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Model equation

It includes:

® A one-equation simplified turbulent model for each fluid:

Only one statistic of turbulent is considered, the turbulent kinetic
energy (TKE).

® Modeling of TKE generation of ocean-atmosphere interface by
quadratic law

® Modeling of friction at interface by manning law
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Model equation: RANS

Reynolds Averaged Navier-Stokes

—V - (ai(k;)Vu;) + Vp;, = £ in Q;,
V - u, = 0 1n Qz;
—V - (7(ki)VEki) = ai(k )!VHZ\Q
u = O0onl},
ki = 0O on jz,
i (ki)On, 0 — pin; + ki(0; —uj)ju; —u;] = 0onI',1<i#j <2,
kz’ — )\\ul — 112’2 on I'.
K
7, N
[

\ " 1 /
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Model equation

Data:

® ), Open bounded setsRsf  either convex or with ggundary y T ¢ ¢!

o 00
thaeia Yi € Wl’ (R)

{VS%()S v < (¢) <41, and
| <6

are the viscosity and diffusion coefficients, such

o (£)
®) >0, x; >0 arethe friction coefficients.

®f, c L2(Q,;)¢ arethe source terms

Specific Purposes: Devise stable numerical methods to
compute steady states, as simplified equilibra states of the
ocean-atmosphere system.
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Weak formulation of continuous model

Functional spaces:

@ Velocity spaces: X, ={v;, e H'(€;); v, =0 on TI;}

® Pressure spacesL3(Q);) = {q; € L?(Q;); such that/ g =0}
Q

7

® TKE spaces: YV, ={ki e Wb (Q,); ki =0 on I}

1 1
-+ —-=1, and r>d
roor
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Weak formulation of continuous model

Find (w;, ps, ki) € X; x L2(Q;) x WE7'(Q;) such that,

for all (v;,q;, ;) € X; x L*(€;) X Wol’r(ﬂi)a

/ ai(ki)Vuz-:sz-—/ (V-v;) pi—k/ii/|ui—uj|(ui—uj)-vid7':/ f; - v,
Q Q r Qi

kz’ = 0 on Fi, kz — )\\uz — 11j‘2 on F, and
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Weak formulation of continuous model

Since u; € X; then its trace on I' belongs to H2 (I') — L3(I")¢, Then
/ u; — u,| (u; —uy) - v; dr is well defined.
r

® Analysis of this model by [Bernardi, Chacon, Lewandowski and
Murat]

Difficulties:

1. \Vui\Q - Ll(ﬂz)d

Coupling fuilds by:
/ u; —uy| (u; —uy) - vy, and  k; = Alu; —u;|® on T,

3. Coupling Egs by terms: |[Vw;|?, a;(-), and ~;(-)
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Analysis of continuous scheme

]..ai (k?, u?+1, VW) + b; (Vi,p?Jrl)

‘|‘/43z'/ ‘u’?-l-l o u?—l—l‘ (u'g—l—l o u?+1) .V :/ fz. -V,
I Q

7

2. / (K VA . Vi, = / s (K1) |Vl o,

7

With:  £"*!' =0 on I, and kM = Autt —ul T2 on I

The iterative scheme is contractive if

®The turbulent diffusion is large enough with respect to the data, anc

®The iterates -~ - remains bounded in norms smooth
enough: (ui™),, and (k")
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Analysis of continuous scheme

Theorem [T. chacon Rebollo, s. Del Pino & DY]

Assume that the sequenesy and (k) remain bounded

iN171,34¢ 1,3 by
W ;) and W+°(€);
Then, the(re)eX|Islts a co(nsgant C dependmg only on data such thc

if
the the iterativez(sen&ne: is contractive in the sens that:
14

2 2

n—+1 n |2 n n—112
E :|uz _u’i|1,§2i SK} :‘kz — k; |1,Q7;’ and
1=1 1=1

2 2
Do =K, S KD OR =K g,
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Finite Element Approximation

