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Introduction

We will consider only flows in laminar regimes (no turbulence models)

( Ou

A +pu-Vu —V-o(u,p) = Ff, in Q,t>0,
V-u = 0, in 2, t > 0,
< u Jdo, onl'p, t >0,
o-n mo-n, only,t>0,
\ u = U, in €2, t =0,
with o(u,p) = 2ue(u)—pl,

1
and e (u) 5 (Vu + Vu')

Let us define the following functional spaces:

V=H'(Q)? Ve={veV,v=0 on TI'p} and M =L*Q)
Remark: if I'p = 0f), the pressure is defined only up to a constant.

Weak solutions exists for all time (|Leray ’34]), (Hopf, '51]).

Uniqueness is an open issue in 3D
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Finite Element approximation:

continuous in time
Find (uh(t),ph(t)) c Vy, x My, uh(()) — Up.0, uh(t) = fh(t) onl'p,

ou
/:0<8th‘|‘uh'vuh>‘vh‘|‘/2M5(uh):5(vh)_/phv"vh:/fh"vh"‘/ g- vy
Q Q Q Q T'n

/th”uh:(), V (vh,qn) € Vn X My,
Q

The discrete spaces  Vyand M;, are chosen as follows:

Vi ={v, €CO(Q) vplr ePIVT €T} and My = {qn € C°(Q), qulr €P1 VT € Tp,}

Then, the velocity and pressure can be decomposed as follows:

n n
up, = Zuz ¢; and pp = ZP@ Y;
i—1 i=1

Furthemore, the hierarchical basis allows the follows decompozition:

Vh:VI@Vq, (uh:ul—l—uq)

V is the subspace of continuous piecewise linear polynomials, and

V is the comlementary subspace of continuous piecewise quadratic .
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Algebraic System

Replacing in the Galerkin formulation the expansion of wp and Pp
on the F.E basis testing with shape functions.

We are led to the following system of ODEs:

M ddl; - DU + NU)U + B'P = F,(U),
BU = 0, t>0
where:

( M;; = /ngpj ©; Mmass matrix,
D;; = /QZ,LLE(gpj)e(gp,,;) stiffness matrix,

< NU);; = /quh-Vgoj-gpz-, non linear term,
B;, = - /Q YV - p;, divergence matrix.

\
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Algebraic System: Temporal discretization

First order scheme

A simple integration scheme: Implicit Euler with semi-implicit (for instance)

treatment of convective term:

u" —u

n_

1

Pt

—u" - Vu" — V- 2ue(uy,)) + Vp" =

In algebraic form this leads to a linear system to solve at

every time step, of the form

)

M ~ n
+ A+ NU™ Y BT U

B

M
oo
ut 5
0

f,

Un—l

in(2, n=1,2,...
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Algebraic System: Temporal discretization

Second order scheme

As an example of second order scheme we consider a second order Backward differentiation

(BDF2), with semi-implicit treatment of the convective term:

Approximation for the time derivative: g 3u” — Ay~ 4 u—2

ot in 26t

Extrapolation of convective field:
u - Vulm ~ (Qu”_l — u’”’_Q) -Vu"

Resulting system:

"3 M 1 r . i M
LA+ NOUM 2y BT U" F" L = (qun! _pn—2
25t AT ) wt 5 )

B ol| LP" ] 0
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Solution of the linear system

After time discretization (Implicit Euler, BDF2,...) we are led to the linear system:

A BT U" F,,

B 0 P" 0

with - A=aM + D+ NU")

a, U™ depending on the time marching scheme chosen

Solution by a direct solver is quite unfeasible. In 3D problems we have :

3 velocity components + the pressure —----- > huge sparse linear system

Direct solver will fail because of memory requirements for fine meshes.

[terative methods are suited, theretore.
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Solution of the linear system:
Iterative Method

Our approach consists:

1. solve simultaneously the velocity and the pressure
2. GCR ou FGMRES (Krylov method)

3. Preconditioner:

‘A B! I ol [A O] [1 A~!B!]

B 0| |BA' I||B -S| |0 I

where S = B A~! B? s the Schur complement.

This tactorization cannot be used as preconditioner because

A is large-scale matrix and S is dense matrix.
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Solution of the linear system:
Iterative Method

Then:

~ ~

e we introduce an approximation A, Sof Aand S.

