
p(z,y) = —% sin(mx) cos(my), T(x,y) = 2cos(mz) sin(my). (5.6)

We choose to work with a non-constant permeability coefficient o and strongly depending on
temperature as follow a(x,y) = W, however the thermal conductivity A is taken equal
to 1. Numerically, the function o was replaced by it Lagrange interpolates and the integral

o / u"" - v dx was replaced by / (Ina)u" - v dx. The corresponding source terms are:
Q Q

A(T) =73 1

sin(mz) cos(my) — cos(mz) cos(my)

Fy(T) cos(mx) sin(my) + sin(mwz) sin(my)

1
CT?4+1
h = 47? cos(mz) sin(my) + 2 cos(my) sin(my).

15



We plot in Figure 1 the L?-norm error of velocity, pressure and temperature in the left panel
and H'-error of pressure and temperature in the right panel between the numerical solution and
the exact solution with a successive polynomial degree from N = 5 to N = 25. These results
confirm the expected rates of convergence. Hence the spectral convergence for all unknowns is
obtained which is consistent with the error estimate (4.16). We observe that beyond degree 20,
the leading error is due to the accuracy of the machine, so that the curve stops decreasing.

The logarithmic error

1e-12
le-14

1e-16
5

velocity
pressure =---=

temperature «-=:ee

Figure 1: Convergence rate with respect to polynomial degree

The logarithmic error

4

001 | e,
00001 -

1e-06

1e-10 |-
te-12 |

fe-14
5

pressure ===
temperature ---+---

In Figure 2 , we present the exact solutions in the left panel and the discrete solutions in the
right one issued from (5.6), where the discrete one are computed with N = 17. As standard in
spectral methods, the results in the two parts of the figure can not be distinguished.
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Exactvelocity -
Spectralvelc =17
0.2 0.4 0.6 0.8 fty =17

(R 0.2 0.4 06 0.8

173216 0.994911 217615 0.99291

Exact pressure Spectral pressure (N=17)
02 o] 0.2 0.2 9] X
IRRER L
0.31659 0.231667 0.31659 0.231667

Exact fermperature Spectral temperature (N=17)

O i, 0 Lo 2
i i i |
0.98982 2.989822 0.98982 2.989822

Figure 2: Exact Solution (left) versus Spectral Solution for N = 17 (right)
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5.3 The Horton-Rogers-Lapwood Problem

This section deals with the simulations of the so-called Horton-Rogers-Lapwood Problem (HRL),
see for instance [18, Chap. 6], when the fluid-saturated porous medium has a horizontal layer
geometry, and is heated uniformly from the bottom of the layer, as explain in Figure 3. Con-
sequently, there may exist a temperature difference between the top and bottom boundaries of
the layer. Since the positive direction of the temperature gradient due to this temperature dif-
ference is opposite to that of the gravity acceleration, there is no natural convection for a small
temperature gradient in the porous medium. In this case, heat energy is solely transferred from
the high-temperature region (the bottom of the horizontal layer) to the low-temperature region
(the top of the horizontal layer) by thermal conduction. However, if the temperature difference
is large enough, it may trigger natural convection in the fluid-saturated porous medium.

T="T,
y =1
9
y Porous media
T
o r=2H
y=x=0 T =Ty + 0T

Figure 3: Natural convection: Heating from below

The appropriate equations are in the simple configuration:

&gu—i-%u—i-Vp = p0(1-B(T—T))g
Vu = 0 (5.7)
OT +u-VT — AT = 0,

where pg and p denote the density and viscosity of the fluid, K the permeability, 5 the thermal
expansion coefficient, pg the density and g = (0, g) the gravitational acceleration. It is clear
that System (5.7) have a following steady state solution, which satisfies the boundary conditions:
T‘yzo =Ty + 0T and T’y:H =Tp:

T = Tp+0T (1 - ﬁ)

This solution describes the conduction state, one in which the heat transfer is solely by thermal
conduction, i.e when §7 is small enough.

The proposed iterative procedure (5.1), (5.3) associated with the spectral method for solving
the HRL problem in a fluid-saturated porous medium is validated by two realizations. A rect-
angular domain © =]0,2[x]0, 1] is considered in the calculation. In the first test, the physical
parameters are taken as follows: 67 =1, 8 =0.1, g = 10, p = K = 1. As shown in Figure
4, the convergence of iterative scheme (5.1), (5.3) is confirmed, clearly the error L2-error(u)=
|l — 4| is less than L2?-error(T) = ||T™ — T™!|| which is compatible with estimate (5.4).

In the second test, we increase the temperature difference §7" = 100 between the top and the

bottom of domain. Figure 5 shows that when 67 is higher, instability appears as convection in
the form of a cellular motion.

18



velocity
temperature

0.01

0.0001

1e-06

1e-08

The logarithmic error

1e-10 - B

le-12 - b

fe-14 | 4

1e-16 1 1 I L !
0 5 10 15 20 25 30

Figure 5: Velocity solution when 67" = 100 (left)  Velocity solution of (5.8) obtained by 67" = 1
(right)

6 Conclusion

In this paper, we dealt with the spectral approximation of the steady model for the coupling
of the heat equation with the Darcy equations. We prove that both continuous and discrete
problems admit at least a solution in suitable spaces. The a priori estimates are then proved in
appropriate norms. The coupling problem is nonlinear, we introduce an iterative scheme based
on the fixed point algorithm whose convergence is established. Numerical tests confirm these
theoretical findings.

Furthermore, we simulate the well known problem so-called Horton-Rogers-Lapwood, where

the obtained results are in total concordance with the well known results, i.e. the natural
convection is observed when the difference of the temperature 67" is higher.
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