® Bernardi-Chacon-Lewandowski-Murat: (Numer. Math,
2004)

analysis of 2D F.E solution
eThe velocity-pressure is discretized by the Mini-Element on 0.

both
eThe velocity spacesg ~ are supposed to be compatible on T

interface
in the sens that the trace spaces are

Zih — {Vih’F7 for Vin € th}a 1= 17 2 equal
Theorem [Bernardi—Chacon—Lewandowski—Murat]

In the 2D case, there exists a subsequence of the solutions
(Win, P1ns k1n) , (Q2n, pon, kop that converge strongly in:

(Hl(ﬂl)Q X L(Q)(Ql) X HS(Ql))X(Hl(QQ)2 X L%(Qg) X HS(QQ)) s for 0 < s < 1/2
to a solution of model problem.
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Finite Element Approximation

The problems we face now ar -To build a more constructive solution sche
To analyse the 3D.

Discrete spaces:

Xi,h — {Vi,h c CY (ﬁi)d, VK € 7;,}“ c PQ(K)d} N X,
Min={qneL* (), VK € Tin, ginlx € P1(K)}

Kin={lineC’ (), VK €Tin, linlk € PaK), l;p

b =0},

The familyX; ;, M; ;) for 1 = 1, 2satisfy the Brezzi-Fortin:

h>0"

b (Vi 1. Qs
Vaqi.n € M; p, sup i (Vin, Gin)

> Bin
Vi h€EXi h ’Viah'

5,10,
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Finite Element Approximation

Standard interpolation:

Si,h . H! (Qz) X CO (ﬁz) — Ki,h
kz' — Si,h (kz) .
IL; 0 X; — X, such that
VvV, — Hi,h (Vz) :
Lin: Ho%o (I') — Z; , such that
Lin Wlr) = (Sin W) |r.

This is in the sens that for @] € H' (Q;) x C° ()
the trace on I' of the interpolate S; 1, (k;) |r

)

coincides with the interpolate of the trace £; 5, (k;|r).
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Finite Element Approximation

Discrete algorithms:

L qqnt1 n+1
]..CLZ' (k,?”h, ui,h 7Vz',h) —|—bz (Vi,hap@',h )

n—+1 n—+1 n+1 n—+1 .
I Q2

and Vq,,;,h -~ Mf,;,h bq, (uz;bl_17Qi,h) — U,

2. k;”;fl =0 on I';, kf’zl = )\|u7fjbl — u’g}tl|2 on I,

/ Vi Zh)Vk?hH‘V%h :/ o Zh)IVu?;Zl Z%,h» Vi,n € Kv?,hv

7

where Ko,h = Kin N W, (%)

1
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Finite Element Approximation

Theorem [T. Chacon Rebollo & DY]

Assume that the sequenoés, ,(ul,) (k) ,and (k}},),
remain boundeddpl,gﬁ(gi)d and TW13(Q,) by M.

Then there exists a constants depending only on data such that:
2
Z [|k?h — km%sz + [ufy, — u?ﬁ@ + lpi'n — pi'll }

1=1
n

Were < C— + C (hza + h? + (V +1) h)
Furthermorge if , discrete scheme converges, and its limit |
a solutiorr 5 — 752 > 5, Ve >0.

of the continyoug model.

jeudi 13 mars 14



Finite Element Approximation

Keys of the proof:

® Use convenient choices of test functions: 2
: : : kn-l-l _ 2
eFor instance, to obtain the estimate f&:‘ ih i \m
1=1
1. We introduce the following space:
Win = {pin €CO(00); Ve € & n, pinle €Pale)}.
2. We introduce the lifting operator:
Rin : Win — Kip, (Rin(pin)) loa, = @in, Voin € Win.
|Rin(in)llwie@) < clleinllwi-1rr @0,

3. and set the test function TKE:

__ pn+1 1 1 _ 1 1
Oih — gZh — Rz,h(afz ), where ZZ;LI_ — /CZ;IL_ — Si,h(k?—l_ )
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Finite Element Approximation

Keys of the proof:

® Due to the friction term, it is needed to estimate:
I (it =t ) = (o =gt | — (g + g )|

This is done using Grisvard’s Theorem:

Assume that € is a bounded Lipschitz-continuous open subset of R.
Let s, s1, so > 0 and p, p1, p2 € [1,400) such that s; > s, so > s and either

31—|—32—32d(1 - %)ZO, Si—3>d(i—%)0r

p1 p2 Pi
_ 1 4, 1 1 o 1 1
S1 T S2 S>d(p1 " Do p) =0, s Szd(pz p)

Then the mappingu, v) — uv is a continuous bilinear map
from psiri(Q) x Ws2P2(Q) to  WP(Q).
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Numerical tests by FreeFEM++

We have tested ou iterative scheme for the data:

(Atmosphere:) Q7 =[0,5] x [0,1] x [0,1], (Ocean:) €5 =10,5] x [0,1] x [—1,0].
Turbulent diffusions: (realistic 0i() = ()
values) AN
’yl(kl) =3-1073 + 0.277 - 10—4 kl, ’yl(kg) —=3-1072 + 0.185 - 10_5\/16’_2

Friction coefficients: (realistic

ki =1073, A =5-10"2.
values)

Boundary data:

u; = (1,0,0) ony=1
u; = (0,0,0) on the remaining of 0f)
k‘i =0 on 6Q/F
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Numerical tests by FreeFEM++

® Discretization P2-P1 for velocity-pressure

® Discretization P2 for TKE

® Computations with FreeFEM++ http://www.freefem.org/ff++/

® In order to verify the convergence order, we use different size
meshes.
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Numerical tests by FreeFEM+ +:

EIS

® The algorithm converges to steady state with a rate > 0.25, in
agreement

with theoritical analysis:

2
Z |k’i,h T ki|1,ﬂi + |qu,h — u,,;|1,Qi — gh S C (ha + hO'/2 i hl/Q)

1=1

Where o=2--2 >1 Ve>0.

3+¢€
log (&%)
We set Th = %
log(2)
Mesh size Th
h e
h/2 0.12
h/4 0.16
h/8 0.22
h/16 not yet! [in progress]
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Numerical tests by FreeFEM++

Wind-induced flow on swimming pool

(Atmosphere:) Q; = [0,10%] x [0,5 - 103] x [0, 500],

The ocean dom_ain IS _deﬁned by:
(OrL-I)erzontaI dimensions o= (0,107 % 0.5 - 10%
eBathemetry (m):

50 if 0<zx<4-10°
{50

5-10° — o 4-10° — x : 3 3
: TE + 100 - T if 4-10° <x<5-10

100 if 5-10° < z < 104
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Numerical tests by FreeFEM++

Ocean Domain

We test the formation of the up-welling effect, due to the

Interaction
natweean wind—tencinn anad C arin I§_'ED_ICCM
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Numerical tests by FreeFEM++

Methodology

The system of equation we solve in FreeFEM+ +:

8tuz- -+ (ui . V) u; + 7 (—ui,y, Uj O) — V- (az(kz)Vuz) —+ sz' = fz n Qi,
V - u, = 0 in Qi,
8751@' + UZVICZ — V- (Vz(kz)v]{z) = az(kz)|Vuz|2 n Qi,
u;,; = O on FZ',
ki — 0O on Fi,
@;(ki)On,u; — pin; + ki(w; —uj)ju; —u;) = Oonl,1<i# 75 <2,

ki

Au; —us/?on T
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Numerical tests by FreeFEM++

Results:

jeudi 13 mars 14




Numerical tests by FreeFEM++




Numerical tests by FreeFEM++

Movies
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