_—

e And, we choose the follow preconditioner: A BT

Pr =

0 -S

e The action of this preconditioner on a residual vector can be rewritten as:

op
ou

We have to solve 2 systems

—~§_1 T'p
A=Y (ry — Bt ép).
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[terative Method

Preconditionning the matrix A

ou=A"1 (r, —Btép) & Adu=r,.

We use the hierarchical basis for the quadratic FE discretization

Then, we can decompose the velocity into the linear part and a quadratic correction:

Up = U] T+ Uy

Ay Ay

Consequently, the matrix A can be rewritten as: A =

_Aql Aqq_
Finally, we use the following Algorithm proposed by El Maliki et al
1. Solve by few iterations of SOR:  AJ =r where = (§;, ;) and r = (r;, ry)*

2. Compute the residual: di=1r; — Aj;o; — Alq 5q.
3. Solve by a direct or few iterations of an iterative method: Ay of = d.

4. Update the correction: 0 = (57 + 0y, 5q)t
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[terative Method

Schur complement approximation

Thanks to the discrete inf-sup condition proved by Brezzi-Fortin:

t BD—l Bt
g < PO ) < ¢
p* Mpp
we can remark that the matrix B D~! B? is spectrally equivalent to the mass matrix M,
Stokes problem: We can chose this approximation
~ 1 1 .
S~ S =—-—M,~ —dag(M,)
Navier-Stokes problem: = Turek propose the additive precoﬁL(Liitioner: K
S™t =~ M (aM, + nD, + pCp) D,

[terative Methods remain ditficult and often need the addition of a

stabilization term to the Navier Stokes equations [Olshanskii, Reusken’03]

0
pa—? +pu-Vu—-V (V- -u)—-V-o(u,p) = T,

* How to choose parameter & > 07
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o Projection Methods:

Chorin/Temam schemes

The idea of projection methods is to avoid the costly solution of the saddle point

problem and to split the computation of velocity and pressure at each time step.

ou
pPoay T Liu + Lou = f
viscous+transport terms incompress. constraint

Simplest pressure-correction scheme: Chorin/Temam (1968-1969)

Step I: Viscous prediction

( % (rak“ _ uk) ~ Vo (pe(@ ) + @ vaktt = e, inQ
\ pe(@ Y. n = my-n, onl'y

Step II: Projection

% (uk“ _ ak“) Vel = o, in 0
V-uFtt = 0, in
utl.n = gy-n, onlp.

Step I1I: Pressure correction

k-+1 k+1
prth =t
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Projection Methods

Non-incremental pressure-correction schemes

Implementation:

e Step 2 amounts to % (uk+1 — ’1~1,k+1) + VorTt = 0,

with ™ e H ={v e L?(Q)% V-v=0, v|r, = go}

e Recalling LQ(Q)d — H & vV H! (Q), this means

ukFtl — PH(,&IH—I)
e Step 2 is a projection onto H.
[ APt = _% V- aktl, vkt ‘n|p, =0, and ¢k+1|PN — 0
1T uktl = ,&lﬁ—l . @ngk—kl
0

Non-incremental scheme: very simple and thus: very popular Alg.
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Projection Methods

Non-Incremental pressure-correction schemes

Remarks:

® The boundary condition Vv p**!.n|r = 0 Is enforced on the pressure

e Artificial Neumann BC ———=> scheme not fully first-order!

Theorem: [Rannacher’91, Shen’92]

Ju — ue”Hl(Q)d + |lp — pellrz < C V6t

Hu — UGHLQ(Q)d < C' ot

The classical Chorin-Temam method has the inconvenience that it does
not converge to the correct steady state solution. This comes from the fact that in

step 1 the pressure does not appear at all!
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Projection Methods

% Incremental pressure-correction schemes

Fasy remedy. add old pressure in the first step

In the viscous step we add v pk and we correct the pressure appropriately afterwards
|Goda’79, Van Kan’86:

Step I: Viscous prediction (BDF2)

Jo

551 (3’&“1 — 4uf + uk_1> — V- (pe(@™h) + (2" —u* ) vartt + vt = f Y,

Step II: Projection

3P -
Aokttt = _2FP . gkt
¢ o5t
Step III: Pressure correction
k+1 __ k k+1
prtt = pt 4 et
Finaly, update velocity: 2 5t
uk:—i—l _ ,&k’—l—l v¢k—|—1 .

3p
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Projection Methods

Incremental pressure-correction schemes

Results:

® Semi-discrete periodic chanel: [E-Liu’95]
® Semi-discrete : [Shen’96]
o Fully discrete: |[Guermond 97,99, [Guermond-Quartapelle’98]

Theorem:
Ju — ueHHl(Q)d + lp — pellrz < C bt
H’U, — ueHLQ(Q)d < C(Stz
® Again artificial BC: Vpktl.n = VpF - n = ...Vp®-n = 0.

® Time stepping can be replaced by any 2nd order A-stable scheme
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Projection Methods

Rotational incremental pressure-correction schemes

Use identity Au =VV.-u — VXV xu

This new idea was introduced first by Timmeramans, Minev and Van De Vosse 96.

Sum viscous prediction + projection, we obtain

2%% (Bubt! — duF + uF ) 4 4V x V x uft 4 v (pk 4Rt _9,v . ,&k+1) _ k1
Step III: Pressure correction becomes phtl = pk 4 gkttt _ 9, v gt

® Why is it better?  This implies consistent equations for the pressure:

Apk—l—l — V.- fk—l-l’
VpFtt.n = (fF—puV x V xurt) . n

® Where is the catch? The tangential component of %t1is still not correct! = sub-optimality

Theorem: |Guermond-Shen’ 2006

3
”’LL — 'U,eHI_Il(Q)d + ||p — p€HL2 < (ot
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Numerical simulations
with MEF4++

Fluid flow around rigid objects

e Configuration and boundary conditions for flow around cylinder:

e The inflow condition is: ~ u(0.y,2) = (4,0,0)) st wy = —7yz(H —y)(H - 2))
e Reynolds number: Re = 20

Mesh

0,0,0)

Inflow plane

samedi 8 décembre 12



Numerical simulations

with MEF+-

Comparison:

Projection / Sac

dle Point Methods

e Saddle Point Method:

Pressure -- Saddle Point
4

O —
566393475

0
-0.03540082

o ﬁ.ﬁ. |

2

Velocity--- Saddle Ponit

2
-

2539781

1

e Projection Method:

Pressure -- Projection Method
] 2 5

0.08091626 5.66378

|||||||||

Velocity--- Projection Method

1 2
e ———

0 2.570843
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Numerical simulations

The backward-facing step

Comparison with Gresho results (Reynolds =800)

Time=5

= .

-+

Lenght=15

| Time—2.5 EE:

Time=10

TIME « 10.0

12 14
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Numerical simulations

Fluid flow in a sudden axisymmetric constriction

Geometry

D/2
o e

-— —>

80D

Physical experience:

2D

Stability method:

Vetel, Garon:

Symmetry breaking at
Reynolds number = 255

S.J. Sherwin et al

Symmetry breaking at
Reynolds number = 722
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Numerical simulations

Fluid flow in a sudden axisymmetric constriction

Our strategy! (Reynolds number = 300)

e We consider a symmetric Mesh
e DBy a Reynolds Continuation Procedure, we obtain a symetric solution
e DBuild a non-symmetric solution by imposing some boundary conditions

e Redo the simulation by setting this non-symmetric as initial data Ug
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2 Numerical simulations

Fluid flow in a sudden axisymmetric constriction

Symimetric solution at Reynolds = 300

YU

z2 < 0 b

<

\ 4

Perturbation of the initial condition:

Uy, =0, u, =0, on {(z,y,2) € R?®s.t 2 >0, y > 0},
U = (Ug, Uy, u;) =0 on {(z,y,2) e R?s.t 2 <0, y <0},

Y

rectrculation zone
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Conclusion and ongoing works

Conclusion

e Robust solver for Navier Stokes Equations
e Projection schemes is very simple and CPU:
Chorin/Temam schemes or Saddle point 7

—>  Chorin/Temam!

e We can simulate big problems...

Ongoing works

e Verify experimental results of Vetel /Garon and Sherwin
e [luid-Structure Interaction:

Chorin-Temam scheme/Saddle Point...
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